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MATHEMATICSNOTES

FORM4TUTORIAL

SpecificObjectives

Bytheendofthetopicthelearnershouldbeableto:

(a)RelateimageandobjectunderagiventransformationontheCartesian

Plane;

(b)Determinethematrixofatransformation;

(c)Perform successivetransformations;

(d)Determineandidentifyasinglematrixforsuccessivetransformation;

(e)Relateidentitymatrixandtransformation;

(f)Determinetheinverseofatransformation;

(g)Establishandusetherelationshipbetweenareascalefactoranddeterminantofamatrix;

(h)Determineshearandstretchtransformations;

(i)Defineanddistinguishisometricandnon-isometrictransformation;

(j)Applytransformationtoreallifesituations.

Content
(a)TransformationontheCartesianplane

(b)Identificationoftransformationmatrix

(c)Successivetransformations

(d)Singlematrixoftransformationforsuccessivetransformations

(e)Identitymatrixandtransformation

(f)Inverseofatransformations

(g)Areascalefactoranddeterminantofamatrix

MATRIXANDTRANSFORMATION
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(h)Shearandstretch(includetheirmatrices)

(i)Isometricandnon-isometrictransformations

(j)Applicationoftransformationtoreallifesituations.

Matricesoftransformation
Atransformationchangetheshape,positionorsizeofanobjectasdiscussedinbooktwo.

Pre–multiplicationofany2x1columnvectorbya2x2matrixresultsina2x1columnvector

Example

=[3 4
-1 2][

7
-1] [17-9]

Ifthevector isthoughtofasappositionvectorthatistomeanthatitisrepresentingthepointswith[7-1]
coordinates(7,-1)tothepoint(17,-9).

Note;
Thetransformationmatrixhasaneffectoneachpointoftheplan.Let’smakeTatransformationmatrix

T ThenTmapspoints(x,y)ontoimagepoints ,[7-1] x
1
y
1

T →[xy] [x
1

y
1]

=[xy][3 4
-1 2] [x

1

y
1]

=[3x+4y-1x+2y]
FindingtheMatrixoftransformation
Theobjectiveistofindthematrixofgiventransformation.

Examples

FindthematrixoftransformationoftrianglePQRwithverticesP(1,3)Q(3,3)andR(2,5).Theverticesof

theimageofthetrianglesis , .P
1(1,-3)Q1(3,-3)andR1(2,-5)

Solution

Letthematrixofthetransformationbe(a b
c d)

=(a b
c d)(

P Q R

1 3 2
3 3 5

)(P
1
Q
1
R
1

1 3 2
-3 -3 -5

)
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=(a+3b 3a+3b 2a+5b
c+3d 3c+3d 2c+5d) (1 3 2

-3 -3 -5)
Equatingthecorrespondingelementsandsolvingsimultaneously

a+3b=1

3a+3b=3

2a=2

a=1andb=0

c+3d=-3

3c+3d=-3

2c=0

c=0andd=-1

Thereforethetransformationmatrixis(1 0
0 -1)

Example

Atrapezium withverticesA(1,4)B(3,1)C(5,1)and D(7,4)ismappedontoatrapezium whosevertices

are , , , .DescribethetransformationandfinditsmatrixA
1(-4,1)B

1(-1,3)C
1(-1,5)D

1(-4,7)

Solution

Letthematrixofthetransformationbe(a b
c d)

=(a b
c d)(

A B C
1 3 5
4 1 1

D
7
4
) (A

1
B
1
C
1

-4 -1 -1
1 3 5

D
1

-4
7
)

Equatingthecorrespondingelementsweget;

a+4b=-4 c+4d=1

3a+b=-1 3c+d=3

Solvetheequationssimulteneously

3a+12b=-12

3a+b=-1

11b=-11 henceb=-1ora=0

3c+12d=3
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3c+d=3

11d=0

d=0 c=1

Thematrixofthetransformationistherefore(0 -1
1 0)

Thetransformationispositivequarterturnabouttheorigin

Note;
Underany transformationrepresentedbya2x 2matrix,theoriginisinvariant,meaningitdoesnot
changeitsposition.Thereforeifthetransformtionisarotationitmustbeabouttheoriginorifthe
transformationisreflectionitmustbeonamirrorlinewhichpasssesthroughtheorigin.

Theunitsquare

TheunitsquareABCDwithverticesA ,B ,C andD helpsustogetthetransformationof(0,0) (1,0) (1,1) (0,1)
agivenmatrixandalsotoidentifywhattrasformationagivenmatrixrepresent.

Example

FindtheimagesofIandJunderthetrasformationwhosematrixis;

a)(2 3
5 4)

b)(-1 6
4 5)

Solution
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a) =(2 3
5 4)(

I J

1 0
0 1

) (I
1
J
1

2 3
5 4

)

b) =(-1 6
4 5)(

I J

1 0
0 1

) (I
1

J
1

-1 6
4 5

)
NOTE;

TheimagesofIandJundertransformationrepresentedbyany2x2matrixi.e., are(a b
c d) I

1
(a,c)

andJ
1(b,d)

Example

Findthematrixofreflectionintheliney=0orxaxis.

Solution

UsingaunitsquaretheimageofB is(1,0)andDis(0,-1).Therefore,thematrixofthetransformation

is(1 0
0 -1)

Example

Show on a diagram the unitsquare and itimage underthe transformation represented by the

matrix(1 4
0 1)

Solution

Usingaunitsquare,theimageofIis(1,0),theimageofJis(4,1),theimageofOis(0,0)andthatof
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K is =(1 4
0 1)(k1

1
) (K

1

5
1
)

,theimageofKis(5,1)Therefore,K
1

Successivetransformations
Theprocessofperformingtwoormoretransformationsinorderiscalledsuccessivetransformationeg
performingtransformationHfollowedbytransformationYiswrittenasfollowsYHorifA,bandCare
transformations;thenABC meansperform Cfirst,thenBandfinallyA,inthatorder.

Thematriceslistedbelowallperform differentrotations/reflections:

Thistransformationmatrixistheidentitymatrix.Whenmultiplyingbythismatrix,thepointmatrixis
unaffectedandthenewmatrixisexactlythesameasthepointmatrix.

[1 0
0 1]

= =[1 0
0 1][

4
3] [(4x1)+(3x0)+(3x1)(4x0) ] [43]

Thistransformationmatrixcreatesareflectioninthex-axis.Whenmultiplyingbythismatrix,thexco-
ordinateremainsunchanged,buttheyco-ordinatechangessign.

[1 0
0 -1]

= =[1 0
0 -1][

4
3] [(4x1)+(3x0)+(3x-1)(4x0) ] [4-3]

Thistransformationmatrixcreatesareflectioninthey-axis.Whenmultiplyingbythismatrix,theyco-
ordinateremainsunchanged,butthexco-ordinatechangessign.

[-1 0
0 1]

= =[-1 0
0 1][

4
3] [(4x-1)+(3x0)+(3x1)(4x0) ] [-43]

Thistransformationmatrixcreatesarotationof180degrees.Whenmultiplyingbythismatrix,thepoint
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matrixisrotated180degreesaround(0,0).Thischangesthesignofboththexandyco-ordinates.

[-1 0
0 -1]

= =[-1 0
0 -1][

4
3] [(4x-1)+(3x0)+(3x1)(4x0) ] [-4-3]

Thistransformationmatrixcreatesareflectionintheliney=x.Whenmultiplyingbythismatrix,thexco-
ordinatebecomestheyco-ordinateandthey-ordinatebecomesthexco-ordinate.

[0 1
1 0]

= =[0 1
1 0][

4
3] [(4x0)+(3x1)+(3x0)(4x1) ] [34]

Thistransformationmatrixrotatesthepointmatrix90degreesclockwise.Whenmultiplyingbythismatrix,
thepointmatrixisrotated90degreesclockwisearound(0,0).

[0 1
-1 0]

= =[0 1
-1 0][

4
3] [(4x0)+(3x1)+(3x0)(4x-1) ] [3-4]

Thistransformationmatrixrotatesthepointmatrix90degreesanti-clockwise.Whenmultiplyingbythis
matrix,thepointmatrixisrotated90degreesanti-clockwisearound(0,0).

[0 -1
1 0]

= =[0 -1
1 0][

4
3] [(4x0)+(3x1)+(3x0)(4x-1) ] [-34]

Thistransformationmatrixcreatesareflectionintheliney=-x.Whenmultiplyingbythismatrix,thepoint
matrixisreflectedintheliney=-xchangingthesignsofbothco-ordinatesandswappingtheirvalues.

[0 -1
-1 0]

= =[0 -1
-1 0][

4
3] [(4x0)+(3x-1)+(3x0)(4x-1) ] [-34]

Inversematrixtransformation
Atransformationmatrixthatmapsanimagebacktotheobjectiscalledaninverseofmatrix.

Note;
IfAisatransformationwhichmapsanobjectTontoanimage ,thenatransformationthatcanmapT

1
T
1

backtoTiscalledtheinverseofthetransformationA,writtenasimage .A
-1

IfRisapositivequarterturnabouttheoriginthematrixforRis andthematrixfor is(0 -1
1 0) R

-1 (0 1
-1 0)

hence R= R=1R
-1

R
-1
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Example

TisatrianglewithverticesA(2,4),B(1,2)andC(4,2).Sisatransformationrepresentedbythematrix

(1 1

0
1

2
)

a)DrawTanditsimage underthetransformationST
1

b)FindthematrixoftheinverseofthetransformationS

Solution

a)UsingtransformationmatrixS=(1 1

0
1

2
)

=(1 1

0
1

2
)(A B C
2 1 4
4 2 2

) (A
1
B
1
C
1

6 3 6
2 1 1

)

b)Lettheinverseofthetransformationmatrixbe .Thiscanbedoneinthefollowingways(a b
c d)

I. S=1S
-1

Therefore =(a b
c d)(

1 1

0
1

2
) (1 0

0 1)

Equatingcorrespondingelementsandsolvingsimultaneously;

a=1,b=-2,c=0andd=2
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Therefore =(a b
c d) (1 -2

0 2)

=S
-1 (1 -2

0 2)

II. =(a b
c d)(A

1
B
1
C
1

6 3 6
2 1 1

) (A B C
2 1 4
4 2 2

)

a=1,b=-2,c=0andd=2

=S
-1 (1 -2

0 2)
AreaScaleFactorandDeterminantofMatrix
Theratioofareaofimagetoareaobjectistheareascalefactor(A.S.F)

Arescalefactor=
areaofimage

areaofobject

Areascalefactorisnumericallyequaltothedeterminant.Ifthedeterminantisnegativeyousimplyignore
thenegativesign.

Example

Areaoftheobjectis4cm andthatofimageis36cm findtheareascalefactor.

Solution

=9
36

4

Ifithasamatrixof thedeterminantis9-0=9henceequaltoA.S.F(-3 0
0 -3)

Shearandstretch

Shear
Thetransformationthatmapsanobject(inorange)toitsimage(inblue)iscalledashear
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Theobjecthassamebaseandequalheights.Therefore,theirareasareequal.Underanyshear,areais
alwaysinvariant(fixed)

Ashearisfullydescribedbygiving;

a.)Theinvariantline

b.)Apointnotontheinvariantline,anditsimage.

Example

AshearXaxisinvariant

Example

AshearYaxisinvariant
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Note;

Shearwithxaxisinvariantisrepresentedbyamatrixoftheform underthistrasnsformation,J(0,1)(1 k
0 1)

ismappedonto (k,1).J
1

Likewiseashearwithy– axisinvariantisrepresentedbyamatrixoftheform ( ).Underthis1 0
k 1

transformation,I(0,1)ismappedonto (1,k).I
1

Stretch
Astretchisatransformationwhichenlargesalldistanceinaparticulardirectionbyaconstantfactor.A
stretchisdescribedfullybygiving;

 Thescalefactor

 Theinvariantline

Note;
i.)IfKisgreaterthan1,thenthisreallyisastretch.

ii.)Ifkislessthanone1,itisasquishbutwestillcallitastretch

iii.)Ifk=1,thenthistransformationisreallytheidentityi.e.ithasnoeffect.

Example

Usingaunitsquare,findthematrixofthestretchwithyaxisinvariantadscalefactor3

Solution
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TheimageofIis andtheimageofJis(0,1)thereforethematrixofthestretchisI
1(1,0) (3 0

0 1)
Note;

Thematrixofthestretchwiththey-axisinvariantandscalefactorkis andthematrixofastretch(k 0
0 1)

withx–axisinvariantandscalefactorkis(k 0
0 1)

IsometricandNon-IsometricTransformation
Isometrictransformationsarethoseinwhichtheobjectandtheimagehavethesameshapeandsize
(congruent)e.g.rotation,reflectionandtranslation

Non-isometrictransformationsarethoseinwhichtheobjectandtheimagearenotcongruente.g.,shear
stretchandenlargement

Endoftopic

Didyouunderstandeverything?

Ifnotaskateacher,friendsoranybodyandmakesureyouunderstandbefore
goingtosleep!

PastKCSEQuestionsonthetopic.

1. Matrixpisgivenby 1 2

4 3

(a) FindP-1

(b) Twoinstitutions,ElimuandSomo,purchasebeansatKshs.Bperbagand
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maizeatKshsm perbag.Elimupurchased8bagsofbeansand14bagsofmaizeforKshs
47,600.Somopurchased10bagsofbeansand16ofmaizeforKshs.57,400

(c) Thepriceofbeanslaterwentupby5%andthatofmaizeremainedconstant.Elimubought
thesamequantityofbeansbutspentthesametotalamountofmoneyasbeforeonthe
twoitems.Statethenewratioofbeanstomaize.

2. AtriangleisformedbythecoordinatesA(2,1)B(4,1)andC(1,6).Itisrotated

clockwisethrough900abouttheorigin.Findthecoordinatesofthisimage.

3. OnthegridprovidedontheoppositepageA(1,2)B(7,2)C(4,4)D(3,4)isatrapezium

(a) ABCDismappedontoA’B’C’D’byapositivequarterturn.DrawtheimageA’B’C’Donthegrid

(b) Atransformation-2-1 mapsA’B’C’D ontoA”B”C”D”Findthecoordinates

0 1 ofA”B”C”D”

4. AtriangleTwhoseverticesareA(2,3)B(5,3)andC(4,1)ismappedontotriangleT1 whose
verticesareA1(-4,3)B1(-1,3)andC1(x,y)bya

TransformationM = a b
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c d

a) Findthe: (i) MatrixM ofthetransformation

(ii) CoordinatesofC1

b) TriangleT2istheimageoftriangleT1underareflectionintheliney=x.

FindasinglematrixthatmapsTandT2

5. TrianglesABCissuchthatAis(2,0),B(2,4),C(4,4)andA”B”C”issuchthatA”is(0,2),B”(-4–
10)andC“is(-4,-12)aredrawnontheCartesianplane

TriangleABCismappedontoA”B”C”bytwosuccessivetransformations

R= a b

c d Followedby P= 0 -1

-1 0

(a) FindR

(b) Usingthesame scale andaxes,draw trianglesA’B’C’,theimageoftriangleABCunder
transformationR

Describefully,thetransformationrepresentedbymatrixR

6. TriangleABCisshownonthecoordinate’splanebelow

(a) GiventhatA(-6,5)ismappedontoA(6,-4)byashearwithy-axisinvariant

(i) DrawtriangleA’B’C’,theimageoftriangleABCundertheshear
(ii) Determinethematrixrepresentingthisshear

(b) TriangleABCismappedontoA”B”C”byatransformationdefinedbythematrix -1
0

1½ -1

(i)DrawtriangleA”B”C”
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(ii)DescribefullyasingletransformationthatmapsABContoA”B”C”

7. DeterminetheinverseT1ofthematrix 1 2

1 -1

Hencefindthecoordinatestothepointatwhichthetwolines

x+2y=7andx-y=1

8. GiventhatA=0 -1andB= -1 0

3 2 2 -4

Findthevalueofxif

(i) A-2x=2B

(ii) 3x–2A=3B

(iii) 2A-3B=2x

9. ThetransformationRgivenbythematrix

A=a b maps17 to 15 and 0 to -8

c d 0 8 17 15

(a) DeterminethematrixAgivinga,b,canddasfractions

(b) GiventhatArepresentsarotationthroughtheorigindeterminetheangleofrotation.

(c) Sisarotationthrough180aboutthepoint(2,3).Determinetheimageof(1,0)underS
followedbyR.

CHAPTERFIFTYSEVEN

SpecificObjectives

Bytheendofthetopicthelearnershouldbeableto:

(a)Statethemeasuresofcentraltendency;

(b)Calculatethemeanusingtheassumedmeanmethod;

(c)Makecumulativefrequencytable,

(d)Estimatethemedianandthequartilesby

-Calculationand

-Usingogive;

(e)Defineandcalculatethemeasuresofdispersion:range,quartiles,interquartilerange,quartile

STATISTICSII
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deviation,varianceandstandarddeviation

(f)Interpretmeasuresofdispersion

Content
(a)Meanfrom assumedmean:

(b)Cumulativefrequencytable

(c)Ogive

(d)Meadian

(e)Quartiles

(f)Range

(g)Interquartilerange

(h)Quartiledeviation

(i)Variance

(j)Standarddeviation

Thesestatisticalmeasuresarecalledmeasuresofcentraltendencyandtheyaremean,modeand
median.

Meanusingworking(Assumed)Mean
Assumedmeanisamethodofcalculatingthearithmeticmenandstandarddeviationofadataset.It
simplifiescalculation.

Example

Themassestothenearestkilogram of40studentsintheform 3classweremeasuredandrecordedin
thetablebelow.Calculatethemeanmass

Masskg 47 48 49 50 51 52 53

Number of
employees

2 0 1 2 3 2 5

54 55 56 57 58 59 60

6 7 5 3 2 1 1
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Solution

Weareusingassumedmeanof53

Massxkg t=x-53 f ft

47

48

49

50

51

52

53

54

-6

-5

-4

-3

-2

-1

0

1

2

0

1

2

3

2

5

6

-12

0

-4

-6

-6

-2

0

6

55 2 7 14

56 3 5 15

57 4 3 12

58 5 2 10

60 7 1

1

6

7
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Σf=40 Σft=40

Meanoft= = =1
∑ft

∑f

40

40

Meanofx=53+meanoft

=53+1

=54

Meanofgroupeddata
Themassestothenearestgram of100eggswereasfollows

Marks 100-103 104-107 108-111 112-115 116-119 120-123

Frequency 1 15 42 31 8 3

Findthemeanmass

Solution

Letuseaworkingmeanof109.5.

class Mid-pointx t=x-109.5 f ft

100-103 101.5 -8 1 –8

104-107 105.5 -4 15 –60

108-111 109.5 0 42 0

112-115 113.5 4 31 124

116-119

120-123

117.5

121.5

8

12

8

3

64

36

Σf=100 Σft=156

Meanoft= =1.56
156

100
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Therefore,meanofx=109.5+meanoft

=109.5+1.56

=111.06g

Togetthemeanofagroupeddataeasily,wedivideeachfigurebytheclasswidthaftersubstractingthe
assumedmean.Inordertoobtainthemeanoftheoriginaldatafrom themeanofthenewsetofdata,we
willhavetoreversethestepsinthefollowingorder;

 Multiplythemeanbytheclasswidthandthenaddtheworkingmean.

Example

Theexampleabovetobeusedtodemonstratethesteps

class Mid-pointx
t=
x-109.5

4

f

ft

100-103 101.5 -2 1 –2

104-107 105.5 -1 15 –15

108-111 109.5 0 42 0

112-115 113.5 1 31 31

116-119

120-123

117.5

121.5

2

3

8

3

16

9

Σf=100 Σft=39

= =
̅
t

∑ft

∑f

39

100

=0.39
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Therefore =0.39x4+109.5
̅
x

=1.56+109.5

=111.06g

Quartiles,DecilesandPercentiles
Amediandividesasetofdataintotwoequalpartwithequalnumberofitems.

Quartilesdividesasetofdataintofourequalparts.Thelowerquartileisthemedianofthe bottom
half.Theupperquartileisthemedianofthetophalfandthe middlecoincideswiththemedianofthe
wholesetoddata

Decilesdividesasetofdataintotenequalparts.Percentilesdividesasetofdataintohundredequalparts.

Note;
Forpercentilesdecilesandquartilesthedataisarrangedinorderofsize.

Example

Calculate
the;

a.)Medianheight

b.)I.)Lowerquartile

ii)Upperquartile

c.)80thpercentile

Solution

I. Thereare40students.Therefore,themedianheightistheaverageoftheheightsofthe20th and
21ststudents.

class frequency Cumulativefrequency

145-149 2 2

150-154 5 7

155-159 16 23

160-164

165-169

9

5

32

37

170-174

175-179

2

1

39

40

Height
incm

145-149 150-154 155-
159

160-

164

165-169 170-174 175-179

frquency 2 5 16 9 5 2 1
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Boththe20thand 21ststudentsfallsinthe 155-159class.Thisclassiscalledthemedianclass.

Usingtheformulam =L+

i(-C
n

2 )
f

WhereListhelowerclasslimitofthemedianclass

Nisthetotalfrequency

Cisthecumulativefrequencyabovethemedianclass

Iistheclassinterval

Fisthefrequencyofthemedianclass

Therefor;

Heightofthe20thstudent=154.5+ x5
13

16

=154.5+4.0625

=158.5625

Heightofthe21st = 154.5+ x5
14

16

=154.5+4.375

=158.875

Thereforemedianheight=
158.5625+158.875

2

=158.7cm

b.)(I)lowerquartile =L+Q
1

i(-C
n

4 )
f

The10th studentfallinthein155–159class

=154.5+Q
1

5( -7
40

4 )
16

=154.5+0.9375

=155.4375

(ii)Upperquartile =L+Q
3

i( n-C
3

4 )
f
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The10th studentfallinthein155–159class

=159.5+Q
3

5(x40-23
3

4 )
9

=159.5+3.888

=163.3889

Note;
Themediancorrespondstothemiddlequartile orthe50thpercentileQ

2

c.) x40=32the32nd studentfallsinthe160-164class
80

100

The80thpercentile=L+

i( n-C
80

100 )
f

=159.5+
5(32-23)

9

=159.5+5

=164.5

Example

Determinetheupperquartileandthelowerquartileforthefollowingsetofnumbers

5,10,6,5,8,7,3,2,7,8,9

Solution

Arranginginascendingorder

2,3,5,5,6,7,7,8,8,9,10

Themedianis7

Thelowerquartileisthemedianofthefirsthalf,whichis5.

Theupperquartileisthemedianofthesecondhalf,whichis8.

Medianfrom cumulativefrequencycurve
Graphforcumulativefrequencyiscalledanogive.Weplotagraphofcumulativefrequencyagainstthe
upperclasslimit.

Example

Giventheclassintervalofthemeasurementandthefrequency,wefirstfindthecumulativefrequencyas
shownbelow.

Thendrawthegraphofcumulativefrequencyagainstupperclasslimit
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Arm Span(cm) Frequency(f)
Cumulative
Frequency

140≤x‹145 3 3

145≤x‹150 1 4

150≤x‹155 4 8

155≤x‹160 8 16

160≤x‹165 7 23

165≤x‹170 5 28

170≤x‹175 2 30

Total: 30

Solution

Example

Thetablebelowshowsmarksof100candidatesinanexamination
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Marks

FRCY

a.)Determinethemedianandthequartiles

b.)If55marksisthepassmark,estimatehowmanystudentspassed

c.)Findthepassmarkif70%ofthestudentsaretopass

d.)Determinetherangeofmarksobtainedby

(I)Themiddle50%ofthestudents

(ii)Themiddle80%ofthestudents

Solution

Marks

Frqcy

Cumulative 4 13 29 53
71 83 91 96 99 100

Frequency

Solution

a.)Readingfrom thegraph

Themedian=39.5

TheLowerquartile =28.5Q
1

Theupperquartile =53.5Q
2

b.)23candidatesscored55andover

c.)Passmarkis31if70%ofpupilsaretopass

d.)(I)Themiddle50%includethemarksbetweenthe lowerandtheupperquartilesi.e.between28.5

and53.5marks.

(II)Themiddle80%includethemarksbetweenthefirstdecileandthe9thdecilei.ebetween18 and

69marks

1-
10

11-
20

21-30 31-
40

41-50 51-60 61-70 71-80 81-
90

91-
100

4 9 16 24 18 12 8 5 3 1

1-
10

11-
20

21-30 31-
40

41-50 51-60 61-70 71-80 81-
90

91-
100

4 9 16 24 18 12 8 5 3 1
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MeasureofDispersion
Range

Thedifferencebetweenthehighestvalueandthelowestvalue

Disadvantage

Itdependsonlyonthetwoextremevalues

Interquartilerange

Thedifferencebetweenthelowerandupperquartiles.Itincludesthemiddle50%ofthevalues
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Semiquartilerange

Thedifferencebetweenthelowerquartileandupperquartiledividedby2.Itisalsocalledthequartile

deviation.

MeanAbsoluteDeviation

Ifwefindthedifferenceofeachnumberfrom themeanandfindtheirmean,wegetthemean

Absolutedeviation

Variance

Themeanofthesquareofthesquareofthedeviationsfrom themeaniscallediscalledvarianceor

meandeviation.

Example

Sum =1+1+36+16+4+121+1+100=280d
2

Variance= = =35
∑d

2

N

280

8

Thesquarerootofthe varianceiscalledthestandarddeviation.Itisalsocalledrootmeansquare

deviation.Fortheaboveexampleitsstandarddeviation= =5.935

Example

Thefollowingtableshowsthenumberofchildrenperfamilyinahousingestate

Number 0 1 2 3 4 5 6

Deviation
from
mean(d)

+1 -1 +6 -4 -2 -11 +1 10

fi 1 1 36 16 4 121 1 100
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of
childred

Number
of
families

1 5 11 27 10 4 2

Calculate

a.)Themeannumberofchildrenperfamily

b.)Thestandarddeviation

Solution

Number of
children

Numberof fx Deviations d
2

fd
2

(x) Families(f) d=x-m

o 1 0 –3 9 9

1 5 5 –2 4 20

2 11 22 -1 1 11

3 27 81 0 0 0

4

5

6

10

4

2

40

20

12

1

2

3

1

4

9

10

16

18

Σf=60 ∑fx=180 Σf =–40d
2

a.)Mean= =3childen
180

60

b.)Variance=
∑fd

2

∑f

=
84

60
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=1.4

standarddeviation= =1.1831.4

Example

Thetablebelowshowsthedistributionofmarksof40candidatesinatest

Calculatethemeanandstandarddeviation.

Marks
Midpoint
(x)

Frequency
(f)

fx
d=x-m

d
2

fd
2

1-10 5.5 2 11.0 -39.5 1560.25 3120.5

11-20 15.5 2 31.0 -29.5 870.25 1740.5

21-30 25.5 3 76.5 -19.5 380.25 1140.75

31-40 35.5 9 319.5 -9.5 90.25 812.25

41-50 45.5 12 546.0 0.5 0.25 3.00

51-60 55.5 5 277.5 10.5 110.25 551.25

61-70

71-80

81-90

91-100

65.5

75.5

85.5

95.5

2

3

1

1

131.0

226.5

85.5

95.5

20.5

30.5

40.5

50.5

420.25

930.25

1640.25

2550.25

840.5

2790.75

1640.25

2550.25

Σf=40 Σf Σf =d
2

Marks 1-
10

11
-
20

21-
30

31-
40

41-
50

51-
60

61-
70

71-
80

81-
90

91-
100

frequency 2 2 3 9 12 5 2 3 1 1
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x=1800 15190

Mean = = =45marks
̅
x

∑fx

∑f

1800

40

Variance= = =379.75
∑fd

2

∑f

15190

40

=379.8

Standarddeviation= 379.8

=19.49

Note;
Addingorsubtractingaconstanttoorfrom eachnumberinasetofdatadoesnotalterthevalueof

thevarianceorstandarddeviation.

Moreformulas

Theformulaforgettingthevariance ofavariancexiss
2

=d
2 ∑( fx- )

̅
x

2

∑f

= -
∑fx

2

∑f (∑fx∑f)
2

Example

Thetablebelowshowsthelengthincentimeterof80plantsofaparticularspeciesoftomato

length 152-156 157-161 162-166 167-171 172-176 177-181

frequency 12 14 24 15 8 7

Calculatethemeanandthestandarddeviation

Solution

LetA=169
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Length Mid-pointx x-169
t=
x-169

5

f ft ft
2

152-156 154 -15 -3 12 -36 108

157-161 159 -10 -2 14 -28 56

162-166 164 -5 -1 24 -24 24

167-171 169 0 0 15 0 0

172-176 174 5 1 8 8 8

177-181 179 10 2 7 14 28

∑f=80 ∑ft=-66 ∑f=224t
2

= =-0.825
̅
t

-66

80

Therefore =-0.825x5+169
̅
x

=-4.125+169

=164.875(to4s.f)

Varianceoft= -
∑ft

2

∑f
t
2

= -(-0.825
224

80
)
2

=2.8–0.6806

=2.119

Therefore,varianceofx=2.119x5
2

=52.975

=52.98(4s.f)

Standarddeviationofx= 52.98

=7.279

=7.28(to2d.p)
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Endoftopic

Didyouunderstandeverything?

Ifnotaskateacher,friendsoranybodyandmakesureyouunderstandbefore
goingtosleep!

PastKCSEQuestionsonthetopic

1. Everyweekthenumberofabsenteesinaschoolwasrecorded.Thiswasdonefor39weeksthese
observationsweretabulatedasshownbelow

Numberofabsentees 0.3 4-7 8-11 12-15 16-19 20-23

(Numberofweeks) 6 9 8 11 3 2

Estimatethemedianabsenteerateperweekintheschool

2. Thetablebelowshowshighaltitudewindspeedsrecordedataweatherstationinaperiodof100
days.

Wind speed
(knots)

0-19 20-39 40-59 60-79 80-99 100-
119

120-
139

140-
159

160-
179

Frequency(days) 9 19 22 18 13 11 5 2 1

(a) Onthegridprovideddrawacumulativefrequencygraphforthedata

(b) Usethegraphtoestimate

(i) Theinterquartilerange

(ii) Thenumberofdayswhenthewindspeedexceeded125knots

3. FivepupilsA,B,C,DandEobtainedthemarks53,41,60,80and56respectively.Thetablebelow
showspartoftheworktofindthestandarddeviation.

Pupil Markx x-a (x-a)2

A

B

C

D

E

53

41

60

80

56

-5

-17

2

22

-2

(a) Completethetable

(b) Findthestandarddeviation
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4. Inanagriculturalresearchcentre,thelengthofasampleof50 maizecobswere measuredand
recordedasshowninthefrequencydistributiontablebelow.

Lengthincm Numberofcobs

8–10

11–13

14–16

17–19

20–22

23-25

4

7

11

15

8

5

Calculate

(a)Themean
(b)(i)Thevariance

(ii)Thestandarddeviation

5. Thetablebelowshowsthefrequencydistributionofmassesof50new-borncalvesinaranch

Mass(kg)Frequency

15–18 2

19-22 3

23–26 10

27–30 14

31–34 13

35–38 6

39–42 2

(a) Onthegridprovideddrawacumulativefrequencygraphforthedata

(b) Usethegraphtoestimate

(i) Themedianmass

(ii) Theprobabilitythatacalfpickedatrandom hasamasslyingbetween25kgand28
kg.

4.Thetablebelow showstheweightandpriceofthreecommoditiesinagiven
period

Commodity Weight PriceRelatives
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X 3 125

Y 4 164

Z 2 140

Calculatetheretailindexforthegroupofcommodities.

7. Thenumberofpeoplewhoattendedanagriculturalshowinonedaywas510men,1080women
andsomechildren.Whentheinformationwasrepresentedonapiechart,thecombinedanglefor
themenandwomenwas2160.Findtheanglerepresentingthechildren.

8. Themassof40babiesinacertainclinicwererecordedasfollows:

MassinKg No.ofbabies.

1.0–1.9 6

2.0–2.9 14

3.0-3.9 10

4.0–4.9 7

5.0–5.9 2

6.0–6.9 1

Calculate

(a) Theinter–quartilerangeofthedata.

(b) Thestandarddeviationofthedatausing3.45astheassumedmean.

9. Thedatabelowshowsthemassesingramsof50potatoes

Mass(g) 25-34 35-44 45-54 55-64 65-74 75-84 85-94

No of
potatoes

3 6 16 12 8 4 1

(a) Onthegridprovide,drawacumulativefrequencycurveforthedata

(b) Usethegraphin(a)abovetodetermine

(i) The60thpercentilemass

(ii) Thepercentageofpotatoeswhosemasseslieintherange53gto68g

10. Thehistogram belowrepresentsthedistributionofmarksobtainedinatest.

ThebarmarkedAhasaheightof3.2unitsandawidthof5units.ThebarmarkedBhasaheight
of1.2unitsandawidthof10units
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IfthefrequencyoftheclassrepresentedbybarBis6,determinethefrequencyoftheclass
representedbybarA.

11. Afrequencydistributionofmarksobtainedby120candidatesistoberepresentedinahistogram.
Thetablebelowshowsthegroupedmarks.Frequenciesforallthegroupsandalsotheareaand
heightoftherectangleforthegroup30–60marks.

Marks 0-10 10-30 30-60 60-70 70-100

Frequency 12 40 36 8 24

Areaofrectangle 180

Heightofrectangle 6

(a)(i) Completethetable

(ii) Onthegridprovidedbelow,drawthehistogram

(b)(i) Statethegroupinwhichthemedianmarklies

(ii)Averticallinedrawnthroughthemedianmarkdividesthetotalareaofthehistogram into
twoequalparts

Usingthisinformationorotherwise,estimatethemedianmark

11. Inanagricultureresearchcentre,thelengthsofasampleof50maizecobsweremeasuredand
recordedasshowninthefrequencydistributiontablebelow

Lengthincm Numberofcobs

8–10

11-13

14–16

4

7

11
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17-19

20–22

23-25

15

8

5

Calculate

(a) Themean

(b) (i) Thevariance

(ii) Thestandarddeviation

12. Thetablebelowshowsthefrequencydistributionofmassesof50newborncalvesinaranch.

Mass(kg) Frequency

15–18

19-22

23–26

27–30

31-34

35–38

39-42

2

3

10

14

13

6

2

(a) Onthegridprovideddrawacumulativefrequencygraphforthedata

(b) Usethegraphtoestimate

(i) Themedianmass

(ii) Theprobabilitythatacalfpickedatrandom hasamasslying

between25kgand28kg

14. Thetableshowsthenumberofbagsofsugarperweekandtheirmovingaverages

Numberofbagsperweek 340 330 x 343 350 345

Movingaverages 331 332 y 346

(a)Findtheorderofthemovingaverage
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(b)FindthevalueofXandYaxis
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CHAPTERFIFTYEIGHT

SpecificObjectives

Bytheendofthetopicthelearnershouldbeableto:

(a)Statethegeometricpropertiesofcommonsolids;

(b)Identifyprojectionofalineontoaplane;

(c)Identifyskewlines;

(d)Calculatethelengthbetweentwopointsinthreedimensionalgeometry;

(e)Identifyandcalculatetheanglebetween

(i)Twolines;

(ii)Alineandaplane;

(ii)Twoplanes.

Content

(a)Geometricalpropertiesofcommonsolids

(b)Skewlinesandprojectionofalineontoaplane

(c)Lengthofalinein3-dimensionalgeometry

(d)Theanglebetween

i)Alineandaline

ii)Alineaplane

iii)Aplaneandaplane

iv)Anglesbetweenskewlines.

Introduction
Geometricalpropertiesofcommonsolids

 Ageometricalfigurehavinglengthonlyisinonedimension

 Afigurehavingareabutnotvolumeisintwodimension

 Afigurehavingvertices(points),edges(lines)andfaces(plans)isinthreedimension

THREEDIMENSIONALGEOMETRY
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Examplesofthreedimensionalfigures

RectangularPrism

Athree-dimensionalfigurehaving6faces,8vertices,and12edges

TriangularPrism

Athree-dimensionalfigurehaving5faces,6vertices,and9edges.

Cone

Athree-dimensionalfigurehavingoneface.

Sphere

Athree-dimensionalfigurewithnostraightlinesorlinesegments
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Cube

Athree-dimensionalfigurethatismeasuredbyitslength,height,andwidth.

Ithas6faces,8vertices,and12edges

Cylinder

Athree-dimensionalfigurehaving2circularfaces

RectangularPyramid

Athree-dimensionalfigurehaving5faces,5vertices,and8edges

Anglebetweenalineandaplane

Theanglebetweenalineandaplaneistheanglebetweenthelineanditsprojectionontheplane
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TheanglebetweenthelineLanditsprojectionorshadowmakesangleAwiththeplan.Hencetheangle

betweenalineandaplaneisA.

Example

Theanglebetweenaline,r,andaplane,π,istheanglebetweenranditsprojectionontoπ,r'.

heightis4m

Example

Supposer'is10cm findtheangleα

Solution

Tofindtheangleweusetanθ= = =0.4
opposite

adjacent

4

10

=21.tan
-1(0.4) 8

0
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AngleBetweentwoplanes
Anytwoplanesareeitherparallelorintersectinastraightline.Theanglebetweentwoplanesistheangle

betweentwolines,oneoneachplane,whichisperpendiculartothelineofintersectionatthepoint

Example

ThefigurebelowPQRSisaregulartetrahedronofside4cm andM isthemidpointofRS;
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a.)ShowthatPM is2 cm long,andthattrianglePMQisisosceles3

b.)CalculatetheanglebetweenplanesPSRandQRS

c.)CalculatetheanglebetweenlinePQandplaneQRS

Solution

a.)TrianglePRSisequilateral.SinceM,isthemidpointofRS,PM isperpendicularbisector

= -PM
2

4
2
2
2

=12

PM= cm12

= = 2 cm4x3 3

SimilartriangleMQRisrightangledatM

= -QM
2

4
2
2
2

=12
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QM= cm12

= = 2 cm4x3 3

SincePM=QM=2 cmTrianglePMQisisosceleles12

b.)TherequiredangleistrianglePMQ.Usingcosinerule

= + -2 24
2 (23)2 (23)2 (23)(23)cosm

16=12+12-2x12cosm

=24-24cosm

=0.3333cosm=
24-16

24

Therefore,m=70.53
0

c.)TherequiredangleistrianglePQM

SincetrianglePMQisisosceleswithtrianglePMQ =70.5 ;4
0

<PQM= (180-70.54)
1

2

= (109.46)
1

2

=54.73
0

Endoftopic

Didyouunderstandeverything?

Ifnotaskateacher,friendsoranybodyandmakesureyouunderstandbefore
goingtosleep!

PastKCSEQuestionsonthetopic.

1. Thediagram belowshowsarightpyramidVABCDwithVasthevertex.Thebaseofthepyramidis
rectangleABCD,WITHab=4cm andBC=3cm.Theheightofthepyramidis6cm.
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(a) Calculatethe

(i) LengthoftheprojectionofVAonthebase
(ii) AnglebetweenthefaceVABandthebase

(b) Pisthemid-pointofVCandQisthemid–pointofVD.

FindtheanglebetweentheplanesVABandtheplaneABPQ

2. Thefigurebelowrepresentsasquarebasedsolidwithapathmarkedonit.

Sketchandlabelthenetofthesolid.

3. Thediagram belowrepresentsacuboidABCDEFGHinwhichFG=4.5cm,GH=8cm andHC=6
cm
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Calculate:

(a)ThelengthofFC

(b)(i)ThesizeoftheanglebetweenthelinesFCandFH

(ii)ThesizeoftheanglebetweenthelinesABandFH

(c)ThesizeoftheanglebetweentheplanesABHEandtheplaneFGHE

4. ThebaseofarightpyramidisasquareABCDofside2acm.TheslantedgesVA,VB,VCandVD
areeachoflength3acm.

(a) Sketchandlabelthepyramid

(b) Findtheanglebetweenaslantingedgeandthebase

5. Thetriangularprism shownbelowhasthesidesAB=DC=EF=12cm.theendsareequilateral
trianglesofsides10cm.ThepointNisthemidpointofFC.

Findthelengthof:

(a) (i) BN

(ii) EN

(b) FindtheanglebetweenthelineEBandtheplaneCDEF
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CHAPTERFIFTYNINE

SpecificObjectives

Bytheendofthetopicthelearnershouldbeableto:

(a)Recallanddefinetrigonometricratios;

(b)Derivetrigonometricidentitysin2x+cos2x=1;

(c)Drawgraphsoftrigonometricfunctions;

(d)Solvesimpletrigonometricequationsanalyticallyandgraphically;

(e)Deducefrom thegraphamplitude,period,wavelengthandphaseangles.

Content
(a)Trigonometricratios

(b)Derivingtherelationsin2x+cos2x=1

(c)Graphsoftrigonometricfunctionsoftheform

y=sinxy=cosx,y=tanx

y=asinx,y=acosx,

y=atanxy=asinbx,

y=acosbxy=atanbx

y=asin(bx±9)

y=acos(bx±9)

y=atan(bx±9)

(d)Simpletrigonometricequation

(e)Amplitude,period,wavelengthandphaseangleoftrigonometricfunctions.

TRIGONOMETRYIII
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Introduction
Considertheright–angledtriangleOAB

sinθ=
AB

r

AB=rsinθ

OA=rcosθ

SincetriangleOABisright-angled

+ =OA
2

AB
2

OB
2(pythagorastheorm)

+ =(rcosθ)2 (rsinθ)2 r
2

Dividebothsidesby givesr
2

θ+ θ=1cos
2

sin
2

tanθ=
sinθ

cosθ

Example

Iftanθ=ashowthat;

=
cosθ θ+ θsin

2
cos

3

sinθ

1

a

Solution

Factorizethenumeratorgivesandsince θ+ =1sin
2

cos
2

=
cosθ( θ+ θsin

2
cos

2 )
sinθ

cosθ(1)
sinθ
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But =tanθ
sinθ

cosθ

Therefore,= = =
cosθ

sinθ

1

tanθ

1

a

Example

Showthat

= θ
(1-cosθ)(1+cosθ)
(1-sinθ)(1+sinθ)

tan
2

Removingthebracketsfrom theexpressiongives

reason
1- θcos

2

1- θsin
2 [ =( -)(A-B)(A+B) A

2
B
2]

Using θ+ θ=1sin
2

cos
2

θ+1= θsin
2

cos
2

Also

θ= θ1-cos
2

sin
2

Therefore

= = θ
1- θcos

2

1- θsin
2

θsin
2

θcos
2 tan

2

Example

Giventhatsinθ=
1

3

a.) θcos
2

b.) θtan
2

c.) θ+ θtan
2

cos
2

Solutionusingtherightangletrianglebelow.
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a.)cosθ= 8
3

therefore θ=( =cos
2

)8
3

2 8

9

b.) θ= =tan
2 (18)

2
1

8

c.) θ+ θ= + =1tan
2

cos
2 1

8

8

9

1

72

Waves
Amplitude

Thisisthemaximum displacementofthewaveaboveorbelowthexaxis.

Period

Theintervalafterwhichthewaverepeatsitself

Transformationsofwaves

Thegraphsofy=sinxand y=3sinx canbedrawnonthesameaxis.Thetablebelow givesthe

correspondingvaluesofsinxand3sinxfor0
0
≤x≥720

0

x
2 0 30 60 90 120 150 180 210 240 270 300 330 360

Sinx 0 0.50 0.87 1.00 0.87 0.50 0 -0.50 -0.87 -0.50 -0.87 -0.50 0

3 sin
x

0 1.50
2.61

3.00 2.61 1.50
0 -1.50

-2.61 -1.50
-2.61 -1.50 0

390 420 450 480 510 540 570 600 630 660 690 720

0.5 0.87 1.00 0.87 0.50 0 -0.50 -0.87 -1.00 -0.87 -0.50 0

1.50 2.61 3.00 2.61 1.50 0 -1.50 -2.61 -3.00 -2.61 -2.61 0
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Thewaveofy=3sinxcanbeobtaineddirectlyfrom thegraphofy=sinxbyapplyingastretchscale
factor3,xaxisinvariant.

Note;
 Theamplitudeofy=3sinxisy=3whichisthreetimesthatofy=sinxwhichisy=1.

 Theperiodoftheboththegraphsisthesamethatis or2π360
0

Example

Drawthewavesy=cosxandy=cos x.Weobtain y=cos xfrom the graphy=cosxbyapplyinga
1

2

1

2
stretchoffactor2withyaxisinvariant.

Note;
 Theamplitudeofthetwowavesarethesame.

 Theperiodofy=cos xis4πthatis,twicetheperiodofy=cosx
1

2

TrigonometricEquations
Intrigonometricequations,thereareaninfinitenumberofroots.Wethereforespecifytherangeofvalues
forwhichtherootsofatrigonometricequationarerequired.
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Example

Solvethefollowingtrigonometricequations:

a.)Sin2x=cosx,for0≤x≤360
0

b.)Tan3x=2,for0≤x≤360
0

c.)2sin(x-π6)

Solution

a.)Sin2x=cosx

Sin2x=sin(90–x)

Therefore2x=90–x

X=30
0

Forthegivenrange,x= and .30
0

150
0

b.)Tan3x=2

From calculator

3x= , , , and .63.43
0
243.43

0
423.43

0
603.43

0
783.43

0
321.14

0

Inthegivenrange;

x= , , , and21.14
0
81.14

0
141.14

0
201.14

0
,261.14

0
321.14

0

c.)2sin =-(x-π6) 3

Sin = sin =-(x-π6) 3
2 (x-π6) 3

2

x- =π+ ,2π-
π

6

π

3

π

3

x- = π, π
π

6

4

3

5

3

x= ,
3

2
π
c11

6
π
c
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Endoftopic

Didyouunderstandeverything?

Ifnotaskateacher,friendsoranybodyandmakesureyouunderstandbefore
goingtosleep!

PastKCSEQuestionsonthetopic

1. (a) Completethetableforthefunctiony=2sinx

x 00 100 200 300 400 500 600 700 800 900 1000 1100 1200

Sin3x 0 0.5000 -08660

y 0 1.00 -1.73

(b) (i) Usingthevaluesinthecompletedtable,drawthegraphof
y=2sin3xfor00≤x≤1200onthegridprovided

(ii) Hencesolvetheequation2sin3x=-1.5
2. Completethetablebelowbyfillingintheblankspaces

X0 00 300 600 900 1200 1500 1800 2100 2400 2700 3000 3300 3600

Cosx0 1.00 0.50 -0.87 -0.87

2 cos ½
x0

2.00 1.93 0.52 -1.00 -2.00

Usingthescale1cm torepresent300onthehorizontalaxisand4cm torepresent1unitonthe
verticalaxisdraw,onthegrid provided,thegraphsofy=cosx0andy=2cos½x0onthesame
axis.
(a) Findtheperiodandtheamplitudeofy=2cos½x0

(b) Describethetransformationthatmapsthegraphofy=cosx0onthegraphofy=2cos1/2

x0

1. (a) Completethetablebelowforthevalueofy=2sinx+cosx.
X 00 300 450 600 900 1200 1350 1500 1800 2250 2700 3150 3600

2 sin
x

0 1.4 1.7 2 1.7 1.4 1 0 -2 -1.4 0

Cosx 1 0.7 0.5 0 -0.5 -0.7 -0.9 -1 0 0.7 1

Y 1 2.1 2.2 2 1.2 0.7 0.1 -1 -2 -0.7 1

(b) Usingthegridprovideddrawthegraphofy=2sinx+cosxfor00.Take1cm represent300

onthex-axisand2cm torepresent1unitontheaxis.
(c) Usethegraphtofindtherangeofxthatsatisfytheinequalities

2sinxcosx>0.5
4. (a) Completethetablebelow,givingyourvaluescorrectto2decimalplaces.
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x 0 10 20 30 40 50 60 70
Tanx 0

2x+300 30 50 70 90 110 130 150 170
Sin(2x+300) 0.50 1

b) Onthegridprovided,drawthegraphsofy=tanxandy=sin(2x+300)for00≤x700

Takescale: 2cm for100onthex-axis
4cm forunitonthey-axis

Useyourgraphtosolvetheequationtanx-sin(2x+300)=0.

5. (a) Completethetablebelow,givingyourvaluescorrectto2decimalplaces

X0 0 30 60 90 120 150 180
2sinx0 0 1 2 1

1–cosx0 0.5 1

(b) Onthegridprovided,usingthesamescaleandaxes,drawthegraphsof
y=sinx0andy=1–cosx0≤x≤1800

Takethescale:2cm for300onthex-axis
2cm forIunitonthey-axis

(c) Usethegraphin(b)aboveto
(i) Solveequation

2sinxo+cosx0=1
(iii) Determinetherangeofvaluesxforwhich2sinxo>1–cosx0

6. (a) Giventhaty=8sin2x–6cosx,completethetablebelowforthemissing
valuesofy,correctto1decimalplace.

X 00 150 300 450 600 750 900 1050 1200

Y=8sin2x–6cosx -6 -1.8 3.8 3.9 2.4 0 -3.9

(b) Onthegridprovided,below,drawthegraphofy=8sin2x–6cosfor
00≤x≤1200

Takethescale2cm for150onthex-axis
2cm for2unitsonthey–axis

(c) Usethegraphtoestimate
(i) Themaximum valueofy
(ii) Thevalueofxforwhich4sin2x–3cosx=1

7. Solvetheequation4sin(x+300)=2for0≤x≤3600

8. Findallthepositiveanglesnotgreaterthan1800whichsatisfytheequation
Sin2x–2tanx=0
Cosx

9. Solveforvaluesofxintherange00≤x≤3600if3cos2x–7cosx=6

10. Simplify9–y2wherey=3cosθ
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y

11. FindallthevaluesofØbetween00and3600satisfyingtheequation5sinӨ=-4

12. Giventhatsin(90–x)=0.8.Wherexisanacuteangle,findwithoutusingmathematicaltablesthe
valueoftanx0

13. Completethetablegivenbelowforthefunctions
y=-3cos2x0andy=2sin(3x/2

0+30)for0≤x≤1800

X0 00 200 400 600 800 1000 1200 1400 1600 1800

-3cos2x0 -3.00 -2.30 -0.52 1.50 2.82 2.82 1.50 -0.52 -2.30 -3.00

2 sin (3 x0 +
300)

1.00 1.73 2.00 1.73 1.00 0.00 -1.00 -1.73 -2.00 -1.73

Usingthegraphpaperdrawthegraphsofy=-3cos2x0andy=2sin(3x/2
0+300)

(a) Onthesameaxis.Take2cm torepresent200onthex-axisand2cm torepresentoneunit
onthey–axis

(b) From yourgraphs.Findtherootsof3cos2x0+2sin(3x/2
0+300)=0

14. Solvethevaluesofxintherange00≤x≤3600if3cos2x–7cosx=6

15. Completethetablebelowbyfillingintheblankspaces

x0 00 300 600 90 10 1500 180 210 240 270 300 330 360
Cosx0 1.00 0.50 -

0.87
-
0.87

2cos
½x0

2.00 1.93 0.5

Usingthescale1cm torepresent300onthehorizontalaxisand4cm torepresent1unitonthe
verticalaxisdrawonthegridprovided,thegraphsofy–cosx0andy=2cos½x0onthesame
axis
(a) Findtheperiodandtheamplitudeofy=2cos½x0

Ans.Period=7200.Amplitude=2
(c) Describethetransformationthatmapsthegraphofy=cos x0onthegraphofy=2

cos½x0

CHAPTERSIXTY

SpecificObjectives

Bytheendofthetopicthelearnershouldbeableto:

(a)Definethegreatandsmallcirclesinrelationtoasphere(includingthe

Earth);

LONGITUDESANDLATITUDES
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(b)Establishtherelationshipbetweentheradiiofsmallandgreatcircles;

(c)Locateaplaceontheearth'ssurfaceintermsoflatitudeandlongitude;

(d)Calculatethedistancebetweentwopointsalongthegreatcirclesandsmallcircles(longitude
andlatitude)innauticalmiles(nm)ankilometers(km);

(e)Calculatetimeinrelationtolongitudes;

(f)Calculatespeedinknotsandkilometersperhour.

Content
(a)Latitudeandlongitude(greatandsmallcircles)

(b)TheEquatorandGreenwichMeridian

(c)Radiiofsmallandgreatcircles

(d)Positionofaplaceonthesurfaceoftheearth

(e)Distance between two pointsalong the smalland greatcirclesin nauticalmilesand
kilometers

(f)Distanceinnauticalmilesandkilometresalongacircleoflatitude

(g)Timeandlongitude

(h)SpeedinknotsandKilometresperhour.

Introduction
Justasweuseacoordinatesystem tolocatepointsonanumberplanesoweuselatitudeandlongitude
tolocatepointsontheearth’ssurface.

BecausetheEarthisasphere,weuseaspecialgridoflinesthatrunacrossanddownasphere.The
diagramsbelowshowthisgridonaworldglobeandaflatworldmap.

GreatandSmallCircles

Ifyoucuta‘slice’throughasphere,itsshapeisacircle.Aslicethroughthecentreofasphereiscalleda
greatcircle,anditsradiusisthesameasthatofthesphere.Anyothersliceiscalledasmallcircle,
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becauseitsradiusissmallerthanthatofagreatcircle.Hencegreatcirclesdividesthesphereintotwo
equalparts

Latitude

Latitudesareimaginarylinesthatrunaroundthe
earthandtheirplanesareperpendiculartothe
axisoftheearth.Theequatoristhelatitudetha
dividestheearthintotwoequalparts.Itstheonly
greatcirclesamoungthelatitudes.The equator
is,0°.

TheangleoflatitudeistheanglethelatitudemakeswiththeEquatoratthecentre,O,oftheEarth.The
diagram showsthe50°Nparalleloflatitude.Parallelsoflatituderangefrom 90°N(NorthPole)to90°S
(SouthPole).
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Theangle5 subtendedatthecentreoftheearthistheistheisthelatitudeofthecirclepassingthrough0
0

5 northofequator.Themaximum angleoflatitudeis9 northorsouthofequator.0
0

0
0

Longitudes/meridians

Theyarecirclespassingthroughthenorthandsouthpoles

Theycanalsobesaidthattheyareimaginarysemicirclesthat
rundowntheEarth.Theyare‘half’greatcirclesthatmeetatthe
NorthandSouthPoles.Themainmeridianoflongitudeisthe
primemeridian,0°.ItisalsocalledtheGreenwichmeridiansince
itrunsthroughtheRoyalObservatoryatGreenwichinLondon,
England.Theothermeridiansaremeasuredindegreeseastor
westoftheprimemeridian.

Theangleoflongitudeistheanglethemeridianmakeswiththe
primemeridianatthecentre,O,oftheEarth.Thediagram shows
the35°Emeridianoflongitude.

Meridiansoflongituderangefrom 180°Eto180°W.180°Eand

180°W areactuallythesamemeridian,ontheoppositesideof
theEarthtotheprimemeridian.ItrunsthroughthePacificOcean,
eastofFiji.

Note
 IfPisθnorthoftheequatorandQisαsouthof
thequator,thenthedifferenceinlatitudebetweenthem

isgivenby(θ+α)
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 IfPandQareonthesamesideoftheequator,thenthedifferenceinlatitudeis(θ-α)

PositionCoordinates
LocationsontheEartharedescribedusinglatitude(°Nor°S)andlongitude(°Eor°W)inthatorder.For
example,Nairobihascoordinates(1°S,37°E),meaningitis positionis1°southoftheEquatorand37°
eastoftheprimemeridian.

EG

GreatCircleDistances

Rememberthearclengthofacircleis whereθisthedegreesofthecentralangle,andthe
radiusoftheearthis6370km approx.

Onaflatsurface,theshortestdistancebetweentwopointsisastraightline.SincetheEarth’ssurfaceis
curved,theshortestdistancebetweenAandBisthearclengthABofthegreatcirclethatpasses

throughAandB.Thisiscalledthegreatcircledistanceandthesizeofangle∠AOBwhereOisthecentre
oftheEarthiscalledtheangulardistance.

Note
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 Thelengthofanarcofagreatcirclesubtendinganangleof (oneminute)atthecentreofthe1
i

earthis1nauticalmilenm.

 Anauticalmileisthestandardinternationalunitfrom measuringdistancestravelledbyshipsand
aeroplanes1nauticalmile(nm)=1.853km

Ifanarcofagreatcirclesubtendsanangleθatthecentreoftheearth,thearcslengthis(60xθ)nautical
miles.

Example

FindthedistancebetweenpointsP( N, E)andQ( S, E)andexpressitin;40
0

50
0

20
0
30

1
50

0

a.)Nm

b.)Km (Takeradiusoftheearthtobe6370km)
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Solution

a.)Anglesubtendedatthecentreis + =40
0

20.5
0

60.5
0

Issubtendedby60nm1
0

60. Issubtendedby;60x60.5=3630nm5
0

b.)Theradiusoftheearthis6370km

Therefore,thecircumferenceoftheearthalongagreatcircleis;

2πr=6370X2X
22

7

Anglebetweenthepointsis .Therefore,wefindthelengthofanarchofacirclewhich60.5
0

subtendsanangleof atthecentreis3 issubtendedbyarcwhoselengthis6370X2X .60.5
0

60
0 22

7

Therefore,60. Issubtendedby; x6370X2X =6729km5
0 60.5

360

22

7

Example

FindthedistancebetweenpointsA( , E)and ( , E)andexpressitin;0
0
30

0
0
0
50

0

a.)Nm.

b.)Km (Taketheradiusoftheearthtobe6370km)

Solution

a.)Thetwopointslieontheequator,whichisgreatcircle.Therefore,wearecalculatingdistancealonga
greatcircle.

AnglebetweenpointsAandBis( - )=50
0
30

0
20

0

b.)Distanceinkm = x6370X2X =2224km
20

360

22

7

DistancealongasmallCircle(circleoflatitude)

ThefigurebelowABC isasmallcircle,centreXandradiusrcm.PQSTisagreatcircle,centreO,radiusR
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cm.Theangleθisbetweenthetworadii.(OCandOT)

From thefigure,XCisparalleltoOT.Therefore,angleCOT=angleXCO=θ .AngleCXO(alternateangles)
=9 (RadiusXCisperpendiculartotheaxisofsphere).0

0

Thus,from theright-angledtriangleOXC

Cosθ=
r

R

Therefore,r=Rcosθ

ThisexpressioncanbeusedtocalculatethedistancebetweenanytwopointsalongthesmallcircleABC,
centreXandradiusr.

Example

Findthedistanceinkilometersandnauticalmilesbetweentwopoints( N E)andQ( N W).30
0
45

0
30

0
60

0

Solution

FigureashowsthepositionofPandQonthesurfaceoftheearthwhilefigurebshowstheirrelative

positionsonthesmallcircleisthecentreofthecircleoflatitude Nwithradiusr.30
0

TheanglesubtendedbythearcPQcentreCis + =10 .So,thelengthofPQ45
0

60
0

5
0

= X2πr
105

360
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= X2πR km
105

360
cos30

0

= X2X X6370COSθkm
105

360

22

7

=10113km

ThelengthofPQinnauticalmiles

=60x105cos nm30
0

=60x105x0.8660nm=5456nm=

Ingeneral,iftheangleatthecentreofacircleoflatitudeθisα,thenthelengthofitsarcis60

α whereαistheanglebetweenthelongitudesalongthesamelatitude.cosθnm,

Shortestdistancebetweenthetwopointsontheearthssurface

Theshortestdistancebetweentwopointsontheearthssurfaceisthatalongagreatcircle.

Example

PandQaretwopointsonlatitude N.Theylieonlongitude 4 W and13 respectively.Findthe50
0

0
0

2E
0

distancefrom PtoQ:
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a.)Alongaparalleloflatitude

b.)Alongagreatcircle

Solution

ThepositionsofPandQonearthssurfaceareasshownbelow

a.)Thelengthofthecircleparalleloflatitude Nis2πrkm,whichis2πRcos km.Thedifference50
0

50
0

inlongitudebetweenPandQis13 +4 =182
0

8
0

0
0

PQ= X2X X6370cos =12869km
180

360

22

7
50

0

b.)TherequiredgreatcirclepassesviatheNorthPole.Therefore,theanglesubtendedatthecentre
bythearcPNQis;

= –2x =8180
0

50
0

0
0
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ThereforethearcPNQ

= X2πR
80

360

= X2X X6370=8898km
80

360

22

7

Note;
Noticethatthedistancebetweentwopointsontheearth’ssurfacealongagreatcircleisshorterthan
thedistancebetweenthem alongasmallcircle

LongitudeandTime
Theearthrotatesthrough36 aboutitsaxisevery24hoursinwest–eastdirection.Thereforefor0

0

every changeinlongitudethereisacorrespondingchangeintimeof4minutes,orthereisa1
0

differenceof1hourbetweentwomeridians apart.15
0

Allplacesin thesamemeridian havethesamelocaltime.LocaltimeatGreenwich iscalled
GreenwichMeanTime.GMT.

AllmeridianstothewestofGreenwichMeridianhavesunriseafterthemeridianandtheirlocaltimes
arebehindGMT.

AllmeridiantotheeastofGreenwichMeridianhavesunrisebeforethemeridianandtheirlocaltimes
areaheadofGMT.Sincetheearthrotatesfrom westtoeast,anypointPisaheadintimeofanother
pointQifPiseastofQontheearth’ssurface.

Example
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FindthelocaltimeinNairobi( S,3 E),whenthelocaltimeofMandera(Nairobi( N, E)is3.001
0

7
0

4
0

42
0

pm

Solution

ThedifferenceinlongitudebetweenManderaandNairobiis(4 -3 )= ,thatisManderais east2
0

7
0

5
0

5
0

ofNairobi.Thereforetheirlocaltimedifferby;4x5=20min.

SinceNairobiisinthewestofMandera,wesubtract20minutesfrom 3.00p.m.Thisgiveslocaltime
forNairobias2.40p.m.

Example

IfthelocaltimeofLondon( N,),IS12.00noon,findthelocaltimeofNairobi( S, E),52
0

0
0

1
0

37
0

Solution

Differenceinlongitudeis( + )=37
0

0
0

37
0

Sothedifferenceintimeis4x37min=148min

=2hrs.28min

Therefore,localtimeofNairobiis2hours28minutesaheadthatofLondonthatis,2.28p.m

Example

IfthelocaltimeofpointA ( N, E)is12.30a.m,onMonday,FindthelocaltimeofapointB(0
0

170
0

0
0

N, W).170
0

Solution

DifferenceinlongitudebetweenA andBis + =170
0

170
0

340
0

Intimeis4x340=1360min

=22hrs.40min.

ThereforelocaltimeinpointBis22hours40minutesbehindMonday12:30p.m.Thatis,Sunday1.50
a.m.

Speed
Aspeedof1nauticalmileperhouriscalledaknot.Thisunitofspeedisusedbyairmenandsailors.

Example

AshipleavesMombasa( S, E)andsailsdueeastfor98hourstoappointKMombasa( S, E)in4
0
39

0
4
0
80

0

theindianocean.Calculateitsaveragespeedin;

a.)Km/h

b.)Knots

Solution
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a.)Thelengthxofthearcfrom MombasatothepointKintheocean

x2πr
41

360

= X2πR
41

360
cos km4

0

= X2X X6370 =4549km
41

360

22

7
cos km4

0

Thereforespeedis= =46.41km/h
4549

98

b.)Thelengthxofthearcfrom MombasatothepointKintheoceaninnauticalmiles

x=60x41xcos nm4
0

=60x41x0.9976nm=2454nm

Therefore,speed=
2454

98

=25.04knots

Endoftopic

Didyouunderstandeverything?

Ifnotaskateacher,friendsoranybodyandmakesureyouunderstandbefore
goingtosleep!

PastKCSEQuestionsonthetopic.

1. Anaeroplanefliesfrom pointA(1015’S,370E)toapointBdirectlyNorthofA.the
arcABsubtendsanangleof450atthecenteroftheearth.From B,aeroplanesfliesdue
westtwoapointConlongitude230W.)

(Takethevalueofπ22/7asandradiusoftheearthas6370km)

(a) (i) FindthelatitudeofB

(ii) FindthedistancetraveledbytheaeroplanebetweenBandC

(b) Theaeroplaneleftat1.00a.m.localtime.WhentheaeroplanewasleavingB,whatwasthe
localtimeatC?

2. ThepositionoftwotownsXandYaregiventothenearestdegreeasX(450N,100W)andY(450N,
700W)
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Find

(a) Thedistancebetweenthetwotownsin

(i) Kilometers(taketheradiusoftheearthas6371)
(ii) Nauticalmiles(take1nauticalmiletobe1.85km)

(b) ThelocaltimeatXwhenthelocaltimeatYis2.00pm.

3. AplaneleavesanairportA(38.50N,37.050W)andfliesduesNorthtoapointB onlatitude520N.

(a) Findthedistancecoveredbytheplane

(b) TheplanethenfliesdueeasttoapointC,2400km from B.DeterminethepositionofC

Takethevalueπofas22/7andradiusoftheearthas6370km

4. Aplaneflyingat200knotsleftanairportA(300S,310E)andflewdueNorthtoanairportB(300N,
310E)

(a) Calculatethedistancecoveredbytheplane,innauticalmiles

(b) Aftera15minutesstopoveratB,theplaneflewwesttoanairportC(300N,130E)atthe
samespeed.

Calculatethetotaltimetocompletethejourneyfrom airportC,thoughairportB.

5. TwotownsAandBlieonthesamelatitudeinthenorthernhemisphere.

Whenits8am atA,thetimeatBis11.00am.

a) GiventhatthelongitudeofAis150EfindthelongitudeofB.

b) AplaneleavesAforBandtakes31/2 hourstoarriveatBtravelingalongaparallelof
latitudeat850km/h.Find:

(i) TheradiusofthecircleoflatitudeonwhichtownsAandBlie.

(ii) Thelatitudeofthetwotowns(takeradiusoftheearthtobe6371km)

6. TwoplacesAandBareonthesamecircleoflatitudenorthoftheequator.ThelongitudeofAis
1180W andthelongitudeofBis1330E.TheshorterdistancebetweenAand B measured
alongthecircleoflatitudeis5422nauticalmiles.

Find,tothenearestdegree,thelatitudeonwhichAandBlie

7. (a) Aplanefliesbytheshortestimateroutefrom P(100S,600W)toQ(700N,

1200E)Findthedistanceflowninkm andthetimetakeniftheaveragespeedis800km/h.

(b) Calculatethedistanceinkm betweentwotownsonlatitude500Swithlonglongitudesand
200W.(taketheradiusoftheearthtobe6370km)

8. CalculatethedistancebetweenM (300N,360E)andN(300N,1440W)innauticalmiles.

(i) OvertheNorthPole
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(ii) Alongtheparalleloflatitude300N

9. (a) Ashipsailedduesouthalongameridianfrom 120Nto10030’S.Taking

theearthtobeaspherewithacircumferenceof4x104km,calculateinkm thedistance
traveledbytheship.

(b) Ifashipsailsduewestfrom SanFrancisco(37047’N,122026’W)fordistanceof1320km.
Calculatethelongitudeofitsnewposition(taketheradiusoftheearthtobe6370km and
π=22/7).

CHAPTERSIXTYONE

SpecificObjectives

Bytheendofthetopicthelearnershouldbeableto:

(a)Form linearinequalitiesbasedonreallifesituations;

(b)Representthelinearinequalitiesonagraph;

(c)Solveandinterprettheoptimum solutionofthelinearinequalities,

(d)Applylinearprogrammingtoreallifesituations.

Content
(a)Formationoflinearinequalities

(b)Analyticalsolutionsoflinearinequalities

(c)Solutionsoflinearinequalitiesbygraphs

(d)Optimisation(includeobjectivefunction)

(e)Applicationofquadraticequationstoreallifesituations.

Forminglinearinequalities
Inlinearprogramingwearegoingtoform inequalitiesrepresentinggivenconditionsinvolvingreallife
situation.

Example

Eshaisfiveyearsyoungerthanhissister.Thesum oftheirageislessthan36years.IfEsha’sageisx
years,form alltheinequalitiesinxforthissituation.

Solution

TheageofEsha’ssisterisx+5years.

Therefore,thesum oftheirageis;

X+(x+5)years

LINEARPROGRAMMING
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Thus;

2x+5<36

2x<31

X>15.5

X>0(ageisalwayspositive)

Linearprogramming
Linearprogrammingistheprocessoftakingvariouslinearinequalitiesrelatingtosomesituation,and
findingthe"best"valueobtainableunderthoseconditions.A typicalexamplewouldbetakingthe
limitationsofmaterialsandlabor,andthendeterminingthe"best"productionlevelsformaximalprofits
underthoseconditions.

In"reallife",linearprogrammingispartofaveryimportantareaofmathematicscalled"optimization
techniques".Thisfieldofstudyareusedeverydayintheorganizationandallocationofresources.These
"reallife"systemscanhavedozensorhundredsofvariables,ormore.Inalgebra,though,you'llonlywork
withthesimple(andgraphable)two-variablelinearcase.

Thegeneralprocessforsolvinglinear-programmingexercisesistographtheinequalities(calledthe
"constraints")toform awalled-offareaonthex,y-plane(calledthe"feasibilityregion").Thenyoufigure
outthecoordinatesofthecornersofthisfeasibilityregion(thatis,youfindtheintersectionpointsofthe
variouspairsoflines),andtestthesecornerpointsintheformula(calledthe"optimizationequation")for
whichyou'retryingtofindthehighestorlowestvalue.

Example

Supposeafactorywanttoproducetwotypesofhandcalculators,typeAandtypeB.Thecost,thelabor
timeandtheprofitforeverycalculatorissummarizedinthefollowingtable:

Type Cost LaborTime Profit

A Sh30 1(hour) Sh10

B Sh20 4(hour) Sh8

Supposetheavailablemoneyandlaborsareksh18000and1600hours.Whatshouldtheproduction
schedulebetoensuremaximum profit?

Solution

Suppose isthenumberoftypeA handcalculatorsand isthenumberoftypeBhand

calculatorsandytobethecost.Then,wewanttomaximize subjectto
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where isthetotalprofit.

Solutionbygraphing
Solutionsto inequalitiesformed to representgivenconditionscanbedetermined bygraphing the
inequalitiesandthenreadingofftheappropriatevalues(possiblevalues)

Example

Astudentwishestopurchasenotlessthan10itemscomprisingbooksandpensonly.Abookcosts
sh.20andapensh.10.ifthestudenthassh.220tospend,form allpossibleinequalitiesfrom thegiven
conditionsandgraphthem clearly,indicatingthepossiblesolutions.

Solution

Letthenumberofbooksbexandthenumberofpensthen,theinequalitiesare;

i.) x+y≥10(theitemsboughttobeatlestten)

ii.) x+y≤220(onlysh.220isavailable)

Thissimplifiesto2x+y≤22

iii.) x>andy>0(numberofitemsboughtcannotbenegative).

Thegraphbelowrepresentstheinequalities

Allthepointsintheunshadedregionrepresentpossiblesolutions.A pointwithco-ordinates(x,y)
representsxbooksandypens.Forexample,thepoint(3,10)means3booksand10pens couldbe
boughtbythestudents.

Optimization
Thedeterminationoftheminimum orthemaximum valueoftheobjectivefunctionax+byisknownas
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optimization.Objectivefunctionisanequationtobeminimizedormaximized.

Example

Acontractorintendstotransport1000bagsofcementusingalorryandapickup.Thelorrycancarrya
maximum of80bagswhileapickupcancarryamaximum of20bags.Thepickupmustmakemorethan
twicethenumberoftripsthelorrymakesandthetotalnumberoftriptobelessthan30.Thecostpertrip
forthelorryisksh2000,perbagandksh900forthepickup.Findtheminimum expenditure.

Solution

Ifweletxandybethenumberoftripsmadebythelorryandthepickuprespectively.Thentheconditions
aregivenbythefollowinginequalities;

i.) x+y<30

ii.) 80x+20y≥1000,whichsimplifiesas4x+y≥50

iii.) y>2x

iv.) x<0

Thetotalcostoftransportingthecementisgivenbysh2000x+900y.Thisiscalledtheobjectivefunction.

Thegraphbelowshowstheinequalities.

From thegraphwecanidentify7possibilities

, , , , , ,(7,22)(8,18)(8,19)(8,20)(8,21)(9,19)(9,20)

Fo
r f

re
e K

CS
E 

No
tes

, E
xa

ms
, a

nd
 P

as
t P

ap
er

s V
isi

t h
ttp

s:/
/T

ea
ch

er
.co

.ke
/



isabokemicah@gmail.com

Novels,UpdatedKASNEB,ICT,College,HighSchoolSoftcopyNotes0714497530

Note;
Co-ordinatesstandsforthenumberoftrips.Forexample(7,22)means7tripsbythelorryand22tripsby
thepickup.Thereforethepossibleamountofmoneyinshillingstobespentbythecontractorcanbe
calculatedasfollows.

i.) + =33800(2000×7) (900×22)

ii.) + =32200(2000×8) (900×18)

iii.) + =33100(2000×8) (900×19)

iv.) + =34000(2000×8) (900×20)

v.) + =34900(2000×8) (900×21)

vi.) + =35100(2000×9) (900×19)

vii.) + =36000(2000×9) (900×20)

Wenotethatfrom thecalculationthattheleastamountthecontractorwouldspendissh.32200.This
iswhenthelorrymakes8tripsandthepick-up18trips.Whenpossibilitiesaremanythemethodof
determiningthesolutionbycalculationbecomestedious.Thealternativemethodinvolvesdrawingthe
graphofthe functionwewishtomaximizeorminimize,theobjectivefunction.Thisfunctionis
usuallyoftheform ax+by,whereaandbarconstants.

Forthis,weusethegraphabove whichisaconvenientpoint(x,y)togivethevalueofxpreferably
closetotheregionofthepossibilities.Forexamplethepoint(5,10)waschosentogiveaninitial
valueofthus,2000x+900y=19000.wenowdrawtheline2000x+900y=19000.suchalineisreferred
tousasearchline.

Usingarulerandasetsquare,slidethesetsquarekeepingoneedgeparallelto untiltheedgel
1

strikesthefeasiblepointnearest (seethedottedline )From thegraphthispointis(8,18),whichl
1

l
2

givestheminimum expenditureaswehaveseenearlier.Thefeasiblepointfurthestfrom thelinel
1

givesthemaximum valueoftheobjectivefunction.

Thedeterminationoftheminimum orthemaximum valueoftheobjectivefunctionax+byisknown
asoptimization.

Note;
Theprocessofsolvinglinearequationsareasfollows

i.) Formingtheinequalitiessatisfyinggivenconditions

ii.) Formulatingtheobjectivefunction.

iii.) Graphingtheinequalities

iv.) Optimizingtheobjectivefunction

Thiswholeprocessiscalledlinearprogramming.

Example

Acompanyproducesgadgetswhichcomeintwocolors:redandblue.Theredgadgetsaremadeofsteel
andsellforksh30each.Thebluegadgetsaremadeofwoodandsellforksh50each.Aunitofthered
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gadgetrequires1kilogram ofsteel,and3hoursoflabortoprocess.Aunitofthebluegadget,onthe
otherhand,requires2boardmetersofwoodand2hoursoflabortomanufacture.Thereare180hours
oflabor,120boardmetersofwood,and50kilogramsofsteelavailable.Howmanyunitsoftheredand
bluegadgetsmustthecompanyproduce(andsell)ifitwantstomaximizerevenue?

Solution

TheGraphicalApproach

Step1.Definealldecisionvariables.

Let: x1 =numberofredgadgetstoproduce(andsell)
x2 =numberofbluegadgetstoproduce(andsell)

Step2.Definetheobjectivefunction.

MaximizeR=30x1+50x2 (totalrevenueinksh)

Step3.Defineallconstraints.

(1) x1  50(steelsupplyconstraintinkilograms)
(2) 2x2 120(woodsupplyconstraintinboardmeters)
(3) 3x1 + 2x2 180(laborsupplyconstraintinmanhours)

x1,x2 0(non-negativityrequirement)

Step4.Graphallconstraints.

Thendetermineareaoffeasiblestudy
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Note;

 Theareaunderthelinemarkedblueistheneededareaorareaoffeasiblesolutions.

 Wethereforeshadetheunwantedregionoutthetrapezium markedblue

Optimization
Listallcorners(identifythecorrespondingcoordinates),andpickthebestintermsoftheresultingvalue
oftheobjectivefunction.

(1)x1=0 x2=0 R=30(0)+50(0)=0

(2)x1=50 x2=0 R=30(50)+50(0)=1500

(3)x1=0 x2=60 R=30(0)+50(60)=3000

(4)x1=20 x2=60 R=30(20)+50(60)=3600(theoptimalsolution)

(5)x1=50 x2=15 R=30(50)+50(15)=2250

Endoftopic

Didyouunderstandeverything?

Ifnotaskateacher,friendsoranybodyandmakesureyouunderstandbefore

Fo
r f

re
e K

CS
E 

No
tes

, E
xa

ms
, a

nd
 P

as
t P

ap
er

s V
isi

t h
ttp

s:/
/T

ea
ch

er
.co

.ke
/



isabokemicah@gmail.com

Novels,UpdatedKASNEB,ICT,College,HighSchoolSoftcopyNotes0714497530

goingtosleep!

PastKCSEQuestionsonthetopic.

1. Aschoolhastotake384peopleforatour.Therearetwotypesofbusesavailable,typeXandtype
Y.TypeXcancarry64passengersandtypeYcancarry48passengers.Theyhavetouseatleast
7buses.

(a) Form allthelinearinequalitieswhichwillrepresenttheaboveinformation.

(b) Onthegrid[provide,drawtheinequalitiesandshadetheunwantedregion.

(c) Thechargesforhiringthebusesare

TypeX:Ksh25,000

TypeYKsh20,000

Useyourgraphtodeterminethenumberofbusesofeachtypethatshouldbehiredto
minimizethecost.

2. Aninstituteofferstwotypesofcoursestechnicalandbusinesscourses.Theinstitutehasa
capacityof500students.Theremustbemorebusinessstudentsthantechnicalstudentsbutat
least200studentsmusttaketechnicalcourses.Letxrepresentthenumberoftechnicalstudents
andythenumberofbusinessstudents.

(a) Writedownthreeinequalitiesthatdescribethegivenconditions

(b) Onthegridprovided,drawthethreeinequalities

(c) IftheinstitutemakesaprofitofKshs2,500totrainonetechnicalstudentsandKshs1,000
totrainonebusinessstudent,determine

(i) Thenumberofstudentsthatmustbeenrolledineachcoursetomaximizethe
profit

(ii) Themaximum profit.
3. AdraperisrequiredtosupplytwotypesofshirtsAandtypeB.

Thetotalnumberofshirtsmustnotbemorethan400.HehastosupplymoretypeAthanoftype
BhoweverthenumberoftypesAshirtsmustbemorethan300andthenumberoftypeBshirts
notbelessthan80.

LetxbethenumberoftypeAshirtsandybethenumberoftypesBshirts.

(a)Writedownintermsofxandyallthelinearinequalitiesrepresentingtheinformationabove.
(b)Onthegridprovided,drawtheinequalitiesandshadetheunwantedregions
(c)Theprofitswereasfollows

TypeA:Kshs600pershirt

TypeB:Kshs400pershirt
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(i) Usethegraphtodeterminethenumberofshirtsofeachtypethatshouldbemadeto
maximizetheprofit.

(ii) Calculatethemaximum possibleprofit.
4. A dietexpertmakesupafoodproductionforsalebymixingtwoingredientsN andS.One

kilogram ofNcontains25unitsofproteinand30unitsofvitamins.Onekilogram ofScontains50
unitsofproteinand45unitsofvitamins.Thefoodissoldinsmallbagseachcontainingatleast
175unitsofproteinandatleast180unitsofvitamins.Themassofthefoodproductineachbag
mustnotexceed6kg.

IfonebagofthemixturecontainsxkgofNandykgofS

(a)Writedownalltheinequalities,intermsofxandrepresentingtheinformationabove
(2marks)

(b)Onthegridprovideddrawtheinequalitiesbyshadingtheunwantedregions
(2marks)

(c)Ifonekilogram ofNcostsKshs20andonekilogram ofScostsKshs50,usethegraphto
determinethelowestcostofonebagofthemixture.

5. Eshaflyingcompanyoperatesaflyingservice.Ithastwotypesofaeroplanes.Thesmallerone
uses180litresoffuelperhourwhilethebiggeroneuses300litresperhour.

Thefuelavailableperweekis18,000litres.Thecompanyisallowed80flyinghoursperweek.

(a)Writedownalltheinequalitiesrepresentingtheaboveinformation

(b)Onthegridprovidedonpage21,drawalltheinequalitiesin(a)aboveby

shadingtheunwantedregions

(c)TheprofitsonthesmalleraeroplaneisKshs4000perhourwhilethatonthe

biggeroneisKshs.6000perhour.Useyourgraphtodeterminethemaximum profitthatthe
companymadeperweek.

6. Acompanyisconsideringinstallingtwotypesofmachines.AandB.Theinformationabouteach
typeofmachineisgiveninthetablebelow.

Machine Numberofoperators Floorspace Dailyprofit

A 2 5m2 Kshs1,500

B 5 8m2 Kshs2,500

ThecompanydecidedtoinstallxmachinesoftypesAandymachinesoftypeB

(a) Writedowntheinequalitiesthatexpressthefollowingconditions

i. Thenumberofoperatorsavailableis40
ii. Thefloorspaceavailableis80m2

iii.Thecompanyistoinstallnotlessthan3typeofAmachine
iv.ThenumberoftypeBmachinesmustbemorethanonethirdthenumberoftypeA

machines
(b) Onthegridprovided,drawtheinequalitiesinpart(a)aboveandshadethe
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unwantedregion.

(c) Drawasearchlineanduseittodeterminethenumberofmachinesofeach

typethatshouldbeinstalledtomaximizethedailyprofit.

CHAPTERSIXTYTWO

SpecificObjectives

Bytheendofthetopicthelearnershouldbeableto:

(a)DefineLocus;

(b)DescribecommontypesofLoci;

(c)Construct;

i)Lociinvolvinginequalities;

ii)Lociinvolvingchords;

iii)Lociinvolvingpointsundergivenconditions;

iv)Intersectingloci.

Content
(a)CommontypesofLoci

(b)Perpendicularbisectorloci

(c)Locusofapointatagivendistancefrom afixedpoint

(d)Anglebisectorloci

(e)Otherlociundergivenconditionincludingintersectingloci

(f)Lociinvolvinginequalities

(g)Lociinvolvingchords(constantangleloci).

Introduction
Locusisdefinedasthepath,areaorvolumetracedoutbyapoint,lineorregionasitmovesaccordingto

LOCUS
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somegivenlaws

Inconstructiontheopeningbetweenthepencilandthepointofthecompassisafixeddistance,the
lengthoftheradiusofacircle.Thepointonthecompassdeterminesafixedpoint.Ifthelengthofthe
radiusremainsthesameorunchanged,allofthepointintheplanethatcanbedrawnbythecompass
from acircleandanypointsthatcannotbedrawnbythecompassdonotlieonthecircle.Thusthecircle
isthesetofallpointsatafixeddistancefrom afixedpoint.Thissetiscalledalocus.

CommontypesofLoci

Perpendicularbisectorlocus
Thelocusofapointwhichareequidistantfrom twofixedpointsistheperpendicularbisectorofthe
straightlinejoiningthetwofixedpoints.Thislocusiscalledtheperpendicularbisectorlocus.

Sotofindthepointequidistantfrom twofixedpointsyousimplyfindtheperpendicularbisectorofthe
twopointsasshownbelow.

Qisthemid-pointofM andN. Fo
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InthreeDimensions

Inthreedimensions,theperpendicularbisectorlocusisaplaneatrightanglestothelineandbisecting
thelineintotwoequalparts.ThepointP canlieanywhereinthelineprovideditsinthemiddle.

TheLocusofpointsataGivenDistancefrom agivenstraightline.
IntwoDimensions

Inthefigurebeloweachofthelinesfrom themiddlelineismarkedacentimetersoneithersideofthe
givenlineMN.

The‘a’centimetersoneithersidesfrom themiddlelineimpliestheperpendiculardistance.

Thetwoparallellinesdescribethelocusofpointsatafixeddistancefrom agivenstraightline.

InthreeDimensions

Inthreedimensionsthelocusofpoint‘a’centimetersfrom alineMNisacylindricalshellofradius‘a’c,
withMNastheaxisofrotation.
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LocusofpointsataGivenDistancefrom afixedpoint.
IntwoDimension

IfOisafixedpointandPavariablepoint‘d’cm from O,thelocusofpisthecircleOradius‘d’cm as
shownbelow.

Allpointsonacircledescribealocusofapointatconstantdistancefrom afixedpoint.Inthreedimesion
thelocusofapoint‘d’centimetresfrom apointisasphericalshellcentreOandradiusdcm.

AngleBisectorLocus
Thelocusofpointswhichareequidistantfrom twogivenintersectingstraightlinesisthepairof
perpendicularlineswhichbisecttheanglesbetweenthegivenlines.

Conversely,apointwhichliesonabisectorofgivenangleisequidistantfrom thelinesincludingthat
angle.P C

LinePBbisectangleABCintotwoequalparts.

Example

ConstructtrianglePQRsuchthatPQ=7cm,QR=5cm andanglePQR= .ConstructthelocusLof30
0

pointsequidistantfrom RPandRQ.

Solution

ListhebisectorofAnglePRQ.
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P⋰

L

Constantangleloci
AlinePQis5cm long,ConstructthelocusofpointsatwhichPQsubtendsanangleof .70

0

Solution

i.) DrawPQ=5cm

ii.) ConstructTPatP suchthatangleQPT=70
0

iii.) DrawaperpendiculartoTPatP(radiusisperpendiculartotangent)

iv.) ConstructtheperpendicularbisectorofPQtomeettheperpendicularin(iii)atO

v.) UsingOasthecentreandeitherOPorOQasradius,drawthelocus

vi.) TransferthecentreonthesideofPQandcompletethelocus.

vii.) TransferthecentreontheoppositesidesofPQandcompletethelocusasshownbelow.
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 To areofthesameradius,O
1

 Anglesubtendedbythesamechordonthecircumferenceareequal,

 Thisiscalledtheconstantanglelocus.

IntersectingLoci
a.)ConstructtrianglePQRsuchthatPQ=7cm,OR=5cm andanglePQR=30

0

b.)Constructthelocus ofpointsequidistantfrom P andQ to meetthelocus ofpointsL
1

L
2

equidistantfrom QandR atM .MeasurePM

Solution

Inthefigurebelow

i.) istheperpendicularbisectorofPQL
1

ii.) istheperpendicularbisectorofPQL
2

iii.) Bymeasurement,PM isequalto3.7cm
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Lociofinequalities
Aninequalityisrepresentedgraphicallybyshowingallthepointsthatsatisfyit.Theintersectionoftwo
ormoreregionsofinequalitiesgivestheintersectionoftheirloci.

Rememberweshedtheunwantedregion

Example

Drawthelocusofpoint(x,y)suchthatx+y<3,y–x≤4andy>2.

Solution

Drawthegraphsofx+y=3,y–x=4andy=2asshownbelow.

Theunwantedregionsareusuallyshaded.TheunshadedregionmarkedRisthelocusofpoints(x,y),

suchthatx+y <3,y–X≤4andy>2.

Thelinesofgreaterorequaltoadlessorequalto(≤,≥)arealwayssolidwhilethelinesofgreater
orless(<>)arealwaysbroken.

Fo
r f

re
e K

CS
E 

No
tes

, E
xa

ms
, a

nd
 P

as
t P

ap
er

s V
isi

t h
ttp

s:/
/T

ea
ch

er
.co

.ke
/



isabokemicah@gmail.com

Novels,UpdatedKASNEB,ICT,College,HighSchoolSoftcopyNotes0714497530

Example

PisapointinsiderectangleABCDsuchthatAP≤PBandAngleDAP ≥AngleBAP.Showtheregionon
whichPlies.

Solution

A B

DrawaperpendicularbisectorofAP=PBandshadetheunwantedregion.Bisect<DAB(<DAP=<BAP)
andshadetheunwantedregionliesintheunshadedregion.

Example

DrawthelocusofapointPwhichmovesthatAP≤3cm.

Solution

i.) Drawacircle,centreAandradius3cm

ii.) Shadetheunwantedregion.
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Locusinvolvingchords
Thefollowingpropertiesofchordsofacircleareusedinconstructionofloci

(I)Perpendicularbisectorofany chordpassesthroughthecentreofthecircle.

(ii)Theperpendiculardrawnfrom acentreofacirclebisectsthechord.

(III)Ifchordsofacircleareequal,theyareequidistantfrom thecentreofthecircleandvice-versa

(IV)Inthefigurebelow,ifchordABintersectschordCDatO,AO=x,BO=y,CO=m andDO=nthen

m×n=x×y

Endoftopic

Didyouunderstandeverything?

Ifnotaskateacher,friendsoranybodyandmakesureyouunderstandbefore
goingtosleep!
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PastKCSEQuestionsonthetopic.

1. Usingarulerandapairofcompassesonly,

a.ConstructatriangleABCsuchthatangleABC=135oC,AB=8.2cm andBC=9.6cm
b.GiventhatDisapositionequidistantfrom bothABandBCandalsofrom BandC
i. LocateD
ii. FindtheareaoftriangleDBC.

2. (a)Usingaruler,apairofcompassesonlyconstructtriangleXYZsuchthatXY=6cm,

YZ=8cm andXYZ=75o

(b)MeasurelineXZandXZY

(c)DrawacirclethatpassesthroughX,YandZ

(d)ApointM movessuchthatitisalwaysequidistantfrom YandZ.constructthelocusofM and
definethelocus

3. (a)(i)ConstructatriangleABCinwhichAB=6cm,BC=7cm andangleABC=75o

Measure:-

(i)LengthofAC

(ii)AngleACB

(b)LocusofPissuchthatBP=PC.ConstructP

(c)ConstructthelocusofQsuchthatQisononesideofBC,oppositeAandangle

BQC=30o

(d)(i)LocusofPandlocusofQmeetatX.Markx

(ii)ConstructlocusRinwhichangleBRC120o

(iii)ShowthelocusSinsidetriangleABCsuchthatXSSR

4. Usearulerandcompassesonlyforallconstructionsinthisquestion.

a)i)ConstructatriangleABCinwhichAB=8cm,andBC=7.5cm andABC=112½°

ii)MeasurethelengthofAC

b)ByshadingtheunwantedregionsshowthelocusofPwithinthetriangleABCsuchthat

i)AP≤BP

ii)AP>3cm

MarktherequiredregionasP

c)Constructanormalfrom CtomeetABproducedatD

d)LocatethelocusofRinthesamediagram suchthattheareaoftriangleARBis¾ thearea of
thetriangleABC.
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5. OnalineABwhichis10cm longandonthesamesideoftheline,usearulerandapairof
compassesonlytoconstructthefollowing.

a)TriangleABCwhoseareais20cm2andangleACB=90o

b)(i)ThelocusofapointPsuchthatangleAPB=45o.

(ii)LocatethepositionofPsuchthattriangleAPBhasamaximum areaandcalculatethisarea.

6. AgardenintheshapeofapolygonwithverticesA,B,C,DandE.AB=2.5m,AE=10m,

ED=5.2M andDC=6.9m.ThebearingofBfrom Ais030ºandAisduetoeastofE

whileD isduenorthofE,angleEDC=110º,

a)Usingascaleof1cm torepresent1m constructanaccurateplanofthegarden

b)AfoundationistobeplacedneartoCDthanCB andnomorethan6m from A,

i)Constructthelocusofpointsequidistantfrom CBandCD.

ii)Constructthelocusofpoints6m from A

c)i)shadeandlabelR,theregionwithinwhichthefoundationcouldbeplacedinthegarden

ii)Constructthelocusofpointsinthegarden3.4m from AE.

iii)Isitpossibleforthefoundationtobe3.4m from AEandintheregion?

7. a)UsingarulerandcompassesonlyconstructtrianglePQRinwhichQR=5cm,PR=7cm and
anglePRQ=135°

b)Determine<PQR

c)AtPdropaperpendiculartomeetQRproducedatT d)
MeasurePT

e)LocateapointAonTPproducedsuchthattheareaoftriangleAQRisequaltoone-and –a-
halftimestheareaoftrianglePQR

f)CompletetriangleAQRandmeasureangleAQR

8. Userulerandapairofcompassesonlyinthisquestion.

(a)ConstructtriangleABCinwhichAB=7cm,BC=8cm and∠ABC=600.

(b)Measure(i)sideAC(ii)∠ACB

(c)ConstructacirclepassingthroughthethreepointsA,BandC.Measuretheradiusofthecircle.

(d)Construct∆PBCsuchthatPisonthesamesideofBCaspointAand∠PCB=½∠ACB,∠
BPC=∠BACmeasure∠PBC.

9. Withoutusingasetsquareoraprotractor:-

(a)ConstructtriangleABCinwhichBCis6.7cm,angleABCis60oandBACis90o.

(b)MarkpointDonlineBAproducedsuchthatlineAD=3.5cm

(c)Construct:-
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(i)AcirclethattoucheslinesACandAD

(ii)AtangenttothiscircleparalleltolineAD

Useapairofcompassesandruleronlyinthisquestion;

(a)DrawacuteangledtriangleABCinwhichangleCAB=37½ o,AB=8cm and CB=5.4cm.Measure
thelengthofsideAC(hint37½o=½x75o)

(b)OnthetriangleABCbelow:

(i)OnthesamesideofACasB,drawthelocusofapointXsothatangleAxC=52½o

(ii)AlsodrawthelocusofanotherpointY,whichis6.8cm awayfrom ACandonthesamesideasX

(c)ShowbyshadingtheregionPoutsidethetrianglesuchthatangleAPC52½oand

Pisnotlessthan6.8cm awayfrom AC

CHAPTERSIXTYTHREE

SpecificObjectives

Bytheendofthetopicthelearnershouldbeableto:

(a)Findaverageratesofchangeandinstantaneousratesofchange;

(b)Findthegradientofacurveatapointusingtangent;

(c)Relatethedeltanotationtoratesofchange;

(d)Findthegradientfunctionofafunctionoftheform y=xn(nisapositive

Integer);

(e)Definederivativeofafunction,derivedfunctionofapolynomialanddifferentiation;

(f)Determinethederivativeofapolynomial;

(g)Findequationsoftangentsandnormaltothecurves;

(h)Sketchacurve;

(i)Applydifferentiationincalculatingdistance,velocityandacceleration;

(j)Applydifferentiationinfindingmaximaandminimaofafunction.

Content
(a)Averageandinstantaneousratesofchange

(b)Gradientofacurveatapoint

(c)Gradientofy=xn(wherenisapositiveinteger)

DIFFERENTIATION
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(d)Deltanotation(A)or5

(e)Derivativeofapolynomial

(f)Equationsoftangentsandnormalstothecurve

(g)Stationerypoints

(h)Curvesketching

(i)Applicationofdifferentiationincalculationofdistance,velocityandacceleration

(j)Maximaandminima

Introduction
Differentiationisgenerallyaboutrateofchange

Example

Ifwewanttogetthegradientofthecurvey= atageneralpoint(x,y).Wenotethatageneralpointonx
2

thecurvey= willhavecoordinatesoftheform (x )Thegradientofthecurvey= atageneralpointx
2

,x
2

x
2

(x,y)canbeestablishedasbelow.

Ifwetakeasmallchangeinx,sayh.Thisgivesusanewpointonthecurvewithco-ordinates

[(x+h),(x+h ].SopointQis[(x+h),(x+h ]whilepointPis(x ).)
2

)
2

,x
2

TofindthegradientofPQ=
changeinY

ChangeinX

Changeiny=(x+h -)
2
x
2

Changeinx=(x+h)-x

Gradient =
(x+h-)

2
x
2

(x+h)-x

=
+2xh+ -x
2

h
2
x
2

x+h-x
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=
2xh+h

2

h

=2x+h

BymovingQ ascloseto paspossible,hbecomessufficientlysmallto beignored.Thus,2x+h
becomes2x.Therefore,atgeneralpoint(x,y)onthecurvey= ,thegradientis2x.x

2

2xiscalledthegradientfunctionofthecurvey= .Wecanusethegradientfunctiontodeterminethex
2

gradientofthecurveatanypointonthecurve.

Ingeneral,thegradientfunctionofy= isgivenby ,wherenisapositiveinteger.Thegradientx
n

nx
n-1

functioniscalledthederivativeorderivedfunctionandtheprocessofobtainingitiscalleddifferentiation.

Thefunction becames = whenwedifferentiateity=x
5

5x
5-1

5x
4

DeltaNotation

Asmallincreaseinxisusuallydenotedby∆xsimilarlyasmallincreaseinyisdenotedby∆y.Letus
considerthepointsP(x,y)andQ[(x+∆x),(y+∆y)onthecurvey=x

2

Note;

Xisasinglequantityandnotaproductof∆andx.similarly∆yisasinglequantity.

ThegradientofPQ, =
∆y

∆x

(x+∆x-)
2
x
2

-x(x+∆x)

=
+2x∆x+(∆x -x
2

)
2
x
2

x+∆x-x

=2x+∆x

As∆xtendstozero;

i.) ∆xcanbeignored

ii.) givesthederivativewhichisdenotedby
∆y

∆x

dy

dx

iii.) thus =2x
dy

dx

P

∆x

Q

∆y

R

x

y

y 2=

9
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Whenwefind ,wesaywearedifferentiatingwithrespecttox,Forexamplegiveny= ;then =4
dy

dx
x
4 dy

dx
x
3

Ingeneralthederivativesofy= isna e.g.y= =10x,y= = =18ax
n

x
n-1

5x
2

6x
3 (6x3)x3-1 x

2

Derivativeofapolynomial.
Apolynomialinxisanexpressionoftheform + +…………… ;where areconstantsa

0
x
n

a
1
x
n-1

a
n

a
0,
a
1……….a

n

Todifferentiateapolynomialfunction,allyouhavetodoismultiplythecoefficientsofeachvariableby
theircorresponding exponents/powers,subtract each exponent/powersbyone,and removeany
constants.

Stepsinvolvedinsolvingpolynomialareasfollows
Identifythevariabletermsandconstanttermsintheequation.

 Avariableterm isanyterm thatincludesavariableandaconstantterm isanyterm thathasonlya
numberwithoutavariable.Findthevariableandconstanttermsinthispolynomialfunction:y=5x3 +
9x2 +7x+3

 Thevariabletermsare5x3,9x2,and7x

 Theconstantterm is3
Multiplythecoefficientsofeachvariableterm bytheirrespectivepowers.

Theirproductswillform thenewcoefficientsofthedifferentiatedequation.Onceyoufindtheirproducts,
placetheresultsinfrontoftheirrespectivevariables.Forexample:

 5x3=5x3=15

 9x2=9x2=18

 7x=7x1=7

Lowereachexponentbyone.

Todothis,simplysubtract1from eachexponentineachvariableterm.Here'showyoudoit:

 5 =15x
3

x
2

 9 =18xx
2

 7 =7x
1-1

Replacetheoldcoefficientsandoldexponents/powerswiththeirnewcounterparts.

Tofinishdifferentiatingthepolynomialequation,simplyreplacetheoldcoefficientswiththeirnew
coefficientsandreplacetheoldpowerswiththeirvaluesloweredbyone.Thederivativeofconstantsis
zerosoyoucanomit3,theconstantterm,from thefinalresult.

Thederivativeofthepolynomialy= +18x+715x
2

Ingeneral,thederivativeofthesum ofanumberoftermsisobtainedbydifferentiatingeachterm inturn.
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Examples

Findthederivedfunctionofeachofthefollowing

a.)S= -3 +4t b.)A= -2V+102t
3

t
2

V
2

Solution

a.) =6 -6t+4
dS

dt
t
2

b.) =2v-2
dA

dv

EquationsoftangentsandNormaltoacurve.
Thegradientofacurveisthesameasthegradientofthetangenttothecurveatthatpoint.Weusethis
principletofindtheequationofthetangenttoacurveatagivenpoint.

Findtheequationofthetangenttothecurve;

y= +2x+1atx
3 (1,4)

Solution

= +2
dy

dx
3x

2

Atthepoint ,thegradientis3x +2=5(1,4) 1
2 (wehavesubstitutedthevalueofxwith1)

Wewanttheequationofstraightlinethrough(1,4)whosegradientis5.

Thus =5
y-4

x-1

y-4=5x-5

y=5x-1(thisistheequationofthetangent)

Anormaltoacurveatappointisthelineperpendiculartothetangenttothecurveatthegivenpoint.

Intheexampleabovethegradientofthetangentofthetangenttothecurveat(1,4)is5.Thusthe

gradientofthenormaltothecurveatthispointis-.
1

5

Therefore,equationofthenormalis:

=-
y-4

x-1

1

5

5(y–4)=-1(x–1)

y=
-x+21

5
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Example

Findtheequationofthenormaltothecurvey= -2x-1at(1,-2)x
3

Solution

y= -2x-1x
3

= -2
dy

dx
3x

2

Atthepoint(1,-2)gradientofthetangentlineis1.Thereforethegradientofthenormalis-1.therequired
equationis

=-1
y-(-2)

x-1

=-1
y+2

x-1

y+2=-x+1

Theequationofthenormalisy=-x-1

Stationarypoints

Note;

 IneachofthepointsA,B andCthetangentishorizontalmeaningatthesepointsthegradientis

zero.so =0atpointsA,B,C.
dy

dx

 Anypointatwhichthetangenttothegraphishorizontaliscalledastationarypoint.Wecan

locatestationarypointsbylookingforpointsatwhich =0.
dy

dx

Turningpoints

Thepointatwhichthegradientchangesfrom negativethroughzerotopositiveiscalledminimum point
whilethepointwhichthegradientchangesfrom positivethroughzerotonegativeiscalledmaximum

local
maximum

local
minimum

A

B

C
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point.InthefigureaboveAisthemaximum whileBistheminimum.

Minimum point.

Gradientmovesfrom negativethroughzerotopositive.

Maximum point

Gradientmovesfrom positivethroughzerotonegative.

Themaximum andminimum pointsarecalledturningpoints.

Apointatwhichthegradientchangesfrom positivethroughzerotopositiveorfrom negativezeroto
negativeiscalledpointofinflection.

Example

Identifythestationarypointsonthecurvey= -3x+2.foreachpoint,determinewhetheritisax
2

maximum,minimum orapointofinflection.

Solution

y= -3x+2x
3

= -3
dy

dx
3x

2

dy
dx

Isnegative

dy
dx

Iszero

dy
dx

Ispositive

dy
dx

Isnegativee

dy
dx

Iszero

dy
dx

Ispositive
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Atstationarypoint, =0
dy

dx

Thus -3=03x
2

3 =0(-1x
2 )

3 =0(x+1)(x-1)

x=-1orx=1

when=-1,y=4

whenx=1,y=0

Therefore,stationarypointsare(-1,4)and(1,0).

Considerthesignofthegradienttotheleftandrightofx=1

x 0 1 2

dy

dx

-3 0 9

Diagrammatic
representation

\ _____ /

Therefore(1,0)isaminimum point.

Similarly,signofgradienttotheleftandrightofx=-1gives

x -2 -1 0

dy

dx

9 0 -3

Diagrammatic
representation

/ ___ \

Therefore(-1,4)isamaximum point.

Example

Identifythestationarypointsonthecurvey=1+ - .Determinethenatureofeachstationarypoint.4x
3
x
4

Solution

y=1+ -4x
3
x
4

= -
dy

dx
12x

2
4x

3

Atstationarypoints, =0
dy

dx

- =012x
2
4x

3

=04x
2(3-x)
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x=0orx=3

Stationarypointsare(0,1)and(3,28)

Therefore(0,1)isapointofinflectionwhile(3,28)isamaximum point.

ApplicationofDifferentiationincalculationofvelocityandacceleration.

Velocity

Ifthedisplacement,Sisexpressedintermsoftimet,thenthevelocityisv=
dS

dt

Example

Thedisplacement,Smetres,coveredbyamovingparticleaftertime,tseconds,isgivenby

S= +4 -8t+3.Find:2t
3

t
2

a.)Velocityat:

i.) t=2

ii.) t=3

b.)Instantatwhichtheparticleisatrest.

Solution

S= +4 -8t+32t
3

t
2

Thegradientfunctionisgivenby;

V=
dS

dt

= +8t-86t
2

a.)velocity

i.) att=2is;

v= +8x2-86x2
2

=24+16–8

=32m/s

ii.) att=3is;

v= +8x3-86x3
2

=54+24–8

=70m/s
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b.)theparticleisatrestwhenviszero

+8t-8=06t
2

2 =0( +4t-43t
2 )

2 =0(3t-2)(t+2)

t= ort=-2
2

3

Itisnotpossibletohavet=-2

Theparticleisthereforeatrestatt= seconds
2

3

Acceleration
Accelerationisfoundbydifferentiatinganequationrelatedtovelocity.Ifvelocityv,isexpressedinterms

oftime,t,thentheacceleration,a,isgivenbya=
dv

dt

Example

Aparticlemovesinastraightlinesuchthatisitsvelocityvm aftertsecondsisgivenbys
-1

v=3+10t- .t
2

Find

a.)theaccelerationat:

i.) t=1sec

ii.) t=3sec

b.)theinstantatwhichaccelerationiszero

Solution

a.)v=3+10t+t
2

a= =10-2t
dv

dt

i.) Att=1sec a=10–2x1

=8ms
-2

ii.) Att=3sec a=10–2x3

=4ms
-2
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b.)Accelerationiszerowhen =0
dy

dt

Therefore,10–2t=0 hencet=5seconds

Example

Aclosedcylindricaltinistohaveacapacityof250πml.iftheareaofthemetalusedistobeminimum,
whatshouldtheradiusofthetinbe?

Solution

LetthetotalsurfaceareaofthecylinderbeA ,radiusrcm andheighthcm.cm
2

Then,A=2π +2πrhr
2

Volume=2π h=250πcr
2

m
2

π h=250πr
2

Makinghthesubject,h=
250π

πr
2

=
250

r
2

Puth= intheexpressionforsurfaceareatoget;
250

r
2

A=2π +2πr.r
2 250

r
2

=2π +500πr
2

r
-1

=4πr-500π
dA

dr
r
-2

Forminimum surfacearea, =0
dA

dr

4πr- =0
500π

r
2

4π -500π=0r
3

=5004r
3

= =125r
3 500

4

r= 125
3

=5

Thereforetheminimum areawhenr=5cm
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Example

Afarmerhas100metresofwiremeshtofencearectangularenclosure.Whatisthegreatestareahecan
enclosewiththewiremesh?

Solution

Letthelengthoftheenclosurebexm.Thenthewidthis m= m
100-2x

2
(50-x)

ThentheareaAoftherectangleisgivenby;

A=x(50–x)m
2

=50x-x
2
m

2

Formaximum orminimum area,

=0
dA

dx

Thus,50–2x=0

x=25

Theareaismaximum whenx=25m

ThatisA=50X25–(25)
2

=625 .m
2

CHAPTERSIXTYFOUR

SpecificObjectives

Bytheendofthetopicthelearnershouldbeableto:

(a)Carryouttheprocessofdifferentiation;

(b)Interpretintegrationasareverseprocessofdifferentiation;

(c)Relateintegrationnotationtosum ofareasoftrapeziaunderacurve;

(d)Integrateapolynomial;

(e)Applyintegrationinfindingtheareaunderacurve,

(f)Applyintegrationinkinematics.

Content
(a)Differentiation

(b)Reversedifferentiation

INTERGRATION
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(c)Integrationnotationandsum ofareasoftrapezia

(d)Indefiniteanddefiniteintegrals

(e)Areaunderacurvebyintegration

(f)Applicationinkinematics.

Introduction

Theprocessoffindingfunctionsfrom theirgradient(derived)functioniscalledintegration

Supposewedifferentiatethefunctiony=x2.Weobtain

Integrationreversesthisprocessandwesaythattheintegralof2xis .x
2

From differentiationweknowthatthegradientisnotalwaysaconstant.Forexample,if =2x,thenthis
dy

dx

comesfrom thefunctionoftheform y= +c,Wherecisaconstant.x
2

Differentiat

Integrate

x2 2x
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Example

Findyif is:
dy

dx

a.)3x
2

b.)4x
3

Solution

a.) =
dy

dx
3x

2

Then,y= +cx
3

b.) =
dy

dx
4x

3

Then,y= +cx
4

Note;

Tointegratewereversetherulefordifferentiation.Indifferentiationwemultiplybythepowerofxand
reducethepowerby1.Inintegrationweincreasethepowerofxbyoneanddividebythenewpower.

If = ,then y= +c,wherecisaconstantandn≠-1.sinceccantakeanyvaluewecallitan
dy

dx
x
n x

n+1

n+1
arbitraryconstant.

Example

Integratethefollowingexpression

a.)2x
5

b.)x
-1

c.) -2x+45x
3

Solution

A.) =
dy

dx
2x

5

Then,y= +c
2x

5+1

5+1

= +c
2x

6

6
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= +c
x
6

3

B.) =
dy

dx
x
-2

Then,y= +c
x
-2+1

-2+1

= +c
x
-1

-1

=- +Cx
-1

C.) = -2x+4
dy

dx
5x

3

Then,y= - - +C
5x

3+1

3+1

2x
1+1

1+1

4x
0+1

0+1

= - +4x+C
5

4
x
4 2

2
x
2

= - +4x+C
5

4
x
4
x
2

Example

Findtheequationofalinewhosegradientfunctionis =2x+3andpassesthrough(0,1)
dy

dx

Solution

Since =2x+3,thegeneralequationisy= +3x+c.Thecurvepassesthrough(0,1).Substituting
dy

dx
x
2

thesevaluesinthegeneralequation,weget1=0+0+c

1=c

Hence,theparticularequationisy= +3x+1x
2

Example

Findvintermsofhif = +4andV=9whenh=1
dV

dh
3h

2

Solution

Thegeneralsolutionis

V = +4h+c
3h

3

3

= +4h+ch
3
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V=9whenh=1.Therefore

+4+c9=1
3

9=5+c

4=C

Hencetheparticularsolutionis;

V= +4h+1h
3

Definiteandindefiniteintegrals
Itdealswithfindingexactarea.

Estimatetheareashadedbeneaththecurveshownbelow

Theareaisdividedintorectangularstripsasfollows.
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Theshadedareainthefigureaboveshowsanunderestimatedandanoverestimatedareaunderthecurve.
Theactualarealiesbetweentheunderestimatedandoverestimatedarea.Theaccuracyoftheareacan
beimprovedbyincreasingthenumberofrectangularstripsbetweenx=aandx=b.

Theexactareabeneaththecurvebetweenx=aandbisgivenby

b

∫
a

yδx

Thesymbol∫isaninstructiontointergrate.

Thus meansintegratetheexpressionforywithrespecttox.∫ydx

Theexpression ,whereaandbarelimits,iscalledadefiniteintegral.‘a’iscalledthelowerlimit∫
b

a
yδx

whilebistheupperlimit.Withoutlimits,theexpressioniscalledanindefiniteintegral.

Example

6

∫
2

+3)dx(2x
2

Thefollowingstepshelpsustosolveit

i.) Integrate +3withrespecttox,giving +3x+c.2x
2 2

3
x
3

ii.) Placetheintegralinsquarebracketsandinsertthelimits,thus

[ +3x+c
2

3
x
3 ]

6

2

iii.) Substitutethelimits;

X=6gives +3x6+c=162+c
2x6

3

3

x=6gives +3x2+c= +c
2x2

3

3

34

3

iv.) Subtracttheresultsofthelowerlimitfrom thatofupperlimit,thatis;

(162+c)–( +c)=150
34

3

2

3

Wecansummarizethestepsinshortform asfollows:
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=∫
6

2
+3)dx(2x
2 [ +3x+c

2

3
x
3 ]

6

2

= -[ +(3x6)
2x6

3

3 ][ +3x2
2x2

3

3 ]
=150

2

3

Example

a.)Findtheindefiniteintegral

i.) +1)dx∫(x
2

ii.) +4x)dx∫(x
2

b.)Evaluate

i.) ∫
1

0
-5)dx(x
4

i.) ∫
2

-1
+5x-2)dx(-x
3

ii.) ∫
3

2
-4x+5)dx(3x
2

Solution

a.)i.) +1)dx= +x+c∫(x
2 x

3

3

ii.) +4x)dx= + +c∫(x
2 x

4

4
2x

2

Evaluate

i.)∫
1

0

-5)dx(x
4 [ -5x

x
5

5 ]
1

0

-(-0)(-5
1

5 ) 0

5

=-4
4

5

ii.) ∫
2

-1
+5x-2)dx=(-x
3 [ + -2x

-x
4

4

5x
2

2 ]
2

-1
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(-4+10-4)–(- + +2)
1

4

5

2

=2-4
1

4

=-2
1

4

iii.) =∫
3

2
-4x+5)dx(3x
2 [ - +5x

3x
2

3

4x
2

2 ]
3

2

=(27–18+15)–(8–8+10)

=14

Areaunderthecurve
Findtheexactareaenclosedbythecurvey= ,theaxis,thelinesx=2andx=4x

2

Solution

2 4

Theareaisgivenby;

∫
4

3

dx=x
2 [13x3]

4

2

- =18 squareunits
64

3

8

3

2

3

Example
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Findtheareaoftheregionboundedbythecurve= - +2x,thexaxisx=1andx=2x
3
3x

2

Solution

Theareaisgivenby;

-3 +2x)dx=∫
2

1

(x
3

x
2 [ -+

x
4

4
x
3
x
2]
2

1

=(4–8+4)–(-1+1)
1

4

=0- =-
1

4

1

4

Note;
Thenegativesignshowsthattheareaisbelowthex–axis.Wedisregardthenegativesignandgiveitas

positiveaspositive.Theansweris squareunits.
1

4

Example

Findtheareaenclosedbythecurve -10x+9,thex–axisandthelinesx=4andx=10.x
2

Solution

Therequiredareaisshadedbelow.
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Area=∫
9

4
dx+(-10x+9x

2 ) ∫
10

9
dx(-10x+9x

2 )

= +[ - +9x
x
3

3
5x

2 ]
9

4
[ - +9x
x
3

3
5x

2 ]
10

9

= +[ -(243-405+81)( -80+36
64

3 )] [ -(243-405+81)( -500+90
1000

3 ) ]
=-58 +4 (Dropnegativesignforareaunderx-axis)

1

3

1

3

=62 squareunits
2

3

Example

Findtheareaenclosedbythecurvey ,andtheliney=x.=9x-x
2

Solution

Therequiredareais

Tofindthelimitsofintegration,wemustfindthexco-ordinatesofthepointsofintersectionwhen;

x=9x-x
2

→0=8x-x
2
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0=x(8-x)

x=0orx=8

Therequiredareaisfoundbysubtractingareaundery=xfrom areaundery==9x-x
2

Therequiredarea= dx∫
8

0
dx-(9x-x2) ∫

8

0
x

-[ -
9x

2

2

x
3

3]
8

0
[x

3

2]
8

0

=117 -32
1

3

=85 squareunits
1

3

Applicationinkinematics

ThederivativeofdisplacementSwithrespecttotimetgivesvelocityv,whilethederivativeofvelocity
withrespecttotimegivesacceleration,a

Differentiation. Integration

Displacement. displacement

↓↑

Velocity. Velocity

↓↑

Acceleration. Acceleration

Note;
Integration is the reverse ofdifferentiation.Ifwe integrate velocitywith respectto time we get
displacementwhileifvelocitywithrespecttotimewegetacceleration.

Example

AparticlemovesinastraightlinethroughafixedpointOwithvelocity(4–1)m/s.Findanexpressionfor
itsdisplacementSfrom thispoint,giventhatS=whent=0.

Solution

Since =4-t
dS

dt

S=4t- +c
t
2

2
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SubstitutingS=4,t=0togetC;

4=4x0- +c
0
2

2

4=C

ThereforeS=4t- +4.
t
2

2

Example

Aballisthrownupwardswithavelocityof40m s

a.)Determineanexpressionintermsoftfor

i.) Itsvelocity

ii.) Itsheightabovethepointofprojection

b.)Findthevelocityandheightafter:

i.) 2seconds

ii.) 5seconds

iii.) 8seconds

c.)Findthemaximum heightattainedbytheball.(Takeaccelerationduetogravitytobe10m/ .s
2

Solution

a.) =-10(sincetheballisprojectedupwards)
dv

dt

Therefore,v=-10t+c

Whent=0,v=40m/s

Therefore,40=0+c

40=c

i.) Theexpressionforvelocityisv=40–10t

ii.) Since =v=40-10t;
dS

dt

S=40t-5 +ct
3

Whent=0,S=0

C=0

Theexpressionfordisplacementis;

S=40t-5t
2

b.)Sincev=40–10t
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i.) Whent=2

v=40–10(2)

=40–20

=20m/s

S=40t-5t
2

=40(2)–5(2)
2

=80–20

=60m

ii.) Whent=5

V=40–10(5)

=-10m/s

S=40 -4((5) 5)
2

=200-125

=75m

iii.) Whent=8

V=40–10(8)

=-40m/s

S=40 -5((8) 8)
2

=320–320

=0

c.)Maximum heightisattainedwhenv=0.

Thus,40–10t=0

t=4

Maximum heightS=160–80

=80m

Example

Thevelocityvofaparticleis4m/s.GiventhatS=5whent=2seconds:

a.)Findtheexpressionofthedisplacementintermsoftime.
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b.)Findthe:

i.) Distancemovedbytheparticleduringthefifthsecond.

ii.) Distancemovedbytheparticlebetweent=1andt=3.

Solution

a.) =4t+c
dS

dt

S=4t+c

SinceS=5m whent=2;

5=4(2)+C

5–8=C

-3=C

Thus,S=4t–3

b.)I.) =[ - ][4t-3]5
4

(20-3)(16-3)

=17-13

=4m

II.) =[ - ][4t-3]3
1

(12-3)(4-3)

=9-1=8

CHAPTERSIXTYFIVE

SpecificObjectives

Bytheendofthetopicthelearnershouldbeableto:

(a)Approximatetheareaofirregularshapesbycountingtechniques;

(b)Derivethetrapezium rule;

(c)Applytrapezium ruletoapproximateareasofirregularshapes;

(d)Applytrapezium ruletoestimateareasundercurves;

(e)Derivethemid-ordinaterule;

(f)Applymid-ordinateruletoapproximateareaundercurves.

Content
(a)Areabycountingtechniques

(b)Trapezium rule

AREAAPPROXIMATION
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(c)Areausingtrapezium rule

(d)Mid-ordinate

(e)Areabythemid-ordinaterule

Introduction
Estimationofareasofirregularshapessuchaslakes,oceansetc.usingcountingmethod.Thefollowing
stepsarefollowed

 Copytheoutlineoftheregiontobemeasuredon atracingpaper

 Putthetracingonaonecentimetersquaregridshownbelow

 Countallthewholesquaresfullyenclosedwithintheregion

 Countallthepartiallyenclosedsquaresandtakethem ashalfsquarecentimetereach

 Dividethenumberofhalfsquaresbytwoandaddittothenumberoffullsquares.

Numberofcompetesquares=4

Numberofhalfsquares=16/2=8

Thereforethetotalnumberofsquares=25+8

=33

Theareaofthelandmassonthepaperistherefore33cm
2

Note;
Thesmallerthesubdivisions,thegreatertheaccuracyinapproximatingarea.
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ApproximatingAreabyTrapezium Method.
Findtheareaoftheregionshown,theregionmaybedividedintosixtrapeziaofuniform asshown

Theareaoftheregionisapproximatelyequaltothesum oftheareasofthesixtrapezia.

Note;

Thewidthofeachtrapezium is2cm,and4and 3.5arethelengthsofthe parallelsidesofthefirst
trapezium.

The areaofthetrapezium A= x2 =7.5
1

2
(4+3.5) cm

2

Areaofthetrapezium B= x2 =6.7
1

2
(3.5+3.5) cm

2

Areaofthetrapezium C= x2 =6.2
1

2
(3+1.5) cm

2

Areaofthetrapezium D= x2 =4.5
1

2
(3+1.5) cm

2

Areaofthetrapezium E= x2 =2.3
1

2
(1.5+0.8) cm

2

Areaofthetrapezium F= x2 =1.3
1

2
(0.8+3.5) cm

2

Therefore,thetotalareaoftheregionis

=28.5(7.5+6.7+6.2+4.5+2.3+1.3)cm2
cm

2
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Ifthelengthsoftheparallelsidesofthetrapezia(ordinates)are ,,y
1,
y
2,
y
3
y
4
y
5
,y

6
y
7

Note;

Intrapezium rule,exceptforthefirstandlastlengths,eachoftheotherlengthsiscountedtwice.
Therefore,theexpressionfortheareacanbesimplifiedto:

x2
1

2
{ +2(+ + + + )(+y

1
y
7
) y

2
y
3
y
4
y
5
y
6 }

Ingeneral,theapproximateareaofaregionusingtrapezium methodisgivenby:

A= h ;
1

2
{ +2(+ + +…………. )(+y

0
y
n) y

1
y
2
y
3

y
n-1

}

Wherehistheuniform widthofeachtrapezium,- arethefirstandlastlengthrespectively.Thisy
0

y
n

methodofapproximatingareasofirregularshapeiscalledtrapezium rule.

Example

Acarstartfrom restanditsvelocityismeasuredeverysecondfrom 6seconds.

Usethetrapezium ruletocalculatedistancetravelledbetweent=1andt=6

Note;

Theareaundervelocity–timegraphrepresentsthedistancecoveredbetweenthegiventimes.

Tofindtherequireddisplacement,wefindtheareaoftheregionboundedbygraph,t=1andt=6

0 1 2 34 5 6

Time
(t)

0 1 2 3 4 5 6

Velocity
v(m/s

0 12 24 35 41 45 47
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Solution

Dividetherequiredareaintofivetrapezia,eachofwith1unit.Usingthetrapezium rule;

A= h ;
1

2
{ +2(+ + + )(+y

1
y
6
) y

2
y
3
y
4
y
5
}

Therequireddisplacement= x1{ +2 }
1

2
(12+47) (24+35+41+45)

(59+2x145)
1

2

=174.5m

Example

Estimatetheareaboundedbythecurvey= +5,thex–axis,thelinex=1andx=5usingthe
1

2
x
2

trapezium rule.

Solution

Toplotthegraphy= +5,makeatableofvaluesofxandthecorrespondingvaluesofyasfollows:
1

2
x
2

Bytakingthewidthofeachtrapezium tobe1unit,weget4trapezium .A,B,CandD.Theareaunder
curveisapproximately;

A= h = +2(7+9.5+13)sq.units
1

2
{ +2(+ + )(+y

1
y
5
) y

2
y
3
y
4 }1

2
(5.5+17.5)

= sq.units
1

2
(23.0+59)

=41sq.units

x 0 1 2 3 4 5

Y= +5
1

2
x
2

5 5.5 7 9.5 13 17.5
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TheMid-ordinateRule

TheareaOPQRisestimated:

y
1

TheareaofOPQRisestimatedasfollows

 DividethebaseORintoanumberofstrips,eachoftheirwidthshouldbethesame.Intheexample

wehave5stripswhereh=
lengthofthebaseOR

numberofstrips

 From themidpointsofOE,EF,FG,GHandHR,drawverticallines(mid-ordinates)tomeetthe
curvePQasshownabove

 Labelthemid-ordinates andy
1
y
2
y
3
y
4

y
5

 Wetaketheareaofeachtrapezium tobeequaltoareaofarectanglewhosewidthisthelengthof
interval(h)andthelengthisthevalueofmid–ordinates.Therefore,theareaoftheregionOPQRis
givenby;

A= + + + +(×hy
1

) ( ×hy
2

) (×hy
3

) ( ×hy
4

) ( ×hy
5

)

=h( + + + + )y
1

y
2

y
3

y
4

y
5
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Thisthemid–ordinateruleh( + + + + ).y
1

y
2

y
3

y
4

y
5

Note:

Themid-ordinateruleforapproximatingareasofirregularshapesisgivenby;

Area=(widthofinterval)x(sum ofmid–ordinates)

Example

Estimatetheareaofasemi-circleofradius4cm usingthemid–ordinaterulewithfourequalstrips,
eachofwidth2cm.

Solution

Theaboveshowsasemicircleofradius4cm dividedinto4equalstrips,eachofwidth2cm.Thedotted
linesarethemid-ordinateswhoselengtharemeasured.

Bymid-ordinaterule;

=h( + + + + )y
1

y
2

y
3

y
4

y
5

=2(2.6+3.9+3.9+2.6)

=2x13

=26cm
2

Theactualareais =πr
2 3.142×4

2

2

=25.14 to4s.fcm
2

Example

Estimatetheareaenclosedbythecurvey= +1,x=0,x=3andthex–axisusingthemid-ordinatex
1

2

2

rule.

Solution

Take3strips.Thedottedlinesarethemid–ordinateandthewidthofeachofthe3stripsis1unit.

Fo
r f

re
e K

CS
E 

No
tes

, E
xa

ms
, a

nd
 P

as
t P

ap
er

s V
isi

t h
ttp

s:/
/T

ea
ch

er
.co

.ke
/



isabokemicah@gmail.com

Novels,UpdatedKASNEB,ICT,College,HighSchoolSoftcopyNotes0714497530

Bycalculation, and areobtainedfrom theequation;y
1,
y
2

y
3

y= +1x
1

2

2

Whenx=0.5, = x +1y
1

1

2
(0.5)

2

=1.125

Whenx=1.5, = x +1y
1

1

2
(1.5)

2

=2.125

Whenx=2.5, = x +1y
1

1

2
(0.5)

2

=4.125

Usingthemidordinaterulethearearequiredis

A=1( + + )y
1

y
2

y
3

=1(1.125+2.125+4.125)

=7.375squareunits

Endoftopic

Didyouunderstandeverything?

Ifnotaskateacher,friendsoranybodyandmakesureyouunderstandbefore
goingtosleep!

PastKCSEQuestionsonthetopic.

1. Theshadedregionbelowrepresentsaforest.Theregionhasbeendrawntoscale
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where1cm represents5km.Usethemid–ordinaterulewithsixstripstoestimatethe
areaofforestinhectares. (4marks)

2. Findtheareaboundedbythecurvey=2x3–5,thex-axisandthelinesx=2andx=4.

3. Completethetablebelowforthefunctiony=3x2–8x+10 (1mk)

x 0 2 4 6 8 10

y 10 6 70 230

Usingthevaluesinthetableandthetrapezoidalrule,estimatetheareaboundedbythecurvey=
3x2–8x+10andthelinesy=0,x=0andx=104. Usethetrapezoidalrulewithintervalsof1cm
toestimatetheareaoftheshadedregionbelow
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5. (a) Findthevalueofxatwhichthecurvey=x-2x2–3crossesthex-axis

(b) Find(x2–2x–3)dx

(c) Findtheareaboundedbythecurvey=x2–2x–3,theaxisandthelinesx=2andx=4.
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6. Thegraphbelowconsistsofanon-quadraticpart(0≤x≤2)andaquadrantpart(2≤x8).The
quadraticpartisy=x2–3x+5,2≤x≤8

(a) Completethetablebelow

x 2 3 4 5 6 7 8
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y 3

(1mk)

(b)Usethetrapezoidalrulewithsixstripstoestimatetheareaenclosedbythe

curve,x=axisandthelinex=2andx=8 (3mks)

(c)Findtheexactareaoftheregiongivenin(b) (3mks)

(d)Ifthetrapezoidalruleisusedtoestimatetheareaunderthecurvebetween

x=0andx=2,statewhetheritwouldgiveanunder-estimateoranover-estimate.Givea
reasonforyouranswer.

7. FindtheequationofthegradienttothecurveY=(x2+1)(x–2)whenx=2

8. Thedistancefrom afixedpointofaparticularinmotionatanytimetsecondsisgivenby

S=t3–5t2+2t+5

2t2

Findits:

(a) Accelerationafter1second

(b) VelocitywhenaccelerationisZero

9. Thecurveoftheequationy=2x+3x2,hasx=-2/3andx=0andxintercepts.

Theareaboundedbytheaxisx=-2/3andx=2isshownbythesketchbelow.

Find:

(a)(2x+3x2)dx

(b)Theareaboundedbythecurvex–axis,x=-2/3andx=2

10. Aparticleisprojectedfrom theorigin.Itsspeedwasrecordedasshowninthetablebelow

Time(sec) 0 5 10 15 20 25 39 35

Speed(m/s) 0 2.1 5.3 5.1 6.8 6.7 4.7 2.6
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Usethetrapezoidalruletoestimatethedistancecoveredbytheparticlewithinthe35seconds.

11. (a) Thegradientfunctionofacurveisgivenbydy=2x2–5

dx

Findtheequationofthecurve,giventhaty=3,whenx=2

(b) Thevelocity,vm/sofamovingparticleaftersecondsisgiven:

v=2t3+t2–1.Findthedistancecoveredbytheparticleintheinterval1≤t≤3

12. Giventhecurvey=2x3+1/2x2–4x+1.Findthe:

i) Gradientofcurveat{1,-1/2}

ii) Equationofthetangenttothecurveat{1,-1/2}
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13. Thediagram belowshowsastraightlineintersectingthecurvey=(x-1)2+4

AtthepointsPandQ.Thelinealsocutsx-axisat(7,0)andyaxisat(0,7)

a) Findtheequationofthestraightlineintheform y=mx+c.

b) FindthecoordinatesofpandQ.

c) Calculatetheareaoftheshadedregion.

14. Theacceleration,ams-2,ofaparticleisgivenbya=25–9t2,wheretinsecondsaftertheparticle
passesfixedpointO.

IftheparticlepassesO,withvelocityof4ms-1,find

(a) AnexpressionofvelocityV,intermsoft

(b) Thevelocityoftheparticlewhent=2seconds

15. Acurveisrepresentedbythefunctiony=1/3x3 +x2–3x+2

(a) Find: dy

dx

(b) Determinethevaluesofyattheturningpointsofthecurve

y=1/3x3+x2–3x+2

(c) Inthespaceprovidedbelow,sketchthecurveofy=1/3x3+x2–3x+2

16. AcirclecentreO,hatheequationx2+y2=4.Theareaofthecircleinthefirstquadrantisdivided
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into5verticalstripsofwidth0.4cm

(a) Usetheequationofthecircletocompletethetablebelowforvaluesofy

correctto2decimalplaces

X 0 0.4 0.8 1.2 1.6 2.0

Y 2.00 1.60 0

(b) Usethetrapezium ruletoestimatetheareaofthecircle

17. AparticlemovesalongstraightlinesuchthatitsdisplacementSmetresfrom agivenpointisS=
t3–5t2+4wheretistimeinseconds

Find

(a)Thedisplacementofparticleatt=5

(b)Thevelocityoftheparticlewhent=5

(c)Thevaluesoftwhentheparticleismomentarilyatrest

(d)Theaccelerationoftheparticlewhent=2

18. Thediagram belowshowsasketchoftheliney=3xandthecurvey=4–x2intersectingatpoints
PandQ.

(a) FindthecoordinatesofPandQ
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(b) GiventhatQNisperpendiculartothex-axisatN,calculate

(i) Theareaboundedbythecurvey=4–x2,thex-axisandthelineQN
(2marks)

(ii) Theareaoftheshadedregionthatliesbelowthex-axis

(iii) Theareaoftheregionenclosedbythecurvey=4-x2,theline

y–3xandthey-axis.

19. Thegradientofthetangenttothecurvey=ax3+bxatthepoint(1,1)is-5

Calculatethevaluesofaandb.

2007

20. Thediagram onthegridbelowrepresentsasextractofasurveymapshowing

twoadjacentplotsbelongingtoKazunguandNdoe.

Thetwodisputethecommonboundarywitheachclaimingboundaryalongdifferentsmooth
curvescoordinates(x,y)and(x,y2)inthetablebelow,representspointsontheboundariesas
claimedbyKazunguNdoerespectively.

X 0 1 2 3 4 5 6 7 8 9

Y1 0 4 5.7 6.9 8 9 9.8 10.6 11.3 12

Y2 0 0.2 0.6 1.3 2.4 3.7 5.3 7.3 9.5 12

(a) Onthegridprovidedabovedraw andlabeltheboundariesasclaimedbyKazunguand
Ndoe.

(b) (i) Usethetrapezium rulewith9stripstoestimatetheareaofthe

sectionofthelandindispute

(ii) Expresstheareafoundinb(i)above,inhectares,giventhat1unitoneachaxis
represents20metres

21. Thegradientfunctionofacurveisgivenbytheexpression2x+1.Ifthecurvepassesthroughthe
point(-4,6);

(a) Find:

(i) Theequationofthecurve

(ii) Thevalesofx,atwhichthecurvecutsthex-axis

(b) Determinetheareaenclosedbythecurveandthex-axis

22. AparticlemovesinastraightlinethroughapointP.Itsvelocityvm/sisgivenbyv=2-t,wheretis
timeinseconds,afterpassingP.Thedistancesoftheparticlefrom Pwhent=2is5metres.Find
theexpressionforsintermsoft.
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23. Findtheareabondedbythecurvey=2x–5thex-axisandthelinesx=2andx=4.

23. Completethetablebelowforthefunction

Y=3x2–8x+10

X 0 2 4 6 8 10

Y 10 6 - 70 - 230

Usingthevaluesinthetableandthetrapezoidalrule,estimatetheareaboundedbythecurvey=
3x2–8x+10andthelinesy–0,x=0andx=10

24. (a) Findthevaluesofxwhichthecurvey=x2–2x–3crossestheaxis

(b) Find(x2–2x–3)dx

(c) FindtheareaboundedbythecurveY=x2–2x–3.Thex–axisandthe

linesx=2andx=4

25. Findtheequationofthetangenttothecurvey=(x+1)(x-2)whenx=2

26. Thedistancefrom afixedpointofaparticleinmotionatanytimetsecondsisgivenbys=t–
5/2t2+2t+smetres

Findits

(a) Accelerationaftertseconds

(b) Velocitywhenaccelerationiszero

27. Thecurveoftheequationy=2x+3x2,hasx=-2/3andx=0,asxintercepts.Theareaboundedby
thecurve,x–axis,x=-2/3andx=2isshownbythesketchbelow.

(a) Find(2x+3x2)dx

(b) Theareaboundedbythecurve,xaxisx=-2/3andx=2

28. Acurveisgivenbytheequationy=5x3–7x2+3x+2

Findthe

(a) Gradientofthecurveatx=1
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(b) Equationofthetangenttothecurveatthepoint(1,3)

29. Thedisplacementxmetresofaparticleaftertsecondsisgivenbyx=t2–2t+6,t>0

(a) Calculatethevelocityoftheparticleinm/swhent=2s

(b) Whenthevelocityoftheparticleiszero,

Calculateits

(i) Displacement

(ii) Acceleration

30. Thedisplacementsmetresofaparticlemovingalongastraightlineaftertsecondsisgivenbys=
3t+3/2t2–2t3

(a) Finditsinitialacceleration

(b) Calculate

(i) Thetimewhentheparticlewasmomentarilyatrest.

(ii) Itsdisplacementbythetimeitcomestorestmomentarilywhen

t=1second,s=1½metreswhent=½seconds

(c) Calculatethemaximum speedattained
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