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MATHEMATICS

FORM3TUTORIAL

CHAPTERFOURTYFOUR

SpecificObjectives
Bytheendofthetopicthelearnershouldbeableto:

(a)Factorizequadraticexpressions;

(b)Identifyperfectsquares;

(c)Completethesquare;

(d)Solvingquadraticequationsbycompletingthesquare;

(e)Derivethequadraticformula;

(f)Solvequadraticequationsusingtheformula;

(g)Form andsolvequadraticequationsfrom rootsandgivensituations;

(h)Maketablesofvaluesfrom aquadraticrelation;

(i)Drawthegraphofaquadraticrelation;

(j)Solvequadraticequationsusinggraphs;

(k)Solvesimultaneousequations(onelinearandonequadratic)analyticallyandgraphically;

(1)Applytheknowledgeofquadraticequationstoreallifesituations.

Content
(a)Factorizationofquadraticexpressions

QUADRATICEXPRESSIONANDEQUATIONS
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(b)Perfectsquares

(c)Completionofthesquares

(d)Solutionofquadraticequationsbycompletingthesquare

(e)Quadraticformulax=-b±
-b± -4acb

2

2a

(f)Solutionofquadraticequationsusingtheformula.

(g)Formationofquadraticequationsandsolvingthem

(h)Tablesofvaluesforagivenquadraticrelation

(i)Graphsofquadraticequations

(j)Simultaneousequation-onelinearandonequadratic

(k)Applicationofquadraticequationtoreallifesituation.

Perfectsquare

Expressionswhichcanbefactorizedintotwoequalfactorsarecalledperfectsquares.

Completingthesquare

Anyquadraticexpressioncanbesimplifiedandwrittenintheform xbx+cwherea,bandcareax
2
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constantandaisnotequaltozero.Weusetheexpression ( =Ctomakeaperfectsquare.
b

2
)
2

Wearefirstgoingtolookforexpressionwhere coefficientofx=1

Example

Whatmustbeaddedto +10xtomakeitaperfectsquare?x
2

Solution

 Letthenumbertobeaddedbeaconstantc.

 Then +10x+cisaperfectsquare.x
2

 Using( =C
b

2
)
2

 (10/2 =c)
2

 C=25 (25mustbeadded)

Example

Whatmustbeaddedto +_+36tomakeitaperfectsquarex
2

Solution

 Lettheterm tobeaddedbebxwherebisaconstant

 Then +bx+36isaperfectsquare.x
2

 Using( =36
b

2
)
2

 =√36
b

2

 =±6 b=12xor-12x
b

2

Wewillnowconsiderthesituationswherea≠1andnotequaltozeroeg

-12x+9=(2x-64x
2

)
2

-6x+1=(3x+19x
2

)
2
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Intheaboveyouwillnoticethat( =ac.Weusethisexpressiontomakeperfectsquareswhereaisnot
b

2
)
2

oneanditsnotzero.

Example

Whatmustbeaddedto +_+9tomakeitaperfectsquare?25x
2

Solution

 Lettheterm tobeaddedbebx.

 Then, +bx+9isaperfectsquare.25x
2

 Therefore( =25x9.
b

2
)
2

 ( =225
b

2
)
2

 =±15
b

2

 sob=30or-30Theterm tobeaddedisthus30or-30.

Example

Whatmustbeaddedto_-40x+25tomakeitaperfectsquare?

Solution

 Lettheterm tobeaddedbeax
2

 Thena -40x+25isaperfectsquare.x
2

 Using( =ac
b

2
)
2

 ( =25a
-40

2
)
2

 400=25a

 a=16thetermtobeaddedis16x
2

Solutionsofquadraticequationsbycompletingthesquaremethods

Example
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Solve +5x+1=0bycompletingthesquare.x
2

solution

+5x+1=0 Writeoriginalequation.x
2

+5x=-1Writetheleftsideintheform +bx.x
2

x
2

+10x+( =( -1 Add( tobothsidesx
2 5

2
)
2 5

2
)
2 5

2
)
2

+10x+ =x
2 25

4

21

4

= Takesquarerootsofeachsideandfactorizetheleftside(x+)
5

2

2
21

4

x+ =± Solveforx.
5

2

21

4

=-± Simplify
5

2

4.583

2

=- or Thereforex=-0.2085or4.792
0.417

2

9.583

2

Themethodofcompletingthesquareenablesustosolvequadraticequationswhich

Cannotbesolvedbyfactorization.

Example

Solve2 +4x+1=0bycompletingthesquarex
2

Solution

2 +4x=-1 makecooeffiecientof onebydividingbothsidesby2x
2

x
2

+2x=-1/2x
2

+2x+1=- +1x
2 1

2

Adding1tocompletethesquareontheLHS

(x+1 =)
2 1

2

x+1=±√
1

2

x=-1± 0.5

=-1±0.7071

x=0.2929or-1.7071
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Thequadraticformula

-b± -4acb
2

2a

Example

Usingquadraticformulasolve2 -5x-3=0x
2

Solution

Comparingthisequationtothegeneralequation, +bx+c=0weget;a=2b=-5c=-5ax
2

Substitutinginthequadraticformulae

X=
-b± -4acb

2

2a

=
-5±25-4(2)(-3)

2(2)

=
5±49

4

=
5±7

4

= or
12

4

-2

4

X=3or-
1

2

Formationofquadraticequations

Petertravelstohisuncle’shome,30km awayfrom hisplace.Hetravelsfortwothirdsofthejourneybefore
thebicycledevelopedmechanicalproblemsanhehadtopushitfortherestofthejourney.Ifhiscycling
speedis10km\hfasterthanhiswalkingspeedandhecompletesthejourneyin3hours30minutes,
determinehiscyclingspeed.

Solution

LetPeterscyclingspeedbexkm\h,thenhiswalkingspeedis(x-10)km/h.
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Timetakenincycling= ÷x(of30
2

3 )
= h
20

x

Timetakeninwalking=(30–20)÷(x-10)

= h
10

x-10

Totaltime=( + )h
20

x

10

x+10

Therefore =3( +
20

x

10

x-10) 1

3

=( +
20

x

10

x-10) 10

3

60(x-10)+30(x)=10(x)(x-10)

–190x+600=010x
2

-19x+60=0x
2

x=
19±361-240

2

x=15or4

Ifhiscyclingspeedis4km/h,thenhiswalkingspeedis(4-10)km/h,whichgives–6km/h.Thus,

4isnotarealisticanswertothissituation.thereforehiscyclingspeedis15km/h.

Example

Apositetwodigitnumberissuchthattheproductofthedigitis24.Whenthedigitsarereversed,the
numberformedisgreaterthanthantheoriginalnumberby18.Findthenumber

Solution

Lettheonesdigitofthenumberbeyandthetensdigitbex,

Then,xy=24…………..1

Whenthenumberisreversed,theonesdigitisxandthetensdigitisy.

Therefore;
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(10y+x)–(10x+y)=18

9y-9x=18

y-x=2y=x+2……………..2

Substituting2inequation1gives;

x =24(x+2)

+2x-24=0x
2

x=
-2± -964

2

2

x=4or-6

Sincetherequirednumberispositivex=4andy=4+2=6

Thereforethenumberis46

Graphsofquadraticfunctions

Aquadraticfunctionhastheform y=ax2+bx+cwherea≠0.ThegraphofaquadraticfunctionisU-
shapedandiscalledaparabola.Forinstance,thegraphsofy= andy=-ex

2
x
2

Shownbelow.Theorigin(0,0)isthelowestpointonthegraphofy= andthehighestpointonthegraphx
2

ofy=- .Thelowestorhighestpointonthegraphofaquadraticfunctioniscalledthevertex.x
2

Thegraphsofy= andy=- aresymmetricaboutthey-axis,calledtheaxisofsymmetry.Ingeneral,thex
2

x
2

axisofsymmetryforthegraphofaquadraticfunctionistheverticallinethroughthevertex..
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Notes;

Thegraphofy= facesdownwardsoropenupwardsandy=- facesupwardsoropendownwards.x
2

x
2

Example

Drawthegraphofy=- +5x-12x
2

Solution

Makeatableshowingcorrespondingvalueofxandy.

X -1 0 1 2 3

Y -8 -1 2 1 -4

Note;Togetthevaluesreplacethevalueofxintheequationtogetthecorrespondingvalueofx

E.gy=-2(-1 +5 -1=-8)
2 (-1)

y=-2(0 +5 -1=-1)
2 (0)

Example
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Drawthegraphofy= -7x+2x
2

x 0 1 2 3 5 7

y 2 -4 -8 -10 -8 2

Graphicalsolutionsofsimultaneousequations

Weshouldconsidersimultaneousequationoneofwhichislinearandtheotheroneisquadratic.

Example

Solvethefollowingsimultaneousequationsgraphically:

y= -2x+1x
2

y= -2xx
2

Solution

Correspondingvaluesofxandy

x -2 -1 0 1 2 3 4 x

y 9 4 1 0 1 4 9 y
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Weusethetabletodrawthegraphasshownbelow,onthesameaxistheliney=5-2xisdrawn.Points
wheretheliney=5-2xandthecurvey= -2x+1intersectgivethesolution.Thepointsare(-2,9)andx

2

(2,1).Therefore,whenx=-2,y=9andwhenx=2,y=1

Endoftopic

Didyouunderstandeverything?

Ifnotaskateacher,friendsoranybodyandmakesureyouunderstandbefore
goingtosleep!

PastKCSEQuestionsonthetopic.

1. Thetableshowstheheightmetresofanobjectthrownverticallyupwardsvarieswiththetimet
seconds

Therelationshipbetweensandtisrepresentedbytheequationss=at2 +bt+10wherebare
constants.

t 0 1 2 3 4 5 6 7 8 9 10

s 45.1

(a)(i)Usingtheinformationinthetable,determinethevaluesofaandb
(2marks)

(ii)Completethetable (1mark)

(b)(i) Drawagraphtorepresenttherelationshipbetweensandt(3marks)

(ii) Usingthegraphdeterminethevelocityoftheobjectwhent=5seconds

2. (a) Constructatableofvalueforthefunctiony=x2–x–6for-3≤x≤4

(b) Onthegraphpaperdrawthegraphofthefunction

Y=x2–x–6for-3≤x≤4

(c) Bydrawingasuitablelineonthesamegridestimatetherootsoftheequation x2+2x–2
=0

3. (a) Drawthegraphofy=6+x-x2,takingintegralvalueofxin-4≤x≤5.(The

gridisprovided.Usingthesameaxesdrawthegraphofy=2–2x

(b) From yourgraphs,findthevaluesofXwhichsatisfythesimultaneous

equationsy=6+x-x2

y=2–2x
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(c) Writedownandsimplifyaquadraticequationwhichissatisfiedbythe

valuesofxwherethetwographsintersect.

4.(a)Completethefollowingtablefortheequationy=x3–5x2+2x+9

x -2 -1.5 -1 0 1 2 3 4 5

x2 -3.4 -1 0 1 27 64 125

-5x2 -20 -11.3 -5 0 -1 -20 -45

2x -4 -3 0 2 4 6 8 10

9 9 9 9 9 9 9 9 9 99

-8.7 9 7 -3

(b)Onthegridprovideddrawthegraphofy=x3–5x2+2x+9for-2≤x≤5

(c)Usingthegraphestimatetherootoftheequationx3–5x2+2+9=0betweenx=

2andx=3

(d)Usingthesameaxesdrawthegraphofy=4–4xandestimateasolutiontothe

equationx2–5x2+6x+5=0

5. (a) Completethetablebelow,forfunctiony=2x2+4x-3

x -4 -3 -2 -1 0 1 2

2x2 32 8 2 0 2

4x-3 -11 -3 5

y -3 3 13

(b) Onthegridprovided,drawthegraphofthefunctiony=2x2+4x-3for

-4≤x≤2andusethegraphtoestimatetherotsoftheequation2x2+4x–3=0to1decimal
place. (2mks)

(c) Inordertosolvegraphicallytheequation2x2 +x-5=0,astraightlinemustbedrawnto
intersectthecurvey=2x2+4x–3.Determinetheequationofthisstraightline,draw the
straightlinehenceobtaintheroots.

2x2+x–5to1decimalplace.

6. (a) (i) Completethetablebelowforthefunctiony=x3+x2–2x (2mks)

x -3 -2.5 -2 -1.5 -1 -0.5 0 0.5 1 2 2.5

x3 15.63 -0.13 1

x2 4 0.25 6.25

-2x 1 -2
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y 1.87 0.63 16.88

(ii) Onthegridprovided,draw thegraphofy=x3 +x2 –2xforthevaluesofxinthe
interval–3≤x≤2.5

(iii) Statetherangeofnegativevaluesofxforwhichyisalsonegative

(b) Findthecoordinatesoftwopointsonthecurveotherthan(0,0)atwhichx-coordinateandy
-coordinateareequal

7. ThetableshowssomecorrespondingvaluesofxandyforthecurverepresentedbyY=¼x3-2

X -3 -2 -1 0 1 2 3

Y -8.8 -4 -2.3 -2 -1.8 0 4.8

Onthegridprovidedbelow,drawthegraphofy=¼x2-2for-3≤x≤3.Usethegraphtoestimatethe
valueofxwheny=2

8. Aretailerplannedtobuysomecomputersform awholesalerforatotalofKshs1,800,000.Before
theretailercouldbuythecomputersthepriceperunitwasreducedbyKshs4,000.Thisreductionin
priceenabledtheretailertobuyfivemorecomputersusingthesameamountofmoneyasoriginally
planned.

(a) Determinethenumberofcomputerstheretailerbought

(b) Twoofthecomputerspurchasedgotdamagedwhileinstore,therestweresoldandthe
retailermadea15%profitCalculatetheprofitmadebytheretaileroneachcomputersold

9. Thefigurebelow isasketchofthegraphofthequadraticfunctiony=k

(x+1)(x-2)

Findthevalueofk

10. (a)Drawthegraphofy=x2–2x+1forvalues-2≤x≤4

(b)Usethegraphtosolvetheequationsx2–4=0andliney=2x+5

11. (a) Drawthegraphofy=x3+x2–2xfor-3≤x≤3takescaleof2cm to

represent5unitsasthehorizontalaxis

(b) Usethegraphtosolvex3+x2–6-4=0bydrawingasuitablelineargraphonthesameaxes.
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12. Solvegraphicallythesimultaneousequations3x–2y=5and5x+y=17
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CHAPTERFOURTYTWO

SpecificObjectives

Bytheendofthetopicthelearnershouldbeableto:

(a)Perform variouscomputationsusingacalculator;

(b)Makereasonableapproximationsandestimationsofquantitiesincomputationsand
measurements;

(c)Expressvaluestoagivennumberofsignificantfigures;

(d)Defineabsolute,relative,percentage,round-offandtruncationerrors;

(e)Determinepossibleerrorsmadefrom computations;

(f)Findmaximum andminimum errorsfrom operations.

Content
(a)Computingusingcalculators

(b)Estimationsandapproximations

(c)Significantfigures

(d)Absolute,relative,percentage,round-off(includingsignificantfigures)andtruncationerrors

(e)Propagationoferrorsfrom simplecalculations

(f)Maximum andminimum errors.

Approximation

Approximationinvolvesroundingoffandtruncatingnumberstogiveanestimation

Roundingoff

Inroundingofftheplacevaluetowhichanumberistoberoundedoffmustbestated.Thedigitoccupying
thenextlowerplacevalueisconsidered.Thenumberisroundedupifthedigitisgreaterorequalto5and
roundeddownifit’slessthan5.

APPROXIMATIONANDERROR

Fo
r f

re
e K

CS
E 

No
tes

, E
xa

ms
, a

nd
 P

as
t P

ap
er

s V
isi

t h
ttp

s:/
/T

ea
ch

er
.co

.ke
/



isabokemicah@gmail.com

Novels,UpdatedICT,CPA,KASNEB,College,HighSchoolNotes&RevisionBooklets 0714497530

Example

Roundoff395.184to:

a.Thenearesthundreds

b.Foursignificantfigures

c. Thenearestwholenumber

d.Twodecimalplaces

Solution

a.400

b.395.2

c. 395

d.395.18

Truncating
Truncatingmeanscuttingoffnumberstothegivendecimalplacesorsignificantfigures,ignoringtherest.

Example

Truncate3.2465to

a.3decimalplaces

b.3significantfigures

Solution

a.3.246

b.3.24

Estimation
Estimationinvolvesroundingoffnumbersinordertocarryoutacalculationfastertogetanapproximate
answer.Thisactsasausefulcheckontheactualanswer.

Example

Estimatetheanswerto
152x269

32

Solution

Theanswershouldbecloseto =1350
150x270

30
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Theexactansweris1277.75.1277.75writento2significantfiguresis1300whichisclosetotheestimated
answer.

ACCURACYANDERROR

Absoluteerror

Theabsoluteerrorofastatedmeasurementishalfoftheleastunitofmeasurementused.Whena
measurementisstatedas3.6cm tothenearestmillimeter,itliesbetween3.55cm and3.65cm.Theleast
unitofmeasurementismilliliter,or0.1cm.Thegreatestpossibleerroris3.55-3.6=-0.05or3.65-3.6=+
0.05.

Togettheabsoluteerrorweignorethesign.Sotheabsoluteerroris0.05thus,|-0.05|=|+0.05|=0.05.When
ameasurementisstatedas2.348cm tothenearestthousandthsofacentimeters(0.001)thenthe

absoluteerroris x0.001=0.0005.
1

2

Relativeerror

Relativeerror=
absolute

actualmeasurements

Example

Anerrorof0.5kgwasfoundwhenmeasuringthemassofabull.iftheactualmassofthebullwasfoundto
be200kg.Findthrelativeerror

Solution

Relativeerror= = kg=0.0025
absolute

actualmeasurements

05

200

Percentageerror
Percentageerror=relativeerrorx100%

= x100%
absoluteerror

actualmeasurment

Example

Thethicknessofacoinis0.20cm.

a.Thepercentageerror

b.Whatwouldbethepercentageerrorifthethicknesswasstatedas0.2cm ?

Solution
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Thesmallestunitofmeasurementis0.01

Absoluteerror= x0.01=0.005
1

2

Percentageerror= x100%
0.005

0.20

=2.5%

Thesmallestunitofmeasurementis0.1

Absoluteerror= x0.1=0.05cm
1

2

Percentageerror= x100%
0.05

0.2

=25%

Roundingoffandtruncatingerrors
Anerrorfoundwhenanumberisroundedofftothedesirednumberofdecimalplacesorsignificantfigures,

forexamplewhenarecurringdecimal1. isroundedtothe2significantfigures,itbecames1.7therounde
̇
6

offerroris;

1.7-1. = - =
̇
6

17

10

5

3

1

30

Note;

1.6convertedtoafraction .
5

3

Truncatingerror

Theerrorintroducedduetotruncatingiscalledatruncationerror.inthecaseof1.6truncatedto2S.F.,the

truncatederroris;|1.6-1. |=|1 -1|=
̇
6

6

10

2

3

1

15

Propagationoferrors
Additionandsubtraction

Whatistheerrorinthesum of4.5cm and6.1cm,ifeachrepresentameasuremeasurement.

Solution

Thelimitswithinwhichthemeasurementslieare4.45,i.e..,4.55or4.5±0.005and6.05to6.15,i.e.

6.1±0.05.
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Themaximum possiblesum is4.55+6.15=10.7cm

Theminimum possiblesum is4.45+6.05=10.5cm

Theworkingsum is4.5+6.1=10.6

Theabsoluteerror=maximum sum –workingsum

=|10.7–10.6|

=0.10

Example

Whatistheerrorinthedifferencebetweenthemeasurements0.72gand0.31g?

Solution

Themeasurementliewithin0.72±0.005and 0.31±0.005respectivelythemaximum possibledifference
willbeobtainedifwesubstracttheminimum valueofthesecondmeasurementfrom themaximum value
ofthefirst,i.e;

0.725–0.305cm

Theminimum possibledifferenceis0.715–0.315=0.400.theworkingdifferenceis0.72–0.31=0.41,
whichhasanabsoluteerrorof|0.420-0.41|or|0.400–0.41|=0.10.Sinceourworkingdifferenceis0.41,
wegivetheabsoluteerroras0.01(to2s.f)

Note:
Inbothadditionandsubtraction,theabsoluteerrorintheanswerisequaltothesum oftheabsoluteerrors
intheoriginalmeasurements.

Multiplication

Example

Arectangularcardmeasures5.3cm by2.5cm.find

a.Theabsoluteerrorinthereaofthecard

b.Therelativeerrorintheareaofthecord

Solution

a.)Thelengthlieswithinthelimits5.3±0.05cm

b.)Thelengthlieswithinthelimits2.5±0.05cm

Themaximum possibleareais2.55x5.35=13.6425cm
2

Theminimum possibleareais2.45x5.25=12.8625cm
2

Theworkingareais5.3x2.5=13.25cm
2

Maximum area–workingarea=13.6425–1325=0.3925.
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Workingarea–minimum area=13.25–12.8625=0.3875

Wetaketheabsoluteerrorastheaverageofthetwo.

Thus,absoluteerror=
0.3925+0.3875

2

=0.3900

Thesamecanalsobefoundbytakinghalftheintervalbetweenthemaximum areaandtheminimum area

=0.39
1

2
(13.6425-12.8625)

Therelativeerrorintheareais:

=0.039(to2S.F)
0.39

13.25

Division

Given8.6cm÷3.4cm.Find:

a.Theabsoluteerrorinthequotient

b.Therelativeerrorinthequotient

Solution

a.8.6cm haslimits8.55cm and8.65cm.3.4haslimits3.35cm and3.45cm.Themaximum possible
quotientwillbegivenbythemaximum possiblevalueofthe numeratorandthesmallestpossible
valueofthedenominator,i.e.,

=2.58(to3s.f)
8.65

3.35

Theminimum possiblequotientwillbegivenbytheminimum possiblevalueofthenumeratorad
thebiggestpossiblevalueofthedenominator,i.e.

=2.48(to3s.f)
8.65

3.45

Theworkingquotientis; =2.53(to3.f.)
8.6

3.4

Theabsoluteerrorinthequotientis;

= X0.10
2.53x2.48

2

1

2
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=0.050(to2s.f)

b.Relativeerrorintheworkingquotient;

=
0.05

2.53

5

253

=0.0197

=0.020(to2s.f)

Alternatively

Relativeerrorinthenumeratoris =0.00581
0.05

8.6

Relativeerrorinthedenominatoris =0.0147
0.05

3.4

Sum oftherelativeerrorsinthenumeratoranddenominatoris

0.00581+0.0147=0.02051s

=0.021to2S.F

Endoftopic

Didyouunderstandeverything?

Ifnotaskateacher,friendsoranybodyandmakesureyouunderstandbefore
goingtosleep!

PastKCSEQuestionsonthetopic.

1. (a)WorkouttheexactvalueofR= 1_________

0.003146-0.003130

(b) AnapproximatevalueofRmaybeobtainedbyfirstcorrectingeachofthedecimalinthe
denominatorto5decimalplaces

(i) Theapproximatevalue
(ii) Theerrorintroducedbytheapproximation

2. Theradiusofcircleisgivenas2.8cm to2significantfigures

(a)IfCisthecircumferenceofthecircle,determinethelimitsbetweenwhichC/πlies
(b)Bytaking∏tobe3.142,find,to4significantfiguresthelinebetweenwhichthecircumference
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lies.
3. Thelengthandbreadthofarectangularfloorweremeasuredandfoundtobe4.1m and2.2m

respectively.Ifpossibleerrorof0.01m wasmadeineachofthemeasurements,findthe:

(a)Maximum andminimum possibleareaofthefloor
(b)Maximum possiblewastageincarpetorderedtocoverthewholefloor

4. InthisquestionMathematicalTablesshouldnotbeused

Thebaseandperpendicularheightofatrianglemeasuredtothenearestcentimeter

are6cm and4cm respectively.

Find

(a)Theabsoluteerrorincalculatingtheareaofthetriangle

(b)Thepercentageerrorinthearea,givingtheanswerto1decimalplace

5. Bycorrectingeachnumbertoonesignificantfigure,approximatethevalueof788x0.006.Hence
calculatethepercentageerrorarisingfrom thisapproximation.

6. Arectangularblockhasasquarebasewhosesideisexactly8cm.Itsheightmeasuredtothe
nearestmillimeteris3.1cm

Findincubiccentimeters,thegreatestpossibleerrorincalculatingitsvolume.

7. Findthelimitswithintheareaofaparallegram whosebaseis8cm andheightis5cm lies.Hence
findtherelativeerrorinthearea

8. Findtheminimum possibleperimeterofaregularpentagonwhosesideis15.0cm.

9. Giventhenumber0.237

(i) Roundofftotwosignificantfiguresandfindtheroundofferror

(ii) Truncatetotwosignificantfiguresandfindthetruncationerror

10. Themeasurementsa=6.3,b=15.8,c=14.2andd=0.00173havemaximum possibleerrorsof1%,
2%,3%and4%respectively.Findthemaximum possiblepercentageerrorinad/bccorrectto1sf.
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CHAPTERFOURTYTHREE

SpecificObjectives
Bytheendofthetopicthelearnershouldbeableto:

(a)Defineanddrawtheunitcircle;

(b)Usetheunitcircletofindtrigonometricratiosintermsofco-ordinatesofpointsfor0<9<360°;

(c)Findtrigonometricratiosofnegativeangles;

(d)Findtrigonometricratiosofanglesgreaterthan360°usingtheunitcircle;

(e)Usemathematicaltablesandcalculatorstofindtrigonometricratiosofanglesintherange0<
9<360°;

(f)Defineradianmeasure;

(g)Drawgraphsoftrigonometricfunctions;y=sinx,y=cosxandy~tanxusingdegreesand
radians;

(h)Derivethesinerule;

(i)Derivethecosinerule;

(j)Applythesineandcosineruletosolvetriangles(sides,anglesandarea),

(k)Applytheknowledgeofsineandcosinerulesinreallifesituations.

Content
(a)Theunitcircles

(b)Trigonometricrationsfrom theunitcircle

(c)Trigonometricratiosofanglesgreaterthan360°andnegativeangles

(d)Useoftrigonometrictablesandcalculations

(e)Radianmeasure

TRIGONOMETRY
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(f)Simpletrigonometricgraphs

(g)Derivationofsineandcosinerule

(h)Solutionoftriangles

(i)Applicationofsineandcosineruletorealsituation.

Theunitcircle
ItiscircleofunitradiusandcentreO(0,0).

From - isthefirstquadrant0
0
90

0
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From9 - isthesecondquadrant0
0
180

0

From18 - isthethirdquadrant0
0
270

0

From - istheforthquadrant270
0
360

0

Ananglemeasuredanticlockwisefrom positivedirectionofx–axisispositive.Whileananglemeasured
clockwisefrom negativedirectionofx–axisisnegative.

Ingeneral,onaunitcircle

I. =xco-ordinateofp.cosθ
0

II. =yco-ordinateofp.sinθ
0

III. = .=tanθ
0 yco-ordinateofp

xco-ordinateofp

sinθ

cosθ Fo
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Trigonometricratiosofnegativeangles

Ingeneral

I. )=-sinθsin⁡(-0
0

II. )=cosθcos⁡(-0
0

III. )=-tanθ-0tan(
0
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Useofcalculators

Example

Useacalculatortofind

I. Tan30
0

Solution

 Keyintan

 Keyin30

 Screendisplays0.5773502

 Thereforetan =0.577430
0

Tofindtheinverseofsinecosineandtangent

 Keyinshift

 Theneithersinecosineortangent

 Keyinthenumber

Note;
Alwaysconsultthemanualforyourcalculator.Becausecalculatorsworkdifferently

Radians
Oneradianisthemeasureofananglesubtendedatthecentrebyanarcequalinlengthtotheradiusofthe
circle.
Becausethecircumferenceofacircleis2πr,thereare2πradiansinafullcircle.Degreemeasureand
radianmeasurearethereforerelatedbytheequation360°=2πradians,or180°=πradians.
Thediagram showsequivalentradiananddegreemeasuresforspecialanglesfrom 0°to360°(0radiansto
2πradians).Youmayfindithelpfultomemorizetheequivalentdegreeandradianmeasuresofspecial
anglesinthefirstquadrant.Allotherspecialanglesarejustmultiplesoftheseangles.

Example

Convert intoradians125
0
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Solution

If = =57.291
c 360

0

2π

Therefore = =2.182to4S.F125
0 125

57.29

Example

Convertthefollowingdegreestoradians,givingyouranswerintermsπ.

60
0

Solution

=2360
0

π
c

Therefore

=( x6060
0 2π

360
)
c

=(
π

3
)
C

Example

Whatisthelengthofthearcthatthatsubtendsanangleof0.6radiansatthecentreofacircleofradius20
cm.

Solution

issubtendedby20cm1
c

therefore issubtendedby20×0.6cm=12cm0.6
c

Simpletrigonometricgraphs

Graphsofy=sinx

The graphscan be drawn bychoosing a suitable value ofxand plotting the valuesofyagainst
theCorrespondingvaluesofx.
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Theblackportionofthegraphrepresentsoneperiodofthefunctionandiscalledonecycleofthesine
curve.

Example

Sketchthegraphofy=2sinxontheinterval[–π,4π].

Solution:
Notethaty=2sinx=2(sinx)indicatesthatthey-valuesforthekeypointswillhavetwicethemagnitudeof
thoseonthegraphofy=sinx.

x π/2 π 3π 2π

Y=2sinx 2 0 -2 0

Togetthevaluesofysubstitutethevaluesofxintheequationy=2sinxasfollows
y=2sin(360)because2πisequalto360

0

Note;
 Youcanchangetheradiansintodegreestomakeworksimpler.

 Byconnectingthesekeypointswithasmoothcurveandextendingthecurveinbothdirectionsover
theinterval [–π,4π],youobtainthegraphshowninbelow.
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Example

Sketchthegraphofy=cosxfor ≤x≤ usinganintervalof0
0

360
0

30
0

Solution:
Thevaluesofxandthecorrespondingvaluesofyaregiveninthetablebelow

x 0
0

30
0

60
0

90
0

120
0

150
0

180
0

210
0

240
0

Y=cos
x

1 0.8660 0.5 0 -0.5 -
0.8660

-1 -
0.8660

-0.5

x 270
0

300
0

330
0

360
0

Y=cosx 0 0.5 0.8660 1
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Graphoftangents

Note;

 Asthevalueofxapproaches and27 tanxbecamesverylarge90
0

0
0

 Hencethegraphofy=tanxapproachesthelinesx= and withouttouchingthem.90
0

270
0

 Suchlinesarecalledasymptotes

Solutionoftriangles

Sinrule

IfacircleofradiusRiscircumscribedaroundthetriangleABC,then = = =2R.
a

sinA

b

sinB

c

sinC
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Thesineruleappliestobothacuteandobtuse–angledtriangle.

Example

SolvetriangleABC,giventhatCAB=42. ,c=14.6cm anda=11.4cm9
0

Solution

Tosolveatrianglemeanstofindthesidesandanglesnotgiven

=
a

sinA

c

sinC

=
11.4

sin42.9

14.6

sinC

Sinc= =0.8720
14.6sin42.9

11.4

Thereforec=60.69
0

Note;

Thesinruleisusedwhenweknow

 Twosidesandanon-includedangleofatriangle

 Allsidesandatleastoneangle
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 Allanglesandatleastoneside.

Cosinerule

= + -2bc OR = + -2aca
2

b
2

c
2

cosA b
2

a
2

c
2

cosB

Example

FindACinthefigurebelow,ifAB=4cm ,BC=6cm andABC=78
0

Solution

Fo
r f

re
e K

CS
E 

No
tes

, E
xa

ms
, a

nd
 P

as
t P

ap
er

s V
isi

t h
ttp

s:/
/T

ea
ch

er
.co

.ke
/



isabokemicah@gmail.com

Novels,UpdatedICT,CPA,KASNEB,College,HighSchoolNotes&RevisionBooklets 0714497530

Usingthecosinerule

+ -2acb
2

c
2

cosB

= + -2acb
2

a
2

c
2

cosB

= + -2x4x6b
2

4
2

6
2

cos78
0

=16+36–48cos78
0

=52–9.979

=42.02cm

Note;
Thecosineruleisusedwhenweknow

 Twosidesandanincludedangle

 Allthreesidesofatriangle

Endoftopic

Didyouunderstandeverything?

Ifnotaskateacher,friendsoranybodyandmakesureyouunderstandbefore
goingtosleep!

PastKCSEQuestionsonthetopic.

1. Solvetheequation

Sin5θ=-1for00≤0≤1800

2 2

2. Giventhatsinθ=2/3andisanacuteanglefind:

(a)Tanθgivingyouranswerinsurdform
(b)Sec2θ

3. Solvethe1

equation2sin2(x-300)=cos600for–1800≤x≤1800

4. Giventhatsin(x+30)0=cos2x0for00,00≤x≤900findthevalueofx.Hencefindthevalueofcos
23x0.

5. Giventhatsina=1 whereaisanacuteanglefind,withoutusing

√5

Mathematicaltables
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(a)Cosaintheform ofa√b,whereaandbarerationalnumbers

(b)Tan(900–a).

6. Givethatxoisanangleinthefirstquadrantsuchthat8sin2x+2cosx-5=0

Find:

a) Cosx

b) tanx

7. GiventhatCos2x0=0.8070,findxwhen00≤x≤3600

8 ThefigurebelowshowsaquadrilateralABCDinwhichAB=8cm,DC=12cm,<BAD=450,<CBD=
900andBCD=300.

Find:

(a) ThelengthofBD

(b) ThesizeoftheangleADB

9. Thediagram below representsaschoolgatewithdoubleshutters.Theshuttersaresuchopened
throughanangleof630.

Theedgesofthegate,PQandRSareeach1.8m
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CalculatetheshortestdistanceQS,correctto4significantfigures

10…Thefigurebelow representsaquadrilateralpieceoflandABCDdividedintothreetriangular
plots.ThelengthsBEandCDare100m and80m respectively.AngleABE=300ACE=450and
ACD=1000

(a)Findtofoursignificantfigures:

(i) ThelengthofAE

(ii) ThelengthofAD

(iii) Theperimeterofthepieceofland

(b)Theplotsaretobefencedwithfivestrandsofbarbedwireleavinganentranceof2.8m wideto
eachplot.Thetypeofbarbedwiretobeusedissoldinrollsoflengths480m.Calculatethenumber
ofrollsofbarbedwirethatmustbeboughttocompletethefencingoftheplots.

11. Giventhatxisanacuteangleandcosx=25,findwithoutusingmathematical

5

tablesoracalculator,tan(90–x)0.

12. InthefigurebelowA=620,B=410,BC=8.4cm andCNisthebisectorofACB.
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CalculatethelengthofCNto1decimalplace.

13. Inthediagram belowPArepresentsanelectricitypostofheight9.6m.BBandRCrepresentstwo
storeybuildingsofheights15.4m and33.4m respectively.TheangleofdepressionofAfrom Bis
5.50WhiletheangleofelevationofCfrom Bis30.50andBC=35m.

(a) Calculate,tothenearestmetre,thedistanceAB

(b) Byscaledrawingfind,

(i) ThedistanceACinmetres

(ii) BCAandhencedeterminetheangleofdepressionofAfrom C

Morequestions

1. Solvetheequation: (2mks)

for

2. (a)Completethetablebelow,leavingallyourvaluescorrectto2d.p.forthefunctionsy=cosxand
y=2cos(x+30)0 (2mks)

X0 00 600 1200 1800 2400 3000 3600 4200 4800 5400

cosX 1.00 -1.00 0.50

2cos(x+30) 1.73 -1.73 0.00
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(b)Forthefunctiony=2cos(x+30)0

State:

(i) Theperiod (1mk)
(ii) Phaseangle (1mk)

(c)Onthesameaxesdraw thewavesofthefunctionsy=cosxand y=2cos(x+30)0 for

.Usethescale1cm rep300horizontallyand2cm rep1unitvertically
(4mks)

(d)Useyourgraphabovetosolvetheinequality (2mks)

3. Findthevalueofxintheequation.

Cos(3x-180o)= √3 intherangeOo<x<180o(3marks)

2

4. Giventhat andөisanacuteangle,findwithoutusingtablescos(90–ө)

(2mks)

5. Solveforөif-¼sin(2x+30)=0.1607,0≤ө≥3600 (3mks)

6. GiventhatCos=5/13andthat27003600,workoutthevalueofTan+Sinwithoutusingacalculatoror
mathematicaltables. (3marks)

7. Solveforxintherange00x1800 (4mks)

-8sin2x–2cosx=-5.

8. Iftanxo=12/5andxisareflexangle,findthevalueof5sinx+cosxwithoutusinga

calculatorormathematicaltables

9. Findgiventhat2cos3-1=0for0o360o

10. Withoutamathematicaltableoracalculator,simplify:Cos300oxSin120ogivingyouranswerin

Cos330o–Sin405orationalizedsurdform.

11. Expressinsurdsform andrationalizethedenominator.

1

Sin60oSin45o-Sin45o

12. Simplifythefollowingwithoutusingtables;

Tan45+cos45sin60

Novels,UpdatedICT,CPA,KASNEB,College,HighSchoolNotes&RevisionBooklets0714497530
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CHAPTERFOURTYFOUR

SpecificObjectives

Bytheendofthetopicthelearnershouldbeableto:

(a)Definerationalandirrationalnumbers,

(b)Simplifyexpressionswithsurds;

(c)Rationalizedenominatorswithsurds.

Content
(a)Rationalandirrationalnumbers

(b)Simplificationofsurds

(c)Rationalizationofdenominators.

Rationalandirrationalnumbers

Rationalnumbers

SURDS
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Arationalnumberisanumberwhichcanbewrittenintheform ,wherepandqareintegersandq≠0.The
p

q
integer’spandqmustnothavecommonfactorsotherthan1.

Numberssuchas2,, areexamplesofrationalnumbers.Recurringnumbersarealsorationalnumbers.
1

2

3

4
4

Irrationalnumbers

Numbersthatcannotbewrittenintheform .Numberssuchasπ areirrationalnumbers.
p

q
23

Surds
Numberswhichhavegotnoexactsquarerootsorcuberootarecalledsurdse.g. , , or2 8 28 16

3
36

3

Theproductofasurdandarationalnumberiscalledamixedsurd.Examplesare;

2 ,4 and3 7
1

3
2

Orderofsurds

, aresurdsofordertwo3 6

, aresurdsoforderthree2
3

6
3

, aresurdsoforderfour2
4

64
4

Simplificationofsurds

Asurdcanbereducedtoitslowestterm possible,asfollows;

Example

Simplify

a) 18

b) 72

Solution

=18 9x2

× =39 2 2

=48 16x3

× =416 3 3

Operationofsurds

Surdscanbeaddedorsubtractedonlyiftheyarelikesurds(thatis,iftheyhavethesamevalueunderthe
rootsign).
Example1

Simplifythefollowing.
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i. 3√2+5√2
ii. 8√5−2√5

Solution

i. 3√2+5√2=8√2
ii. 8√5−2√5=6√5

Summary

+ Leta=2 2 2

Therefore + =a+a2 2

=2a

Buta= 2

Hence + =22 2 2

MultiplicationandDivisionofsurds
Surdsofthesameordercanbemultipliedordividedirrespectiveofthenumberundertherootsign.

Law1:√ax√b=√abWhenmultiplyingsurdstogether,multiplytheirvaluestogether.

e.g.1 √3x√12=√(3x12)=√36=6

e.g.2 √7x√5 =√35

Thislawcanbeusedinreversetosimplifyexpressions…

e.g.3 √12=√2x√6 or√4x√3=2√3

Law2:√a÷√b or =√(a/b) Whendividingsurds,dividetheirvalues(andviceversa).
√a

√b

e.g.1 √12 = √(12÷3)=√4=2
√3

e.g.2 =
√6

√8

√3

√4

Law3:√(a2)or(√a)2 =a Whensquaringasquare-root,(orviceversa),thesymbolscancel

Eachotherout,leavingjustthebase.

e.g.1 √122 =12

e.g.2 √7x√7=√72=7
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Note:
Ifyouaddthesamesurdstogetheryoujusthavethatnumberofsurds.E.g.

√2+√2+√2=3√2
Ifasurdhasasquarenumberasafactoryoucanuselaw1and/orlaw2andworkbackwardstotakethat
outandsimplifythesurd.E.g.√500 =√100x√5=10√5

Rationalizationofsurds

Surdsmayalsoappearinfractions.Rationalizingthedenominatorofsuchafractionmeansfindingan
equivalentfractionthatdoesNOThaveasurdonthebottom ofthefraction(thoughitCANhaveasurdon
thetop!).
Ifthesurdcontainsasquarerootbyitselforamultipleofasquareroot,togetridofit,youmustmultiply
BOTHthetopandbottom ofthefractionbythatsquarerootvalue.

e.g. 6 x√7 = 6√7
√7 x√7 7

e.g.2 6+√2x√3 = 6√3+√2x√3= 6√3+√6
2√3 x√3 2x√3x√3 6

i.e.2x 3

Ifthesurdonthebottom involvesadditionorsubtractionwithasquareroot,togetridofthesquareroot
partyoumustusethe‘differenceoftwosquares’andmultiplyBOTHthetopandbottom ofthefractionby
thebottom surd’sexpressionbutwiththeinverseoperation.

e.g.3 7 x(2-√2) = 14-7√2 = 14-7√2
2+√2x(2-√2) 22–(√2)2 2

i.e.4 – 2

Notesonthe‘Differenceoftwosquares’…

Squaring… (2+√2)(2+√2) =2(2+√2)+√2(2+√2)
(opsthesame) =4+2√2+2√2+√2√2

=4 + 4√2 + 2 =6+√2(stillasurd)

Multiplying… (2+√2)(2-√2) =2(2-√2)+√2(2-√2)
(oppositeops) = 4-2√2+2√2-√2√2

= 4 (cancelout)- 2 =2 (notasurd)

Inessence,aslongastheoperationineachbracketsistheopposite,themiddletermswillalwayscancel
eachotheroutandyouwillbeleftwiththefirstterm squaredsubtractingthesecondterm squared.
i.e. (5+√7)(5-√7) 52–(√7)2 =25–7=18

Example
Simplifybyrationalizingthedenominator

+2 3

-6 3

Solution
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= x
+2 3

-6 3

+2 3

-6 3

+6 3

+6 3

=
+ ( + )2( +6 3) 3 6 3

- ( + )6( +6 3) 3 6 3

=
+ + +√912 6 18

+ - -√936 18 18

=
x + + x +4 3 6 9 2 3

6-3

=
2 + +3 +33 6 2

3

Note

Iftheproductofthetwosurdsgivesarationalnumberthentheproductofthetwosurdsgivesconjugate
surds.

Endoftopic

Didyouunderstandeverything?

Ifnotaskateacher,friendsoranybodyandmakesureyouunderstandbefore
goingtosleep!

PastKCSEQuestionsonthetopic.

1. Withoutusinglogarithm tables,findthevalueofxintheequation

Logx3+log5x=5log2–log2
5

2. Simplify (1÷√3)(1-√3)

Henceevaluate 1 to3s.f.giventhat√3=1.7321

1+√3

3. If√14 - √14 =a√7+b√2

√7-√2 √7+√2

Findthevaluesofaandbwhereaandbarerationalnumbers.

4. Findthevalueofxinthefollowingequation49(x+1)+7(2x)=350

5. Findxif3log5+logx2=log1/125
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6. Simplifyasfaraspossibleleavingyouranswerinform ofasurd

1 - 1

√14 -2√3 √14+2√3

7. Giventhattan750=2+√3,findwithoutusingtablestan150intheform p+q√m,wherep,q
andm areintegers.

8. Withoutusingmathematicaltables,simplify

63 + 72

32 + 28

9. Simplify 3 + 1 leavingtheanswerintheform a+bc,wherea,bandc5-2 5
arerationalnumbers

CHAPTERFOURTYFIVE

FURTHERLOGARITHMS
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SpecificObjectives

Bytheendofthetopicthelearnershouldbeableto:

(a)Derivelogarithmicrelationfrom indexform andviceversa;

(b)Statethelawsoflogarithms;

(c)Uselogarithmiclawstosimplifylogarithmicexpressionsandsolvelogarithmicequations;

(d)Applylawsoflogarithmsforfurthercomputations.

Content
(a)Logarithmicnotation(eg.an=b,logab=n)

(b)Thelawsoflogarithms:log(AB)=logA+logB,log(ÂB)=logA-logBandLogAn=nxlogA.

(c)Simplificationsoflogarithmicexpressions

(d)Solutionoflogarithmicequations

(e)Furthercomputationusinglogarithmiclaws.

If thenweintroducetheinversefunctionlogarithm anddefine

(Readaslogbase of equals ).

Ingeneral

Where means“impliesandisimpliedby”i.e.itworksbothways!

Notethismeansthat,goingfrom exponentform tologarithmicform:
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 

 

 

Andingoingfrom logarithmicform toexponentform:

 

 

 

Lawsoflogarithms
ProductandQuotientLawsofLogarithms:

TheProductLaw

TheQuotientLaw

Example.

=2

ThePowerLawofLogarithms:

Fo
r f

re
e K

CS
E 

No
tes

, E
xa

ms
, a

nd
 P

as
t P

ap
er

s V
isi

t h
ttp

s:/
/T

ea
ch

er
.co

.ke
/



isabokemicah@gmail.com

Novels,UpdatedICT,CPA,KASNEB,College,HighSchoolNotes&RevisionBooklets 0714497530

Example.

2log5+2log2

=2

Logarithm ofaRoot

or

Example.

PROOFOFPROPERTIES
Property Proof ReasonforStep

1.logbb=1andlogb1=0 b1=b andb0=1 Definitionoflogarithms

2.(productrule)

logbxy=logbx+logby

a.Letlogbx=m andlogby=n

b.x=bm andy=bn

c.xy=bm
*bn

d.xy=bm +n

e.logbxy=m +n

flogbxy=logbx+logby

a.Setup

b.Rewriteinexponentform

c.Multiplytogether

d.Productruleforexponents

e.Rewriteinlogform

f.Substitution

3.(quotientrule)

logb =logbx-logby

a.Letlogbx=m andlogby=n

b.x=bm andy=bn

a.Given:compactform

b.Rewriteinexponentform
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c. =

d. =

e.logb =m -n

f.logb logbx-logby

c.Divide

d.Quotientruleforexponents

e.Rewriteinlogform

f.Substitution

4.(powerrule)
logbxn=nlogbx

a.Letm =logbxsox=bm

b.xn=bmn

c.logbxn=mn

d.logbxn=nlogbx

a.Setup

b.Raisebothsidestothenth
power

c.Rewriteaslog

d.Substitute

5. Propertiesusedtosolve
logequations:

a.ifbx=by,thenx=y

b.iflogbx=logby,thenx
=y

a.This follows directly from the
propertiesforexponents.

b.i.logbx-logby=0

ii.logb

iii. =b0

iv. 1sox=y

b.i.Subtractfrom bothsides

ii.Quotientrule

iii.Rewriteinexponentform

iv.b0=1
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Solvingexponentialandlogarithmicequations
Bytakinglogarithms,andexponentialequationcanbeconvertedtoalinearequationandsolved.Wewill
usetheprocessoftakinglogarithmsofbothsides.

Example.

a)

x=1.792

Note;
Alogarithmicexpressionisdefinedonlyforpositivevaluesoftheargument.Whenwesolvealogarithmic
equationitisessentialtoverifythatthesolution(s)doesnotresultinthelogarithm ofanegativenumber.
Solutionsthatwouldresultinthelogarithm ofanegativenumberarecalledextraneous,andarenotvalid
solutions.

Example.

Solveforx:

(theonebecomesanexponent: )

Verify:

notpossible

Solvingequationsusinglogs

Examples

(i)Solvetheequation
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Thedefinitionoflogssaysif then or

Hence (to5decimalplaces)

Check (to5decimalplaces)

Inpracticefrom wetakelogstobase10giving

(ii)Solvetheequation

Check , ,wewant sothevalueof liesbetween3and4or which

means liesbetween1.5and2.Thistellsusthat isroughlycorrect.

(iii)Solvetheequation

Check veryclose!

Noteyoucouldcombineterms,giving,
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(iv)Solvetheequation

Takelogsofbothsides

Expandbrackets

Collectterms

Factorisethelefthandside

divide

(Noteyougetthesameanswerbyusingthelnbuttononyourcalculator.)

Check and

Noticethatyoucouldcombinethelog-termsin

togive

Itdoesnotreallysimplifythingsherebut,insomecases,itcan.

(v)Solvetheequation
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Takelogsofbothsides

Expandbrackets

Collectterms

Factorizelefthandside

simplify

divide

Check

LHS= (taking )

RHS= (taking )

ThevaluesofLHSandRHSareroughlythesame.Amoreexactcheckcouldbemadeusingacalculator.

Logarithmicequationsandexpressions
Considerthefollowingequations

81=xand 8=3log
3

log
x

Thevalueofxineachcaseisestablishedasfollows

81=xlog
3
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Therefore =813
x

=3
x

3
4

X=4

8=3log
x

=8x
3

=x
3

2
3

x=2

Example

Solve 2log
6

Solution

Let 2=t.then =2log
6

6
t

Introducinglogarithm tobase10onbothsides

=log6
t

log2

=tlog6 log2

t=
log2

log6

t=
0.3010

0.7782

t=0.3868

Therefore 2=0.3868log
6

Example

+3 -4=02
2x (2x)

Takinglogsonbothsidescannothelpingettingthevalueofx,since +3 cannotbecombinedintoa2
2x (2x)

singleexpression.Howeverifwelet =ythentheequationbecomesquadraticiny.2
X

Solution

Thus,let =y……………..(1)2
X

Therefore +3y-4=0…………………(2)y
2

(y+4)(y-1)=0
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y=-4ory=1

Substitutingforyinequation(1);

Let =-4 orlet =12
X

2
X

Thereisnorealvalueofxforwhich =-4 hence =12
X

2
X

x=0

Example

Solveforxin( =3-log
10
x)

2
log

10
x
2

Solution

Let x=t……………………….(1)log
10

Therefore =3-2tt
2

+2t-3=0solvethequadraticequationusinganymethodt
2

+3t-t-3=0t
2

t(t+3)-1(t-3)=0

(t-1)(t+3)=0

t=1ort=-3

Substitutingfortintheequation(1).

x=1 or x=-3log
10

log
10

=1or =x10
1

10
-3

x=10or
1

1000

Note;

=log
b

1

blog
a

Endoftopic

Didyouunderstandeverything?

Ifnotaskateacher,friendsoranybodyandmakesureyouunderstandbefore
goingtosleep!

PastKCSEQuestionsonthetopic.
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1. Solvefor( x –½ x=3/2log
3
)
2

log
3

2. Findthevaluesofxwhichsatisfytheequation52x–6(5x)+5=0

3. Solvetheequation

Log(x+24)–2log3=log(9-2x)

4. Findthevalueofxinthefollowingequation49(x+1)+7(2x)=350

5. Findxif3log5+logx2=log1/125

6. Withoutusinglogarithm tables,findthevalueofxintheequation

Logx3+log5x=5log2–log2
5

7. GiventhatP=3yexpressthequestions32y-1)+2x3(y-1)=1intermsofP

8. Henceorotherwisefindthevalueofyintheequation:3(2y-1)+2x3(y-1) =1

CHAPTERFOURTYSIX

SpecificObjectives

Bytheendofthetopicthelearnershouldbeableto:

(a)Defineprincipal,rateandtimeinrelationtointerest;

(b)Calculatesimpleinterestusingsimpleinterestformula;

(c)Calculatecompoundinterestusingstepbystepmethod;

(d)Derivethecompoundinterestformula;

(e)Applythecompoundinterestformulaforcalculatinginterest;

(f)Defineappreciationanddepreciation;

(g)Usecompoundinterestformulatocalculateappreciationanddepreciation;

(h)Calculatehirepurchase;

(i)Calculateincometaxgiventheincometaxbands.

Content
(a)Principalrateandtime

(b)Simpleinterest

COMMERCIALARITHMETICII
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(c)Compoundinterestusingstepbystepmethod

(d)Derivationofcompoundinterestformula

(e)Calculationsusingthecompoundinterestformula

(f)Appreciationanddepreciation

(g)Calculationofappreciationanddepreciationusingthecompoundinterestformula

(h)Hirepurchase

(i)Incometax.

Simpleinterest
Interestisthemoneychargedfortheuseofborrowedmoneyforaspecificperiodoftime.Ifmoneyis
borrowedordepositeditearnsinterest,Principleisthesum ofmoneyborrowedordepositedP,Rateisthe
ratioofinterestearnedinagivenperiodoftimetotheprinciple.

Therateisexpressedasapercentageoftheprincipalperannum (P.A).Wheninterestiscalculatedusing
onlytheinitialprincipalatagivenrateandtime,itiscalledsimpleinterest(I).

Simpleinterestformulae

Simpleinterest=
principlexratextime

100

Example

Frannyinvestsksh16,000inasavingsaccount.Sheearnsasimpleinterestrateof14%,paidannuallyon

herinvestment.Sheintendstoholdtheinvestmentfor1 years.Determinethefuturevalueofthe
1

2
investmentatmaturity.

Solution

I=
PRT

100

=sh.16000x x
14

100

3

2
=sh3360

Amount=P+I

=sh.16000+sh3360

=sh.19360

Example
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Calculatetherateofinterestifsh4500earnssh500after1 years.
1

2

Solution

From thesimpleinterestformulae

I=
PRT

100

R==
100XI

PXT

P=sh4500

I=sh500

T=1 years
1

2

ThereforeR=
100x500

4500x
3

2

R7.4%

Example

Eshainvestedacertainamountofmoneyinabankwhichpaid12%p.a.simpleinterest.After5years,his
totalsavingsweresh5600.Determinetheamountofmoneyheinvestedinitially.

Solution

LettheamountinvestedbeshP

T=5years

R=12%p.a.

A=sh5600

ButA=P+I

Therefore5600=P+PX X5
12

100

=P+0.60P

=1.6P
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Thereforep=
5600

1.6

=sh3500

Compoundinterest
Supposeyoudepositmoneyintoafinancialinstitution,itearnsinterestinaspecifiedperiodoftime.
Insteadoftheinterestbeingpaidtotheowneritmaybeaddedto(compoundedwith)theprincipleand
thereforealsoearnsinterest.Theinterestearnediscalledcompoundinterest.Theperiodafterwhichits
compoundedtotheprincipleiscalledinterestperiod.

Thecompoundinterestmaybecalculatedannually,semi-annually,quarterly,monthlyetc.Iftherateof
compoundinterestisR%p.aandtheinterestiscalculatedntimesperyear,thentherateofinterestper

periodis %(Rn)
Example

Moyolentksh.2000atinterestof5%perannum for2years.Firstweknowthatsimpleinterestfor1styear
and2ndyearwillbesame

i.e.=2000x5x1/100=Ksh.100

Totalsimpleinterestfor2yearswillbe=100+100=ksh.200

InCompoundInterest(CI)thefirstyearInterestwillbesameasofSimpleInterest(SI)i.e.Ksh.100.But
yearIIinterestiscalculatedonP+SIof1styeari.e.onksh.2000+ksh.100=ksh.2100.

So,yearIIinterestinCompoundInterestbecomes

=2100x5x1/100=Ksh.105

SoitisKsh.5morethanthesimpleinterest.ThisincreaseisduetothefactthatSIisaddedtotheprincipal
andthisksh.105isalsoaddedintheprincipalifwehavetofindthecompoundinterestafter3years.Direct
formulaincaseofcompoundinterestis

A=P(1+ )tr

100

WhereA=Amount

P=Principal

R=Rate%perannum

T=Time

A=P+CI

P(1+ )t=P+CI
r

100
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TypesofQuestion:
TypeI:TofindCIandAmount

TypeII:Tofindrate,principalortime

TypeIII:WhendifferencebetweenCIandSIisgiven.

TypeIV:Wheninterestiscalculatedhalfyearlyorquarterlyetc.

TypeV:Whenbothrateandprincipalhavetobefound.

Type1
Example

Findtheamountofksh.1000in2yearsat10%perannum compoundinterest.

Solution.

A=P(1+r/100)t

=1000(1+10/100)2

=1000x121/100

=ksh.1210

Example

Findtheamountofksh.6250in2yearsat4%perannum compoundinterest.

Solution.

A=P(1+r/100)t

=6250(1+4/100)2

=6250x676/625

=ksh.6760

Example

Whatwillbethecompoundinterestonksh31250atarateof4%perannum for2years?

Solution.

CI=P(1+r/100)t-1

=31250{(1+4/100)2-1}

=31250(676/625-1)

=31250x51/625=ksh.2550

Example
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Asum amountstoksh.24200in2yearsat10%perannum compoundinterest.

Findthesum ?

Solution.

A=P(1+r/100)t

24200=P(1+10/100)2

=P(11/10)2

=24200x100/121

=ksh.20000

TypeII
Example.

Thetimeinwhichksh.15625willamounttoksh.17576at45compoundinterestis?

Solution

A=P(1+r/100)t

17576=15625(1+4/100)t

17576/15625=(26/25)t

(26/25)t=(26/25)3

t=3years

Example

Theratepercentifcompoundinterestofksh.15625for3yearsisKsh.1951.

Solution.

A=P+CI

=15625+1951=ksh.17576

A=P(1+r/100)t

17576=15625(1+r/100)3

17576/15625=(1+r/100)3

(26/25)3=(1+r/100)3

26/25=1+r/100

26/25-1=r/100
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1/25=r/100

r=4%

TypeIV
1.Remember

WheninterestiscompoundedhalfyearlythenAmount=P(1+R/2)2t

-----------
100

I.e.inhalfyearlycompoundinterestrateishalvedandtimeisdoubled.

2.Wheninterestiscompoundedquarterlythenrateismade¼andtimeismade4times.

ThenA=P[(1+R/4)/100]4t

3.WhenrateofinterestisR1%,R2%,andR3%for1st,2ndand3rdyearrespectively;thenA=P(1+R1/100)
(1+R2/100)(1+r3/100)

Example

Findthecompoundinterestonksh.5000at205perannum for1.5yearcompoundhalfyearly.

Solution.

Wheninterestiscompoundedhalfyearly

ThenAmount=P[(1+R/2)/100]2t

Amount=5000[(1+20/2)/100]3/2

=5000(1+10/100)3

=5000x1331/1000

=ksh6655

CI=6655-5000=ksh.1655

e.g.

Findcompoundinterestksh.47145at12%perannum for6months,compoundedquarterly.

Solution.

Asinterestiscompoundedquarterly

A=[P(1+R/4)/100)]4t

A=47145[(1+12/4)/100]½x4
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=47145(1+3/100)2

=47145x103/100x103/100

=ksh.50016.13

CI=50016.13-47145

=ksh.2871.13

Example

Findthecompoundinterestonksh.18750for2yearswhentherateofinterestfor1styearis45andfor2nd

year8%.

Solution.

A=P(1+R1/100)(1+R1/100)

=18750*104/100*108/100

=ksh.21060

CI=21060-18750

=ksh.2310

TypeV
Example

Thecompoundinterestonacertainsum fortwoyearsisksh.52andsimpleinterestforthesameperiodat
samerateisksh.50findthesum andtherate.

Solution.

Wewilldothisquestionbybasicconcept.Simpleinterestissameeveryyearandthereisnodifference
betweenSIandCIfor1styear.Thedifferencearisesinthe2ndyearbecauseinterestof1styearisaddedin
principalandinterestisnowchargedonprincipal+simpleinterestof1styear.

Sointhisquestion

2yearSI=ksh.50

1yearSI=ksh.25

NowCIfor1styear=52-25=Rs.27

Thisadditionalinterest27-25=ksh.2isduetothefactthat1styearSIi.e.ksh.25isaddedinprincipal.It
meansthatadditionalksh.2interestischargedonksh.25.Rate%=2/25x100=8%

Shortcut:

Rate%=[(CI-SI)/(SI/2)]x100

=[(2/50)/2]x100
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2/25x100

=8%

P=SIx100/RxT=50x100/8x2

=ksh.312.50

Example

Asum ofmoneylentCIamountsin2yeartoksh.8820andin3yearstoksh.9261.Findthesum andrate
%.

Solution.

Amountafter3years=ksh.9261

Amountafter2years=ksh.8820

Bysubtractinglastyear’sinterestksh.441

Itisclearthatthisksh.441isSIonksh.8820from 2ndto3rdyeari.e.for1year.

Rate%=441x100/8820x1

=5%

AlsoA=P(1+r/100)t

8820=P(1+5/100)2

=P(21/20)2

P=8820x400/441

=ksh.8000

AppreciationandDepreciation
Appreciationisthegainofvalueofanassetwhiledepreciationisthelossofvalueofanasset.

Example

Anironboxcostksh500andeveryyearitdepreciatesby10%ofitsvalueatthebeginningofthatthatyear.
Whatwillitsvaluebeaftervalue4years?

Solution

Valueafterthefirstyear=sh(500- x500)
10

100

=sh450
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Valueafterthesecondyear=sh(450- x450)
10

100

=sh405

Valueafterthethirdyear=sh(405- x405)
10

100

=sh364.50

Valueafterthefourthyear=sh(364.50- x364.50)
10

100

=sh328.05

IngeneralifPistheinitialvalueofanasset,Athevalueafterdepreciationfornperiodsandrtherateof
depreciationperperiod.

A=P(I-
r

100
)
n

Example

Aminibuscostsh400000.Duetowearandtear,itdepreciatesinvalueby2%everymonth.Finditsvalue
afteroneyear,

Solution

A=P(I-
r

100
)
n

SubstitutingP=400,000,r=2,andn=12intheformula;

A=sh.400000(1-0.02)
12

=sh.400,000(0.98)
12

=sh.313700

Example

Theinitialcostofaranchissh.5000,000.Attheendofeachyear,thelandvalueincreasesby2%.Whatwill
bethevalueoftheranchattheendof3years?

Solution

Thevalueoftheranchafter3years=sh5000,000(1+
2

100
)
3

=sh.5000000(1.02)
3

=sh5,306,040

HirePurchase
Methodofbuyinggoodsandservicesbyinstalments.Theinterestchargedforbuyinggoodsorserviceson
creditiscalledcarryingcharge.

Hirepurchase=Deposit+(instalmentsxtime)

Example
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Achingwantstobuyasewingmachineonhirepurchase.Ithasacashpriceofksh7500.Shecanpaya
cashpriceormakeadownpaymentofsh2250and15monthlyinstalmentsofsh.550each.Howmuch
interestdoesshepayundertheinstalmentplan?

Solution

Totalamountofinstalments=sh550x15

=sh8250

Downpayment(deposit) =sh2250

Totalpayment =sh(8250+2250)

=sh10500

Amountofinterestcharged=sh(10500-7500)

=sh3000

Note;
Alwaysusetheaboveformulatofindothervariables.

Incometax
Taxesonpersonalincomeisincometax.Grossincomeisthetotalamountofmoneyduetotheindividual
attheendofthemonthortheyear.

Grossincome=salary+allowances/benefits

Taxableincomeistheamountonwhichtaxislevied.Thisisthegrossincomelessanyspecialbenefitson
whichtaxesarenotlevied.Suchbenefitsincluderefundsforexpensesincurredwhileoneisonofficialduty.

Inordertocalculatetheincometaxthatonehastopay,weconvertthetaxableincomeintoKenyapounds
K£perannum orpermonthasdictatedbythebythetableofratesgiven.

Relief

 Everyemployeeinkenyaisentitledtoanautomaticpersonaltaxreliefofsh.12672p.a(sh.1056per
month)

 Anemployeewithalifeinsurancepolicyonhislife,thatofhiswifeorchild,maymakeataxclaim
onthepremiumspaidtowardsthepolicyatsh.3perpoundsubjecttoamaximum claim ofsh.3000
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permonth.

Example

Mr.JohnearnsatotalofK£12300p.a.Calculatehow muchtaxheshouldpayperannum.Usingthetax
tablebelow.

IncometaxK£perannum Rate(shperpound)

1-5808 2

5809-11280 3

11289-16752 4

16753-22224 5

Excessover22224 6

Solution

Hissalaryliesbetween£1and£12300.Thehighesttaxbandisthereforethethirdband.

Forthefirst£5808,taxdueissh5808x2=sh11616

Forthenext£5472,taxdueissh5472x2=sh16416

Remaining£1020,taxduesh.1020x4 =sh4080+

Totaltaxdue sh32112

Lesspersonalreliefofsh.1056x12 = sh.12672-

Sh19440

Thereforepayablep.aissh.19400.

Example

Mr.Ogemboearnsabasicsalaryofsh15000permonth.inadditionhegetsamedicalallowanceofsh2400
andahouseallowanceofsh12000.Usethetaxtableabovetocalculatethetaxhepaysperyear.

Solution

Taxableincomepermonth=sh(15000+2400+12000)

=sh.29400

ConvertingtoK£p.a=K£29400x
12

20

=K£17640

Taxdue

First£5808=sh.5808x2=sh.11616

Next£5472=sh.5472x3=sh.16416
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Next£5472=sh.5472x4=sh.21888

Remaining£888=sh.888x5=sh4440+

Totaltaxdue sh54360

Lesspersonalrelief sh12672-

Therefore,taxpayablep.a sh41688

PAYE
InKenya,everyemployerisrequiredbythelaw todeductincometaxfrom themonthlyearningsofhis
employeeseverymonthandtoremitthemoneytotheincometaxdepartment.Thissystem iscalledPayAs
YouEarn(PAYE).

Housing
Ifanemployeeisprovidedwithahousebytheemployer(eitherfreelyorforanominalrent)then15%ofhis
salaryisaddedtohissalary(lessrentpaid)forpurposeoftaxcalculation.Ifthetaxpayerisadirectorand
isprovidedwithafreehouse,then15%ofhissalaryisaddedtohissalarybeforetaxation.

Example

Mr.Omondiwhoisacivilservantlivesingovernmenthousewhopaysarentofsh500permonth.Ifhis
salaryis£9000p.a,calculatehowmuchPAYEheremitsmonthly.

Solution

Basicsalary £9000

Housing£ x9000=£1350
15

100

Lessrentpaid = £300

£1050+

Taxableincome £10050

Taxcharged;

First£5808,thetaxdueissh.5808x2 = sh11616

Remaining£4242,thetaxdueissh4242x3=sh12726+

Sh24342

Lesspersonalrelief Sh12672

Sh11670
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PAYE=sh
11670

12

=sh972.50

Example

Mr.OdhiamboisaseniorteacheronamonthlybasicsalaryofKsh.16000.Ontopofhissalaryhegetsa
houseallowanceofsh12000,amedicalallowanceofKsh.3060andahardshipallowanceofKsh3060and
ahardshipallowanceofKsh.4635.HehasalifeinsurancepolicyforwhichhepaysKsh.800permonthand
claimsinsurancerelief.

i. UsethetaxtablebelowtocalculatehisPAYE.

Incomein£permonth Rate%

1-484 10

485-940 15

941-1396 20

1397-1852 25

Excessover1852 30

ii. InadditiontoPAYEEthefollowingdeductionsaremadeonhispayeverymonth

a)WCPSat2%ofbasicsalary

b)HHIFksh.400

c) Co–operativesharesandloanrecoveryKsh4800.

Solution

a)Taxableincome=Ksh(16000+12000+3060+4635)

=ksh35695

ConvertingtoK£ =
K£35695

20

=K£1784.75

Taxchargedis:

First£484=£484x =£48.40
10

100

Next£456=£456x =£68.40
15

100
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Next£456=£456x =£91.20
10

100

Remaining£388=£388x =£97.00.
25

100

Totaltaxdue=£305.00

=sh6100

Insurancerelief=sh x3=sh120
800

20

Personalrelief =sh1056+

Totalrelief sh1176

Taxpayablepermonthissh6100

Sh1176–

Sh 4924

Therefore,PAYEissh4924.

Note;
ForthecalculationofPAYE,taxableincomeisroundeddownortruncatedtothenearestwholenumber.

Ifanemployee’sduetaxislessthanthereliefallocated,thenthatemployeeisexemptedfrom PAYEE

b)Totaldeductionsare

Sh( x16000+400+4800+800+4924)=sh11244
2

100

Netpay=sh(35695–11244)

=sh24451

Endoftopic

Didyouunderstandeverything?

Ifnotaskateacher,friendsoranybodyandmakesureyouunderstandbefore
goingtosleep!

PastKCSEQuestionsonthetopic.

1. AbusinesswomanopenedanaccountbydepositingKshs.12,000inabankon1stJuly1995.Each
subsequentyear,shedepositedthesameamounton1stJuly.Thebankofferedher9%perannum
compoundinterest.Calculatethetotalamountinheraccounton
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(a) 30thJune1996

(b) 30thJune1997

2. Aconstructioncompanyrequirestotransport144tonnesofstonestositesAand

B.ThecompanypaysKshs24,000totransport48tonnesofstoneforevery28

km.Kimanitransported96tonnestoasiteA,49km away.

(a) Findhowmuchhepaid

(b) KimanispendsKshs3,000totransportevery8tonnesofstonestosite.

Calculatehistotalprofit.

(c) AchiengtransportedtheremainingstonestositesB,84km away.Ifshemade44%profit,
findhertransportcost.

3. Thetableshowsincometaxrates

Monthlytaxablepay RateoftaxKshsin1K£

1–435

436–870

871-1305

1306–1740

ExcessOver1740

2

3

4

5

6

A companyemployeeearnamonthlybasicsalaryofKshs30,000andisalso giventaxable
allowancesamountingtoKshs10,480.

(a) Calculatethetotalincometax

(b) TheemployeeisentitledtoapersonaltaxreliefofKshs800permonth.

Determinethenettax.

(c) Iftheemployeereceiveda50%increaseinhistotalincome,calculatethe

correspondingpercentageincreaseontheincometax.

4. Ahouseistobesoldeitheroncashbasisorthroughaloan.ThecashpriceisKshs.750,000.The
loanconditionsareaasfollows:thereistobedownpayment

of10%ofthecashpriceandtherestofthemoneyistobepaidthroughaloan

at10%perannum compoundinterest.

Acustomerdecidedtobuythehousethroughaloan.

a) (i) Calculatetheamountofmoneyloanedtothecustomer.

(ii) Thecustomerpaidtheloanin3year’s.Calculatethetotalamount
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paidforthehouse.

b) Findhowlongthecustomerwouldhavetakentofullypayforthehouse

ifshepaidatotalofKshs891,750.

5. AbusinessmanobtainedaloanofKshs.450,000from abanktobuyamatatuvaluedatthesame
amount.Thebankchargesinterestat24%perannum compoundquarterly

a) Calculatethetotalamountofmoneythebusinessmanpaidtocleartheloanin1½years.

b) Theaverageincomerealizedfrom thematatuperdaywasKshs.1500.Thematatuworked
for3yearsatanaverageof280daysyear.Calculatethetotalincomefrom thematatu.

c) Duringthethreeyears,thevalueofthematatudepreciatedattherateof16%perannum.If
thebusinessmansoldthematatuatitsnewvalue,calculatethetotalprofitherealizedbythe
endofthreeyears.

6. Abankeitherpayssimpleinterestas5% p.aorcompoundinterest5% p.aondeposits.Nekesa
depositedKshsPinthebankfortwoyearsonsimpleinterestterms.Ifshehaddepositedthesame
amountfortwoyearsoncompoundinterestterms,shewouldhaveearnedKshs210more.

CalculatewithoutusingMathematicsTables,thevaluesofP

7. (a) Acertainsum ofmoneyisdepositedinabankthatpayssimpleinterestat

acertainrate.After5yearsthetotalamountofmoneyinanaccountisKshs358400.The
interestearnedeachyearis12800

Calculate

(i) Theamountofmoneywhichwasdeposited (2mks)
(ii) Theannualrateofinterestthatthebankpaid (2mks)

(b) AcomputerwhosemarkedpriceisKshs40,000issoldatKshs56,000onhirepurchase
terms.

(i) Kiokoboughtthecomputeronhirepurchaseterm.Hepaidadepositof25% ofthehire
purchasepriceand cleared thebalancebyequalmonthlyinstallmentsofKshs2625.
Calculatethenumberofinstallments(3mks)

(ii) HadKiokoboughtthecomputeroncashtermshewouldhavebeenallowedadiscountof12
½%onmarkedprice.Calculatethedifferencebetweenthecashpriceandthehirepurchase
priceandexpressasapercentageofthecashprice

(iii) Calculatethedifferencebetweenthecashpriceandhirepurchasepriceandexpressitasa
percentageofthecashprice.

8. Thetablebelowisapartoftaxtableformonthlyincomefortheyear2004

Monthlytaxableincome

In(Kshs)

Taxratepercentage

(%)ineachshillings

UnderKshs9681 10%

From Kshs9681butunder18801 15%
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From Kshs18801but27921 20%

Inthetaxyear2004,thetaxofKerubo’smonthlyincomewasKshs1916.

CalculateKerubo’smonthlyincome

9. ThecashpriceofaT.VsetisKshs13,800.Acustomeroptstobuythesetonhirepurchaseterms
bypayingadepositofKshs2280.

Ifsimpleinterestof20p.aischargedonthebalanceandthecustomerisrequiredtorepayby24
equalmonthlyinstallments.Calculatetheamountofeachinstallment.

10. AplotoflandvaluedatKsh.50,000atthestartof1994.

Thereafter,everyyear,itappreciatedby10%ofitspreviousyearsvaluefind:

(a) Thevalueofthelandatthestartof1995

(b) Thevalueofthelandattheendof1997

11. ThetablebelowshowsKenyataxratesinacertainyear.

IncomeK£perannum TaxratesKshsperK£

1-4512 2

4513-9024 3

9025-13536 4

13537-18048 5

18049-22560 6

Over22560 6.5

InthatyearMuhandoearnedasalaryofKsh.16510permonth.Hewasentitledtoamonthlytax
reliefofKsh.960

Calculate

(a) MuhandoannualsalaryinK£

(b) (i) ThemonthlytaxpaidbyMuhandoinKsh

14. AtailorintendstobuyasewingmachinewhichcostsKsh48,000.Heborrowsthemoneyfrom a
bank.Theloanhastoberepaidattheendofthesecondyear.Thebankchargesaninterestatthe
rateof24%perannum compoundedhalfyearly.Calculatethetotalamountpayabletothebank.

15. Theaveragerateofdepreciationinvalueofawaterpumpis9%perannum.Afterthreecomplete
yearsitsvaluewasKsh150,700.Finditsvalueatthestartofthethreeyearperiod.
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1.AwaterpumpcostsKsh21600whennew,attheendofthefirstyearitsvaluedepreciatesby
25%.The depreciation atthe end ofthe second yearis20% and thereafterthe rate of
depreciationis15%yearly.Calculatetheexactvalueofthewaterpumpattheendofthefourth
year.

CHAPTERFOURTYSEVEN

SpecificObjectives

Bytheendofthetopicthelearnershouldbeableto:
(a)Calculatelengthofanarcandachord;

(b)Calculatelengthsoftangentsandintersectingchords;

(c)Stateandusepropertiesofchordsandtangents;

(d)Constructtangenttoacircle,

(e)Constructdirectandtransversecommontangentstotwocircles;

(f)Relateanglesinalternatesegment;

(g)Constructcircumscribed,inscribedandescribedcircles;

(h)Locatecentroidandorthocentreofatriangle;

(i)Applyknowledgeofcircles,tangentsandchordstoreallifesituations.

Content
(a)Arcs,chordsandtangents

(b)Lengthsoftangentsandintersectingchords

(c)Propertiesofchordsandtangents

(d)Constructionoftangentstoacircle

(e)Directandtransversecommontangentstotwocircles

(f)Anglesinalternatesegment

CIRCLES,CHORDSANDTANGENTS
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(g)Circumscribed,inscribedandescribedcircles

(h)Centroidandorthocentre

(i)Applicationofknowledgeoftangentsandchordstoreallifesituations.

LengthofanArc

TheArclengthmarkedredisgivenby;

x2πr.
θ

360

Example

Findthelengthofanarcsubtendedbyanangleof atthecentreofthecircleofradius14cm.250
0

Solution

Lengthofanarc= x2πr
θ

360

= x2x x14=61.11cm
250

360

22

7

Example

Thelengthofanarcofacircleis11.0cm.Findtheradiusofthecircleifanarcsubtendedanangleof at90
0

thecentre.

Solution

Arclength= x2πrbutθ=9
θ

360
0
0

Therefore11= x2x xr
90

360

22

7

r=7.0cm
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Example

Findtheanglesubtendedatthecentreofacirclebyanarcof20cm,ifthecircumferenceofthecircleis60
cm.

Solution

= x2πr=20
θ

360

But2πr=60cm

Therefore, x60=20
θ

360

θ=20x
360

60

θ=120
0

Chords

Chordofacircle:Alinesegmentwhichjoinstwopointsonacircle.Diameter:achordwhichpasses
throughthecenterofthecircle.Radius:thedistancefrom thecenterofthecircletothe circumferenceof
thecircle

Perpendicularbisectorofacode
A perpendicular drawn from the centre of the circle to a chord bisects the chord.

Note;
 Perperndiculardrawnfrom thecentreofthecircle tochord bisectsthecord(dividesitintotwo

equalparts)
 Astraightlinejoiningthecentreofacircletothemidpointofachordisperpendiculartothechord.

Fo
r f

re
e K

CS
E 

No
tes

, E
xa

ms
, a

nd
 P

as
t P

ap
er

s V
isi

t h
ttp

s:/
/T

ea
ch

er
.co

.ke
/



isabokemicah@gmail.com

Novels,UpdatedICT,CPA,KASNEB,College,HighSchoolNotes&RevisionBooklets 0714497530

TheradiusofacirclecentreOis13cm.Findtheperpendiculardistancefrom Otothechord,ifABis24cm.

Solution
OCbisectschordABatC
Therefore,AC=12cm
In∆AOC,O = -C

2
AO

2
AC

2

= - =2513
2
12

2

Therefore
,OM = =5cm25

Parallelchords

Anychordpassingthroughthemidpointsofallparallelchordsofacircleisadiameter

Example

InthefigurebelowCDandABareparallelchordsofacircleand2cm apart.IfCD=8cm andAB=10cm,
findtheradiusofthecircle
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Solution

 Drawtheperpendicularbisectorofthechordstocutthem atKandL.

 JoinODandOC

 IntriangleODL,

 DL=4cm andKC=5cm

 LetOK=Xcm

 Therefore(x+ )+ =2
2

4
2

r
2

IntriangleOCK;

 + =x
2

5
2

r
2

 Therefore(x+ )+ = +2
2

4
2

x
2

5
2

 +4x+20)+ = +x
2

4
2

x
2

5
2

 4x+20=25

 4x=5

 X= 1
1

4

Usingtheequation + =x
2

5
2

r
2

=( +r
2 5

4
)
2

5
2

= +25
25

16

=
425

16

r= =5.154cm
425

16
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Intersectingchords

Ingeneral = orDE×EC=EB×AE
DE

AE

EB

EC

Example
IntheexampleaboveABandCDaretwochordsthatintersectinacircleatGiventhatAE=4cm,CE=5cm
andDE=3cm,findAB.
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Solution
LetEB=xcm
4×x=5×3

4x=15
x=3.75cm

SinceAB=AE+EB
AB=4+3.75

=7.75cm

Equalchords.
 Anglessubtendedatthecentreofacirclebyequalchordsareequals
 Ifchordsareequaltheyareequidistantfrom thecentreofthecircle

Secant

Achordthatisproducedoutsideacircleiscalledasecant

= ORBC×CA=CD×EC
BC

EC

CD

CA

Example

FindthevalueofATinthefigurebelow.AR=4cm,RD=5cm andTC=9cm.

Solution

ACxAT=AOxAR

(x+9)x=(5+4)4
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+9x=36x
2

+9x-36=0x
2

(x+12)(x-3)=0

Therefore,x=-12orx=3

xcanonlybeapositivenumbernotnegativehencex=3cm

Tangentandsecant
Tangent

Alinewhichtouchesacircleatexactlyonepointiscalledatangentlineandthepointwhereittouchesthe
circleiscalledthepointofcontact

Secant

Alinewhichintersectsthecircleintwodistinctpointsiscalledasecantline(usuallyreferredtoasa
secant).Thefiguresbelow AshowsasecantwhileBshowsatangent.

A B

Constructionofatangent

 DrawacircleofanyradiusandcentreO.

 JoinOtoanypointPonthecircumference

 ProduceOPtoapointPoutsidethecircle

 ConstructaperpendicularlineSPthroughpointP

 ThelineisatangenttothecircleatPasshownbelow.
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Note;
 Theradiusandtangentareperpendicularatthepointofcontact.

 Throughanypointonacircle,onlyonetangentcanbedrawn

 Aperpendiculartoatangentatthepointofcontactpassesthoughtthecentreofthecircle.

Example

Inthefigurebelow PT=15cm andPO=17cm,calculatethelengthofPQ.

Solution

= -OT
2

OP
2
PT

2

= -17
2
15

2

=64

OT=8cm

Propertiesoftangentstoacirclefrom anexternalpoint
Iftwotangentsaredrawntoacirclefrom anexternalpoint

 Theyareequal

 Theysubtendequalanglesatthecentre

 Thelinejoiningthecentreofthecircletotheexternalpointbisectstheanglebetweenthetangents
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s

Example

ThefigurebelowrepresentsacirclecentreOandradius5cm.ThetangentsPTis12cm long.Find:a.)OP

b.)AngleTPT
1

Solution

a.)JoinOtoP

= - (pythagorastheorem)OP
2

OC
2
PC

2

= +OP
2

5
2

12
2

=25+144

=169

Therefore,OP=13cm

b.)< =2TPO(PObisect< )TPT
1

TPT
1

<OTP =90
0

∆TPOisarightangledatT
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=0.9231cos<TPO=
12

13

Therefore,<TPO=22.62
0

Hence< =22.6 ×2TPT
1

2
0

=45.24
0

Twotangenttoacircle
Direct(exterior)commontangents Transverseorinteriorcommontangents

TangentProblem
Thecommon-tangentproblem isnamedforthesingletangentsegmentthat’stangenttotwocircles.Your
goalistofindthelengthofthetangent.Theseproblemsareabitinvolved,buttheyshouldcauseyoulittle
difficultyifyouusethestraightforwardthree-stepsolutionmethodthatfollows.

Thefollowingexampleinvolvesacommonexternaltangent(wherethetangentliesonthesamesideof
bothcircles).Youmightalsoseeacommon-tangentproblem thatinvolvesacommoninternaltangent
(wherethetangentliesbetweenthecircles).Noworries:Thesolutiontechniqueisthesameforboth.

Giventheradiusofcircle Ais4cm andtheradiusofcircleZis14cm andthedistancebetweenthetwo
circlesis8cm.

Here’showtosolveit:

1.)Draw thesegmentconnectingthecentersofthetwocirclesanddraw thetworadiitothepointsof
tangency(ifthesesegmentshaven’talreadybeendrawnforyou).

DrawlineAZandradiiABandZY.

Thefollowingfigureshowsthisstep.Notethatthegivendistanceof8cm betweenthecirclesisthe
distancebetweentheoutsidesofthecirclesalongthesegmentthatconnectstheircenters.
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2.)From thecenterofthesmallercircle,draw asegmentparalleltothecommontangenttillithitsthe
radiusofthelargercircle(ortheextensionoftheradiusinacommon-internal-tangentproblem).

Youendupwitharighttriangleandarectangle;oneoftherectangle’ssidesisthecommontangent.The
abovefigureillustratesthisstep.

3.)Younowhavearighttriangleandarectangleandcanfinishtheproblem withthePythagoreanTheorem
andthesimplefactthatoppositesidesofarectanglearecongruent.

Thetriangle’shypotenuseismadeupoftheradiusofcircleA,thesegmentbetweenthecircles,andthe
radiusofcircleZ.Theirlengthsaddupto4+8+14=26.Youcanseethatthewidthoftherectangle
equalstheradiusofcircleA,whichis4;becauseoppositesidesofarectanglearecongruent,youcanthen
tellthatoneofthetriangle’slegsistheradiusofcircleZminus4,or14–4=10.

Younow know twosidesofthetriangle,andifyoufindthethirdside,that’llgiveyouthelengthofthe
commontangent.

YougetthethirdsidewiththePythagoreanTheorem:
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(Ofcourse,ifyourecognizethattherighttriangleisinthe5:12:13family,youcanmultiply12by2toget
24insteadofusingthePythagoreanTheorem.)Becauseoppositesidesofarectanglearecongruent,BYis
also24,andyou’redone.

Now lookbackatthelastfigureandnotewheretherightanglesareandhow therighttriangleandthe
rectanglearesituated;thenmakesureyouheedthefollowingtipandwarning.

Notethelocationofthehypotenuse.Inacommon-tangentproblem,thesegmentconnectingthecentersof
thecirclesisalwaysthehypotenuseofarighttriangle.Thecommontangentisalwaysthesideofa
rectangle,notahypotenuse.

Inacommon-tangentproblem,thesegmentconnectingthecentersofthecirclesisneveronesideofa
rightangle.Don’tmakethiscommonmistake.

HOW TOconstructacommonexteriortangentlinetotwocircles

Inthislessonyouwilllearnhowtoconstructacommonexteriortangentlinetotwocirclesinaplanesuch
thatnooneislocatedinsidetheotherusingarulerandacompass.

Problem 1

Fortwogivencirclesinaplanesuchthatnooneislocatedinsidetheother,toconstructthecommon
exteriortangentlineusingarulerandacompass.

Solution

Wearegiventwocirclesinaplanesuchthatnooneislocatedinsidetheother(Figure1a).

Weneedtoconstructthecommonexteriortangentlinetothecirclesusingarulerandacompass.

First,letus analyze theproblem andmakeasketch (Figures1a and 1b).LetAB bethecommon
tangentlinetothecircleswearesearchingfor.

LetusconnectthetangentpointA ofthefirstcirclewithitscenterP andthetangentpointB ofthe
secondcirclewithitscenterQ (Figure1aand1b).

ThentheradiiPA andQB arebothperpendiculartothetangentlineAB (lessonAtangentlinetoacircle
isperpendiculartotheradiusdrawntothetangentpointunderthetopic Circlesandtheirproperties ).
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Hence,theradiiPAandQBareparallel.

Figure1a.TotheProblem 1

Figure1b.TothesolutionoftheProblem 1

Figure1c.Totheconstructionstep3
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Next,letusdrawthestraightlinesegmentCQ parallelto AB throughthepointQ tilltheintersection
withtheradius PA atthepointC (Figure1b).Thenthestraightline CQ isparallelto AB.Hence,the
quadrilateralCABQ isaparallelogram (moreover,itisarectangle)andhastheoppositesides QB and
CA congruent.ThepointC dividestheradiusPA intwosegmentsofthelength (CA)and - (PC).r

2
r
1
r
2

Itisclearfrom thisanalysisthatthestraightlineQC isthetangentlinetothecircleoftheradius - withr
1
r
2

thecenteratthepointP (showninredinFigure1b).

Itimpliesthattheprocedureofconstructingthecommonexteriortangentlinetotwocirclesshouldbeas
follows:

1)drawtheauxiliarycircleoftheradius - atthecenterofthelargercircle(showninredin Figurer
1
r
2

1b);

2)constructthetangentlinetothisauxiliarycirclefrom thecenterofthesmallercircle(showninredin
Figure1b).InthiswayyouwillgetthetangentpointC ontheauxiliarycircleoftheradius - ;r

1
r
2

3)drawthestraightlinefrom thepointP tothepointC andcontinueitinthesamedirectiontillthe
intersectionwiththelargercircle (showninbluein Figure1b).TheintersectionpointA isthetangent
pointofthecommontangentlineandthelargercircle.Figure1cremindsyouhowtoperform thisstep.

4)drawthestraightlineQB parallelto PA tilltheintersectionwiththesmallercircle(showninbluein
Figure1b).

TheintersectionpointB isthetangentpointofthecommontangentlineandthesmallercircle;

5)therequiredcommontangentlineisuniquelydefinedbyitstwopointsA andB.

Notethatalltheseoperations1)-4)canbedoneusingarulerandacompass.Theproblem issolved.
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Problem 2

Findthelengthofthecommonexteriortangentsegmenttotwogivencirclesinaplane,iftheyhavethe
radii and andthedistancebetweentheircentersisd.r

1
r
2

Nooneofthetwocirclesislocatedinsidetheother.

Solution

LetususetheFigure1bfrom thesolutiontothepreviousProblem 1.

ThisFigureisrelevanttotheProblem 2.Itiscopiedandreproduced

intheFigure2ontherightforyourconvenience.

figure2

Itisclearfrom thesolutionoftheProblem 1abovethatthecommon

exteriortangentsegment|AB|iscongruenttotheside|CQ|ofthe

quadrilateral(rectangle)CABQ.

From theotherside,thesegmentCQ isthelegoftheright-angled

triangleDELTAPCQ.Thistrianglehasthehypotenuse'smeasuredand

theotherleg'smeasure - .Therefore,thelengthofthecommonr
1
r
2

exteriortangentsegment|AB|isequalto

|AB|= -(-d
2
r
1
r
2
)
2

Notethatthesolvabilityconditionforthisproblem isd> - .r
1
r
2

Itcoincideswiththeconditionthatnooneofthetwocirclesliesinsidetheother.

Example1

Findthelengthofthecommonexteriortangentsegmenttotwogivencirclesinaplane,iftheirradiiare6
cm and3cm andthedistancebetweentheircenters

is5cm.
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Solution
Usetheformula(1)derivedinthesolutionoftheProblem 2.

Accordingtothisformula,thelengthofthecommonexteriortangentsegmenttothetwogivencirclesis
equalto

= =-5
2
(6-3)

2
-5

2
3
2

25-9

=4cm

Answer.

Thelengthofthecommonexteriortangentsegmenttothetwogivencirclesis4cm

Contactofcircles
Twocirclearesaidtotoucheachotheratapointiftheyhaveacommontangentatthatpoint.

PointTisshownbythereddot.

Internaltangent externallytangent

Note;
 Thecentersofthetwocirclesandtheirpointofcontactlieonastraightline

 Whentwocirclestoucheachotherinternally,thedistancebetweenthecentersisequaltothe
differenceoftheradiii.e.PQ=TP-TA

 Whentwocirclestoucheachotherexternally,thedistancebetweenthecentersisequaltothesum
oftheradiii.e.OR=TO+TR

.

Fo
r f

re
e K

CS
E 

No
tes

, E
xa

ms
, a

nd
 P

as
t P

ap
er

s V
isi

t h
ttp

s:/
/T

ea
ch

er
.co

.ke
/



isabokemicah@gmail.com

Novels,UpdatedICT,CPA,KASNEB,College,HighSchoolNotes&RevisionBooklets 0714497530

Fo
r f

re
e K

CS
E 

No
tes

, E
xa

ms
, a

nd
 P

as
t P

ap
er

s V
isi

t h
ttp

s:/
/T

ea
ch

er
.co

.ke
/



isabokemicah@gmail.com

Novels,UpdatedICT,CPA,KASNEB,College,HighSchoolNotes&RevisionBooklets 0714497530

AlternateSegmenttheorem
Theanglewhichthechordmakeswiththetangentisequaltotheanglesubtendedbythesamechordinthe
alternatesegmentofthecircle.
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Anglea=Angleb

Note;

ThebluelinerepresentstheanglewhichthechordCDmakeswiththetangentPQwhichisequaltothe
anglebwhichissubtendedbythechordinthealternatesegmentofthecircle.

Illustrations

 Angles=Anglet

 Anglea=Angeb weusethealternatesegmenttheorm<

Tangent–secantsegmentlengththeorem
Ifatangentsegmentandsecantsegmentaredrawntoacirclefrom anexternalpoint,thenthesquareof
thelengthofthetangentequalstheproductofthelengthofthesecantwiththelengthofitsexternal
segment.
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=TW.TX(TV)
2

Example

Inthefigureabove,TW=10cm andXW =4cm.findTV

Solution

=TW.TX(TV)
2

=10×6(tx=tw-xw)(TV)
2

=16

TV=4cm

Circlesandtriangles

Inscribedcircle

 ConstructanytriangleABC.

 Constructthebisectorsofthethreeangles

 ThebisectorswillmeetatpointI

 Constructaperpendicularfrom OtomeetoneofthesidesatM

 WiththecentreIandradiusIM drawacircle

 ThecirclewilltouchthethreesidesofthetriangleABC

 Suchacircleiscalledaninscribedcircleorincircle.

 Thecentreofaninscribedcircleiscalledtheincentre
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Circumscribedcircle

 ConstructanytriangleABC.

 ConstructperpendicularbisectorsofAB,BC,andACtomeetatpointO.

 WithOasthecentreandusingOBasradius,draw acircle

 ThecirclewillpassthroughtheverticesA,B andCasshowninthefigurebelow

Escribedcircle

 ConstructanytriangleABC.

 ExtendlineBAandBC

 Constructtheperpendicularbisectorsofthetwoexternalanglesproduced

 LettheperpendicularbisectorsmeetatO

 WithOasthecentredrawthecirclewhichwilltouchalltheexternalsidesofthetriangle

Fo
r f

re
e K

CS
E 

No
tes

, E
xa

ms
, a

nd
 P

as
t P

ap
er

s V
isi

t h
ttp

s:/
/T

ea
ch

er
.co

.ke
/



isabokemicah@gmail.com

Novels,UpdatedICT,CPA,KASNEB,College,HighSchoolNotes&RevisionBooklets 0714497530

Note;

CentreOiscalledtheex-centre

AOandCOarecalledexternalbisectors.

Endoftopic

Didyouunderstandeverything?

Ifnotaskateacher,friendsoranybodyandmakesureyouunderstandbefore
goingtosleep!

PastKCSEQuestionsonthetopic.

1. Thefigurebelowrepresentsacircleadiameter28cm withasectorsubtendinganangleof750at
thecentre.

Findtheareaoftheshadedsegmentto4significantfigures

(a)<PST

2. ThefigurebelowrepresentsarectanglePQRSinscribedinacirclecentre0andradius17cm.PQ=
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16cm.

Calculate

(a)ThelengthPSoftherectangle
(b)TheanglePOS
(c)Theareaoftheshadedregion

3. Inthefigurebelow,BTisatangenttothecircleatB.AXCTandBXDare

straightlines.AX=6cm,CT=8cm,BX=4.8cm andXD=5cm.

Findthelengthof

(a)XC

(b)BT

4. Thefigurebelowshowstwocircleseachofradius7cm,withcentersatXandY.Thecirclestouch
eachotheratpointQ.
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Giventhat<AXD=<BYC=1200andlinesAB,XQYandDCareparallel,calculatetheareaof:

a) MinorsectorXAQD(Takeπ22/7)

b) Thetrapezium XABY

c) Theshadedregions.

5. Thefigurebelowshowsacircle,centre,Oofradius7cm.TPandTQaretangentstothecircleat
pointsPandQrespectively.OT=25cm.

CalculatethelengthofthechordPQ

6. ThefigurebelowshowsacirclecentreOandapointQwhichisoutsidethecircle

Usingarulerandapairofcompasses,onlylocateapointonthecirclesuchthatangleOPQ=90o

7. Inthefigurebelow,PQRisanequilateraltriangleofside6cm.ArcsQR,PRandPQarcsofcircles
withcentersatP,QandRrespectively.

O

Q
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Calculatetheareaoftheshadedregionto4significantfigures

8. Inthefigurebelow ABisadiameterofthecircle.ChordPQintersectsABatN.Atangenttothe
circleatBmeetsPQproducedatR.

GiventhatPN=14cm,NB=4cm andBR=7.5cm,calculatethelengthof:

(a) NR
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(b) AN
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CHAPTERFOURTYEIGHT

SpecificObjectives

Bytheendofthetopicthelearnershouldbeableto:

(a)Defineamatrix;

(b)Statetheorderofamatrix;

(c)Defineasquarematrix;

(d)Determinecompatibilityinadditionandmultiplicationofmatrices;

(e)Addmatrices;

(f)Multiplymatrices;

(g)Identifymatrices;

(h)Finddeterminantofa2x2matrix;

(i)Findtheinverseofa2x2matrix;

(j)Usematricestosolvesimultaneousequations.

Content
(a)Matrix

(b)Orderofamatrix

(c)Squarematrix

(d)Compatibilityinadditionandmultiplicationofmatrices

(e)Multiplicationofamatrixbyascalar

(f)Matrixmultiplication

MATRICES
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(g)Identifymatrix

(h)Determinantofa2x2matrix

(i)Inverseofa2x2matrix

(j)Singularmatrix

(k)Solutionsofsimultaneousequationsintwounknowns.

(i)

Introduction

Amatrixisarectangulararrangementofnumbersinrowsandcolumns.Forinstance,matrixAbelowhas
tworowsandthreecolumns.Thedimensionsofthismatrixare2x3(read“2by3”).Thenumbersina
matrixareitsentries.InmatrixA,theentryinthesecondrowandthirdcolumnis5.

A= [ ]6 2 -1
-2 0 5

Somematrices(thepluralofmatrix)havespecialnamesbecauseoftheirdimensionsorentries.

Orderofmatrix
Matrixconsistofrowsandcolumns.Rowsarethehorizontalarrangementwhilecolumnsarethevertical
arrangement.
Orderofmatrixisbeingdeterminedbythenumberofrowsandcolumns.Theorderisgivenbystatingthe
numberofrowsfollowedbycolumns.

Note;
Ifthenumberofrowsism andthenumberofcolumnsn,thematrixisoforderm×n.

E.g.Ifamatrixhasm rowsandncolumns,itissaidtobeordermn.

e.g. isamatrixoforder34.

e.g. isamatrixoforder3.

e.g. isa23matrix.
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e.g. isa31matrix.

Elementsofmatrix
Theelementofamatrixiseachnumberorletterinthematrix.Eachelementislocatingbystatingits
positionintherowandthecolumn.

Forexample,giventhe3x4matrix

 Theelement1isinthethirdrowandfirstcolumn.
 Theelement6isinthefirstrowandforthcolumn.

Note;
Amatrixinwhichthenumberofrowsisequaltothenumberofcolumnsiscalledasquarematrix.

Iscalledarowmatrixorrowvector.

Iscalledacolumnmatrixorcolumnvector.

Isacolumnvectoroforder31.

isarowvectoroforder13.

Twoormorematricesreequaliftheyareofthesameorderandtheircorrespondingelementsareequal.

Thus,if = then,a=3,b=4andd=5.[a c
c d] [3 4

1 5]
Additionandsubtractionofmatrices

Matricescanbeaddedorsubtractediftheyareofthesameorder.Thesum oftwoormorematricesis
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obtainedbyaddingcorrespondingelements.Subtractionisalsodoneinthesameway.

Example

ifA= andB= find:[2 5
0 7] [1 3

6 2]
1.)A+B 2.)A–B

Solution

1.)A+B= + = =[2 5
0 7] [1 3

6 2] [2+1 5+3
0+6 7+2] [3 8

6 9]

2.)A-B= + = =[2 5
0 7] [1 3

6 2] [2-1 5-3
0-6 7-2] [1 2

-6 5]

Example

- + =[3 2 1
0 4 5
1 3 2

] [2 4 1
1 2 0
5 9 6

] [8 0 2
1 3 5
2 1 6

] [3-2+8 2-4+0 1-1+2
0-1+1 4-2+3 5-0+5
1-5+2 3-9+1 2-6+6

]
=[9 -2 2

0 5 10
-2 -5 2

]

Note;
AfterarrangingthematricesyoumustuseBODMAS

+[2 7
4 9] [15

6
]

Thematrixabovecannotbeaddedbecausetheyarenotofthesameorder isoforder2x2while is[2 7
4 9] [15

6
]

oforder3x1

Matrixmultiplication
Tomultiplyamatrixbyanumber,youmultiplyeachelementinthematrixbythenumber.

Example

3[-2 0
4 -7]

solution

= =[-2(3) 0(3)

4(3) -7(3)] [-6 0
12 -21]
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Example

-2 +[1 -2
0 3
-4 5

] [-4 5
6 -8
-2 6

]
Solution

+[-2 4
0 -6
8 -10

] [-4 5
6 -8
-2 6

]
=[-6 9
6 -14
6 -4

]
Example

Awomanwantedtobuyonesackofpotatoes,threebunchesofbananasandtwobasketofonion.She
wenttokikuyumarketandfoundthepricesassh280forthesackofpotatoes,sh50forabunchof
bananasandsh100forabasketofonions.Atkondeleemarketthecorrespondingpricesweresh300,sh
48andsh80.

a.)Expressthewoman’srequirementsasarowmatrix

b.)Expressthepricesineachmarketasacolumnmatrix

c.)Usethematricesin(a)and(b)tofindthetotalcostineachmarket

Solution

a.)Requirementsinmatrixform is(132)

b.)PricematrixforKikuyumarketis[28050
100

]

Pricematrixforkondeleemarket[30048
80

]
c.)TotalcostinshillingsatKikuyuMarketis;

(132) =(1x280+3x50+2x100)=(630)[28050
100

]
TotalcostinshillingsatKondeleeMarketis;

(132) =(1x300+3x48+2x80)=(604)[30048
80

]
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Thetworesultscanbecombinedintooneasshownbelow

(132) =(630604)[280 300
50 48
100 80

]
Note;
TheproductoftwomatricesAandBisdefinedprovidedthenumberofcolumnsinAisequaltothe
numberofrowsinB.
IfAisanm xnmatrixandBisannxpmatrix,thentheproductABisanm apmatrix.

AXB=AB
m Xn nXp=m X p

Eachtimearowismultipliedbyacolumn

Example

FindABifA= andB=[-2 3
1 -4
6 0

] [-1 3
-2 4]

Solution
BecauseAisa3x2matrixandBisa2x2matrix,theproductABisdefinedandisa3x2matrix.Towrite
theelementsinthefirstrowandfirstcolumnofAB,multiplycorrespondingelementsinthefirstrowofA
andthefirstcolumnofB.Thenadd.Useasimilarproceduretowritetheotherentriesoftheproduct.

AB=[-2 3
1 -4
6 0

][-1 3
-2 4]

=[(-2)(-1)+(3)(-2)(-2)(3)+(3)(4)

(1)(-1)+(-4)(-2)(1)(3)+(-4)(4)

(-6)(-1)+(0)(-2) (6)(3)+(0)(4)
]

=[-4 6
7 -13
-6 18

]

Identitymatrix
Formatrices,theidentitymatrixoraunitmatrixisthematrixthathas1’sonthemaindiagonaland0’s
elsewhere.Themaindiagonalistheonerunningfrom toplefttobottom right.Itisalsocalledleadingor
principlediagonal.Examplesare;

I= I=[1 0
0 1] [1 0 0

0 1 0
0 0 1

]
2X2identitymatrix 3x3identitymatrix
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IfAisanynxnmatrixandIisthenxnidentitymatrix,thenIA=AandAI=A.

Determinantmatrix
Thedeterminantofamatrixisthedifferenceoftheproductsoftheelementsonthediagonals.

Examples

ThedeterminantofA,detAor|A|isdefinedasfollows:

(a) Ifn=2,

Example

Findthedeterminant[1 3
2 5]

Solution

Subtracttheproductofthediagonals

1x5–2x3=5–6=-1

Determinantis-1

Inverseofamatrix
Twomatricesofordernxnareinverseofeachotheriftheirproduct(inbothorders)istheidentitymatrixof

thesameordernxn.TheinverseofAiswrittenasA
-1

Example

ShowthatB= A=[3 -1
-5 2] [2 1

5 3]
Solution

AB=[3 -1
-5 2][

2 1
5 3]

=[2X3+1x-5 2x-1+1+2
5x3+3x-5 5x-1+3x2]

= =I[1 0
0 1]

BA=[3 -1
-5 2][

2 1
5 3]

= =I AB=BA=I.Hence,AistheinverseofB[1 0
0 1]

Note;
Togettheinversematrix

 Findthedeterminantofthematrix.Ifitiszero,thenthereisnoinverse
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 Ifitisnonzero,then;

 Interchangetheelementsinthemaindiagonal

 Reversethesignsoftheelementintheotherdiagonals

 Dividethematrixobtainedbythedeterminantofthegivenmatrix

Insummary

TheinverseofthematrixA= is[a b
c d]

= = = providedad-cb≠0A
-1 1

|A|
[d -b
-e a]

1

ad-cb
[d -b
-e a]

Example

FindtheinverseofA=[3 1
4 2]

Solution

= = =A
-1 1

6-4[
2 -1
-4 3]

1

2[
2 -1
-4 3] [1 -

1

2

-2
3

2
]

Check
YoucanchecktheinversebyshowingthatAA

-1

= And =[3 1
4 2][1 -

1

2

-2
3

2
] [1 0

0 1] [1 -
1

2

-2
3

2
][3 1
4 2] [1 0

0 1]

Solutionsofsimultaneouslinearequationsusingmatrix

Usingmatrixmethodsolvethefollowingpairsofsimultaneousequation

x+2y=4

3x-5y=1

Solution

=(1 2
3 -5)(

x
y) (41)
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isthecooeffientsmatrixofthesimulteneouequations(1 2
3 -5)

istheconstantsmatrix(4y)

WeneedtocalculatetheinverseofA=(1 2
3 -5)

= =-A
- 1

-(2)(3)(1)(-5) (-5 -2
-3 1)

1

11(
-5 -2
-3 1)

Hence B=-A
- 1

11(
-5 -2
-3 1)(

4
1)

=- ( )
1

11
-22
11

=(21)
Hencethevalueofx=2andthevalueofy=1isthesolutionofthesimultaneousequation

Endoftopic

Didyouunderstandeverything?

Ifnotaskateacher,friendsoranybodyandmakesureyouunderstandbefore
goingtosleep!

PastKCSEQuestionsonthetopic

1. AandBaretwomatrices.IfA= 1 2 findBgiventhatA2=A+B

4 3

2. GiventhatA=1 3,B=3 1,C=p 0 andAB=BC,determinethevalueofP

5 3 5-1 0 q

3. AmatrixAisgivenbyA=x 0

5 y

a)DetermineA2
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1 0 ,

0 1

b)IfA2= determinethepossiblepairsofvaluesofxandy

4. (a) Findtheinverseofthematrix 9 8

7 6

(b) Inacertainweekabusinessmanbought36bicyclesand32radiosfortotalofKshs227280.
Inthefollowingweek,hebought28bicyclesand24radiosforatotalofKshs174960.Using
matrixmethod,findthepriceofeachbicycleandeachradiothathebought

(c) Inthethirdweek,thepriceofeachbicyclewasreducedby10%whilethepriceofeachradio
wasraisedby10%.Thebusinessmanboughtasmanybicyclesandasmanyradiosashe
hadboughtinthefirsttwoweeks.

Findbymatrixmethod,thetotalcostofthebicyclesandradiosthatthebusinessman
boughtinthethirdweek.

5. DeterminetheinverseT-1ofthematrix 1 2

1 -1

Hencefindthecoordinatestothepointatwhichthetwolinesx+2y=7andx-y=1

6. GiventhatA= 0 -1 andB= -1 0

3 2 2 -4

Findthevalueofxif

(i) A–2x=2B

(ii) 3x–2A=3B

(iii) 2A–3B=2x

7. Findthenon-zerovalueofkforwhich k+1 2 isaninverse.

4k 2k

8. Aclothesdealersold3shirtsand2trousersforKshs.840and4shirtsand5trousersforKshs1680.
Form amatrixequationtorepresenttheaboveinformation.Hencefindthecostof1shirtandthe
costof1trouser.

CHAPTERFOURTYNINE

FORMULAEANDVARIATION
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SpecificObjectives

Bytheendofthetopicthelearnershouldbeableto:
a)Rewriteagivenformulabychangingitssubject

b)Definedirect,inverse,partialandjointvariations

c)Determineconstantsofproportionality

d)Form andsolveequationsinvolvingvariations

e)Drawgraphstoillustratedirectandinverseproportions

f)Usevariationstosolvereallifeproblems

Content
a.)Changeofthesubjectofaformula

b.)Direct,inverse,partialandjointvariation

c.)Constantsofproportionality

d.)Equationsinvolvingvariations

e.)Graphsofdirectandinverseproportion

f.)Formationofequationsonvariationsbasedonreallifesituations

Formulae
AFormulaisanexpressionorequationthatexpressestherelationshipbetweencertainquantities.

ForExampleA=π istheformulatofindtheareaofacircleofradiusrunits.r
2

From thisformula,wecanknowtherelationshipbetweentheradiusandtheareaofacircle.Theareaofa
circlevariesdirectlyasthesquareofitsradius.Hereπistheconstantofvariation.

Changingthesubjectofaformulae
Terminology
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Intheformula
C=πd

Subject:C Rule:multiplyπbydiameter

Thevariableontheleft,isknownasthesubject:Whatyouaretryingtofind.
Theformulaontheright,istherule,thattellsyouhowtocalculatethesubject.
So,ifyouwanttohaveaformulaorrulethatletsyoucalculated,youneed
tomaked,thesubjectoftheformula.
Thisischangingthesubjectoftheformulafrom Ctod.

Soclearlyinthecaseabovewhere
C=πd

WegetCbymultiplyingπbythediameter
Tocalculated,weneedtodividetheCircumferenceCbyπ

So d= andnowwehavedasthesubjectoftheformula.
C

π

Method:
Aformulaissimplyanequation,thatyoucannotsolve,untilyoureplacetheletterswiththeir
values(numbers).Itisknownasaliteralequation.
Tochangethesubject,applythesamerulesaswehaveappliedtonormalequations.
1.Addthesamevariabletobothsides.
2.Subtractthesamevariablefrom bothsides.
3.Multiplybothsidesbythesamevariable.
4.Dividebothsidesbythesamevariable.
5.Squarebothsides
6.Squarerootbothsides.

Examples:
Maketheletterinbracketsthesubjectoftheformula
x+p=q[x]
(subtractpfrom bothsides)
x=q–p

y−r=s[y]
(addrtobothsides)
y=s+r

P=RS[R]
(dividebothsidesbyS)
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S=
P

R

=L [A]
A

B
(multiplybothsidesbyB)
A=LB

2w+3=y[w]
(subtract3from bothsides)
2w=y−3
(dividebothsidesby2)

W=
y-3

2

P= Q [Q]
1

3
(multiplybothsidesby3−getridoffraction)
3P=Q

T= k[k]
2

5
(multiplybothsidesby5−getridoffraction)
5T=2k
(dividebothsidesby2)

=k Notethat: isthesameas T
5T

2

5T

2

5

2

A= r[r]πr
2

(dividebothsidesbyp)

= (squarerootbothsides) =r
A

π
r
2 A

π

L= h−t[h]
1

2
(multiplybothsidesby2)
2L=h−t
(addttobothsides)
2L+t=h

Example

MakedthesubjectoftheformulaG=
d-x

d-1
Solution
Squaringbothsides

=G
2 d-x

d-1
Multiplybothsidesbyd-1
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=d-xG
2(d-1)

ExpandingtheL.H.S
- =d-xdG

2
G
2

CollectingthetermscontainingdontheL.H.S
-d= -xdG

2
G
2

FactorizingtheL.H.S
-1)= -xd(G

2
G
2

Dividingbothsidesby

-1)(G
2

d=
-xG
2

-1G
2

Variation
Inaformulasomeelementswhichdonotchange(fixed)underanyconditionarecalledconstantswhilethe
onesthatchangearecalledvariables.Therearedifferenttypesofvariations.

 DirectVariation,wherebothvariableseitherincreaseordecreasetogether
 InverseorIndirectVariation,wherewhen oneofthevariablesincreases,theotheronedecreases
 JointVariation,wheremorethantwovariablesarerelateddirectly
 CombinedVariation,which involvesacombinationofdirectorjointvariation,andindirectvariation

Examples

 Direct:  ThenumberofmoneyImakevariesdirectly(oryoucansayvariesproportionally)withhow
muchIwork.

 Direct:  Thelengthofthesideasquarevariesdirectlywiththeperimeterofthesquare.
 Inverse: ThenumberofpeopleIinvitetomybowlingpartyvariesinverselywiththenumberof

gamestheymightgettoplay(oryoucansayisproportionaltotheinverseof).
 Inverse: Thetemperatureinmyhousevariesindirectly(sameasinversely)withtheamountoftime

theairconditioningisrunning.
 Inverse:  MyschoolmarksmayvaryinverselywiththenumberofhoursIwatchTV.

DirectorProportionalVariation

Whentwovariablesarerelateddirectly,theratiooftheirvaluesisalwaysthesame. Soasonegoesup,so
doestheother,andifonegoesdown,sodoestheother. Thinkoflineardirectvariationasa“y=mx”line,
wheretheratioofytoxistheslope(m). Withdirectvariation,they-interceptisalways0(zero);thisishow
it’sdefined.

Directvariationproblemsaretypicallywritten:

.y=kx     wherekistheratioofytox(whichisthesameastheslopeorrate)ࡲࡲࡲࡲࡲࡲࡲ→

Someproblemswillaskforthatkvalue(which iscalled theconstantofvariation orconstantof
proportionality );otherswilljustgiveyou3outofthe4valuesforxandyandyoucansimplysetuparatio
tofindtheothervalue. 
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Remembertheexampleofmakingksh1000 perweek(y=10x)? Thisisanexampleof directvariation,
since theratioofhowmuchyoumaketohowmanyhoursyouworkisalwaysconstant.

DirectVariationWordProblem:

Theamountofmoneyraisedataschoolfundraiserisdirectlyproportionaltothenumberofpeoplewho
attend. Lastyear,theamountofmoneyraisedfor100attendeeswas$2500.  Howmuchmoneywillbe
raisedif1000peopleattendthisyear?

Solution:

Let’sdothisproblem usingboththeFormulaMethodandtheProportionMethod:

Formulamethod Explanation

Proportionalmethod Explanation

DirectSquareVariationWordProblem

Again,aDirectSquareVariationiswhenyisproportionaltothesquareofx,or  . 

Example

Ifyvariesdirectlywiththesquareofx,andify=4whenx=3,whatisywhenx=2?

Solution:
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Let’sdothiswiththeformulamethodandtheproportionmethod:

Formulaemethod notes

Proportionalmethod Notes

Example

Thelength(l)cm ofawirevariesdirectlyasthetemperature c.Thelengthofthewireis5cm whentheT
0

temperatureis c.Calculatethelengthofthewirewhenthetemperatureis c.65
0

69
0

Solution

lαT

Thereforel=Kt

Substitutingl=5whenT= c.65
0

5=kx65

K= =
5

65

1

13

Thereforel= T
1

13

Whent=69
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L= x69=5 cm
1

13

4

13

Directvariationgraph

InverseorIndirectVariation
Inverse orIndirect Variationisreferstorelationshipsoftwovariablesthatgointheoppositedirection. 
Let’ssupposedyouarecomparinghow fastyouaredriving(averagespeed)tohow fastyougettoyour
work.Thefasteryoudrivetheearlieryougettoyourwork. Soasthespeedincreasestimereducesandvice
versa.

Sotheformulaforinverseorindirectvariationis:

=yࡲࡲࡲ→   orK=xy wherekisalwaysthesamenumberorconstant.
k

x

(NotethatyoucouldalsohaveanIndirectSquareVariationorInverseSquareVariation,likewesawabove

foraDirectVariation. Thiswouldbeoftheform→ࡲࡲࡲy=   ork= y  .)
k

x
2 x

2

InverseVariationWordProblem:

Sowemighthaveaproblem likethis:

          The value of yvaries inversely with x, and y = 4 when x = 3.  Find x
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wheny=6.

Theproblem canalsobewrittenasfollows:

      Let =3,  =4,and  =6. Letyvaryinverselyasx. Find .

Solution:

Wecansolvethisproblem inoneoftwoways,asshown. Wedothesemethodswhenwearegivenany
threeofthefourvaluesforxandy.
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ProductRuleMethod:

InverseVariationWordProblem:

Fortheclub,thenumberofticketsMoyocanbuyisinverselyproportionaltothepriceofthetickets. She
canafford15ticketsthatcost$5each. Howmanyticketscanshebuyifeachcost$3?

Solution:

Let’susetheproductmethod:

.

Example

If16womenworking7hoursdaycanpaintamuralin48days,how manydayswillittake14women
working12hoursadaytopaintthesamemural?

Solution:

Thethreedifferentvaluesareinverselyproportional; forexample,themorewomenyouhave,thelessdays
ittakestopaintthemural,andthemorehoursinadaythewomenpaint,thelessdaystheyneedto
completethemural:
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Joint VariationandCombinedVariation

Jointvariationisjustlikedirectvariation,butinvolvesmorethanoneothervariable. Allthevariablesare
directlyproportional,takenoneatatime. Let’sdoajointvariationproblem:

Supposedxvariesjointlywithyandthesquarerootofz. Whenx=¬–18andy=2,thenz=9. Findywhen
x=10andz=4.

Combinedvariationinvolvesacombinationofdirectorjointvariation,andindirectvariation. Sincethese
equationsarealittlemorecomplicated,youprobablywanttopluginallthevariables,solvefork,andthen
solvebacktogetwhat’smissing. Hereisthetypeofproblem youmayget:

   (a)  yvariesjointlyasxandwandinverselyasthesquareofz. Findtheequationofvariationwheny=
100,x=2,w=4,andz=20.

   (b)  Thensolveforywhenx=1,w=5,andz=4.

Solution:
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Example

Thevolumeofwoodinatree(V)variesdirectlyastheheight(h)andinverselyasthesquareofthegirth(g). 
Ifthevolumeofatreeis144cubicmeters whentheheightis20metersandthegirthis1.5meters,whatis
theheightofatreewithavolumeof1000andgirthof2meters?

Solution:

Example

Theaveragenumberofphonecallsperdaybetweentwocitieshasfoundtobejointlyproportionaltothe
populationsofthecities,andinverselyproportionaltothesquareofthedistancebetweenthetwocities. 
ThepopulationofCharlotteisabout1,500,000andthepopulationofNashvilleisabout1,200,000,andthe
distancebetweenthetwocitiesisabout400miles. Theaveragenumberofcallsbetweenthecitiesis
about200,000. 

(a)  Findthekandwritetheequationofvariation.

(b)  TheaveragenumberofdailyphonecallsbetweenCharlotteandIndianapolis(whichhasapopulation
ofabout1,700,000)isabout134,000. Findthedistancebetweenthetwocities.

Solution:

Itmaybeeasierifyoutakeitonestepatatime:
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Math’s Explanation

Example
A varies
directlyasB
andinversely
as the
square root
of C. Find
the
percentage
changein A
when B is
decreased
by10% and

Cincreasedby21%.
Solution

A=K ………………………(1)
B

C
AchangeinBandCcausesachangeinA

=K ……………………….(2)A
1

B
1

C
1

= BB
1

90

100
=0.9B

= CC
1

121

100
=1.21C

Substituting and inequation(2)B
1

C
1

=KA
1

0.9B

1.21C

=
0.9

1.1(KB

C)
= A
9

11

PercentagechangeinA= -100%
AA

1-

A

= -100%

A
9

11

A

=-18 %
2

11
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ThereforeAdecreases18 %
2

11

Partialvariation
Thegenerallinearequationy=mx+c,wherem andcareconstants,connectstwovariablesxandy.insuch
casewesaythatyispartlyconstantandpartlyvariesasx.

Example

Avariableyispartlyconstantandpartlyvariesasifx=2wheny=7andx=4wheny=11,findtheequation
connectingyandx.

Solution

Therequiredequationisy=kx+cwherekandcareconstants

Substitutingx=2,y=7andx=4,y=11intheequationgives;

7=2k+c…………………..(1)

11=4k+c…………………(2)

Subtractingequation1from equation2;

4=2k

Thereforek=2

Substitutingk=2intheequation1;

C=7–4

C=3

Thereforetheequationrequiredisy=2x+3

Endoftopic

Didyouunderstandeverything?

Ifnotaskateacher,friendsoranybodyandmakesureyouunderstandbefore
goingtosleep!

PastKCSEQuestionsonthetopic.

1. ThevolumeVcm3ofanobjectisgivenby
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V=2πr31–2

3 sc2

Expressinterm ofπr,sandV

2. MakeVthesubjectoftheformula

T=1m (u2–v2)

2

3. Giventhaty=b–bx2makexthesubject

cx2–a

4. Giventhatlogy=log(10n)makenthesubject

5. AquantityTispartlyconstantandpartlyvariesasthesquarerootofS.

i. Usingconstantsaandb,writedownanequationconnectingTandS.
ii. IfS=16,whenT=24andS=36whenT=32,findthevaluesoftheconstants

aandb,
6. AquantityPispartlyconstantandpartlyvariesinverselyasaquantityq,giventhatp=10whenq=

1.5andp=20,whenq=1.25,findthevalueofpwhenq=0.5

7. Makeythesubjectoftheformulap=xy

x-y

8. MakePthesubjectoftheformula

P2=(P–q)(P-r)

9. Thedensityofasolidsphericalballvariesdirectlyasitsmassandinverselyasthecubeofitsradius

Whenthemassoftheballis500gandtheradiusis5cm,itsdensityis2gpercm3

Calculatetheradiusofasolidsphericalballofmass540densityof10gpercm3

10. Makesthesubjectoftheformula

√P=r 1–as2

11. Thequantitiest,xandyaresuchthattvariesdirectlyasxandinversely asthe squarerootofy.
Findthepercentageintifxdecreasesby4%whenyincreasesby44%

12. Giventhatyisinverselyproportionaltoxnandkastheconstantofproportionality;

(a) (i) Writedownaformulaconnectingy,x,nandk

(ii) Ifx=2wheny=12andx=4wheny=3,writedowntwoexpressionsforkinterms
ofn.

Hence,findthevalueofnandk.

(b) Usingthevalueofnobtainedin(a)(ii)above,findywhenx=51/3
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13. Theelectricalresistance,Rohmsofawireofagivenlengthisinverselyproportionaltothesquare
ofthediameterofthewire,dmm.IfR=2.0ohmswhend=3mm.FindthevaleRwhend=4mm.

14. ThevolumeVcm3ofasoliddependspartlyonrandpartlyonrwherercm isoneofthedimensions
ofthesolid.

Whenr=1,thevolumeis54.6cm3andwhenr=2,thevolumeis226.8cm3

(a)FindanexpressionforVintermsofr

(b)Calculatethevolumeofthesolidwhenr=4

(c)Findthevalueofrforwhichthetwopartsofthevolumeareequal

15. Themassofacertainmetalrodvariesjointlyasitslengthandthesquareofitsradius.Arod40cm
longandradius5cm hasamassof6kg.Findthemassofasimilarrodoflength25cm andradius
8cm.

16. Makexthesubjectoftheformula

P= xy

z+x

17. Thechargecshillingsperpersonforacertainserviceispartlyfixedandpartlyinverselyproportional
tothetotalnumberNofpeople.

(a) WriteanexpressionforcintermsonN

(b) When100peopleattendedthechargeisKshs8700perpersonwhilefor35peoplethe
chargeisKshs10000perperson.

(c) Ifapersonhadpaidthefullamountchargeisrefunded.Agroupofpeoplepaidbutten
percentoforganizerremainedwithKshs574000.

Findthenumberofpeople.

18. TwovariablesAandBaresuchthatAvariespartlyasBandpartlyasthesquarerootofBgiventhat
A=30,whenB=9andA=16whenB=14,findAwhenB=36.

19. Makepthesubjectoftheformula

A= -EP

√P2+N

Novels,UpdatedICT,CPA,KASNEB,College,HighSchoolNotes&RevisionBooklets0714497530
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CHAPTERFIFTY

SpecificObjectives

Bytheendofthetopicthelearnershouldbeableto:

(a)Identifysimplenumberpatterns;

(b)Defineasequence;

(c)Identifythepatternforagivensetofnumbersanddeducethegeneralrule;

(d)Determineaterm inasequence;

(e)Recognizearithmeticandgeometricsequences;

(f)Defineaseries;

(g)Recognizearithmeticandgeometricseries(Progression);

(h)Derivetheformulaforpartialsum ofanarithmeticandgeometricseries(Progression);

(i)ApplyA.PandG.Ptosolveproblemsinreallifesituations.

Content
(a)Simplenumberpatterns

(b)Sequences

(c)Arithmeticsequence

(d)Geometricsequence

(e)Determiningaterm inasequence

(f)Arithmeticprogression(A.P)

(g)Geometricprogression(G.P)

(h)Sum ofanA.P

(i)Sum ofaG.P(excludesum toinfinity)

(j)ApplicationofA.PandG.Ptoreallifesituations.

Introduction
SequencesandSeriesarebasicallyjustnumbersorexpressionsinarowthatmakeupsomesortofa

pattern;forexample, Monday,Tuesday,Wenesday,…,Friadayisasequencethatrepresentsthedaysofthe
week.  Eachofthesenumbersorexpressionsarecalledtermsorelementsofthesequence.

Sequencesarethelistoftheseitems,separatedbycommas,andseriesarethesum ofthetermsofa
sequence.

Example

SEQUENCEANDSERIES
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Sequence Nexttwoterms

1,8,27,-,- Everyterm iscubed.Thenexttwotermsare =64, =1254
3

5
3

3,7,11,15-,-, everyterm is4morethanthepreviousone.Togetthenextterm add4

15+4=19,19+4=23

, ,,-,- Onthenumerator,thenextterm is1morethanthepreviousone,andthe
1

2

2

4

3

8

denominator,thenextterm ismultipliedby2thenexttwotermsare ,
4

16

5

32

Example

Forthe term ofasequenceisgivenby2n+3,Findthefirst,fifth,twelfthtermsn
th

Solution

Firstterm,n=1substituting(2x1+3=5)

Fifthterm,n=5substituting(2x5+3=13)

Twelfthterm,n=12substituting(2x12+3=27)

Arithmeticandgeometricsequence
Arithmeticsequence.
Anysequenceofanumberwithcommondifferenceiscalledarithmeticsequence

Todecidewhetherasequenceisarithmetic,findthedifferencesofconsecutiveterms.Ifeach differences
arenotconstant,theitisarithmeticsequence

Ruleforanarithmeticsequence

Thenthterm ofanarithmeticsequencewithfirstterm andcommondifferencedisgivenby:a
1

= +(n-1)da
n
a
1

Example Illustrations
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Example

Writearuleforthenthterm ofthesequence50,44,38,32,....Thenfind .a
20

Solution

Thesequenceisarithmeticwithfirstterm =50andcommondifferencea
1

d=44-50=-6.So,aruleforthenthterm is:

= +(n-1)d Writegeneralrule.a
n
a
1

=50+(n-1)(-6)Substitutefora1andd.
=56-6n Simplify.
The20thterm is =56-6(20)=-64.a

1

Example
The20thterm ofarithmeticsequenceis60andthe16thterm is20.Findthefirstterm andthecommon
difference.

Solution
a+ d=60(20-1)

a+19d=60…………..(1)
a+ d=20(16-1)
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a+ d=20…………..(2)(15)
(1)–(2)gives

4d=40
d=10

buta+15d=20

Thereforea+15x10=20
a+150=20
a=-130

Hence,thefirstterm is–130andthecommondifferenceis10.

Example

Findthenumberoftermsinthesequence–3,0,3…54

Solution

Thenthterm isa+(n–1)d

a=-30,d=3
nthterm =54
therefore-3+(n–1)=54
3(n–1)=57

n-1=19
n=20

Arithmeticseries/ArithmeticprogressionA.P
Thesum ofthetermsofasequenceiscalledaseries.Ifthetermsofsequenceare1,2,3,4,5,when
writtenwithadditionsignwegetarithmeticseries

1+2+3+4+5

Thegeneralformulaeforfindingthesum ofthetermsis

=s
n

n

2
[2a+ d(n-1)]

Note;
Ifthfirstterm (a)andthelastterm laregiven,then

=s
n

n

2
[a+l]

Example

Thesum ofthefirsteighttermsofanarithmeticProgressionis220.Ifthethirdterm is17,findthesum of
thefirstsixterms

Solution

=s
8

8

2
[2a+ d(8-1)]

=4(2a+7d)
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So,8a+28d=220…………………….1

Thethirdterm isa+(3–1)d=a+2d=17…………….2

Solving1and2simultaneously;

8a+28d=220…………1

8a+16d=136…………2

12d=84

d=7

Substitutingd=7inequation2givesa=3

Therefore,

=s
6

6

2
[2a+ 7(6-1)]

=3(6x35)

=3x41

=123

Geometricsequence
Itisasequencewithacommonratio.Theratioofanyterm tothepreviousterm mustbeconstant.

RuleforGeometricsequenceis;

Thenthterm ofageometricsequencewithfirstterm a1andcommonratiorisgivenby:
=a

n
a
1

n-1

Example

Giventhegeometricsequence4,12,36……findthe4th,5th andthenthterms

Solution

Thefirstterm ,a=4

Thecommonratio,r=3

Thereforethe4thterm =4x3
4-1

=4x3
3

=108

The5thterm =5x3
4-1

=5x3
3

=324
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The term =4xn
th

3
n-1

Example

The4thterm ofgeometricsequenceis16.Ifthefirstterm is2,find;

 Thecommonration

 Theseventhterm

Solution

Thecommonratio

Thefirstterm,a=2

The4thterm is2x =16r
4-1

Thus,2 =16r
3

=8 (dividedbothsidesby2)r
3

r=2(makerthesubjetbydividingbothsidesby2)

Thecommonratiois2

Theseventhterm = =2x =128ar
6

2
6

Geometricseries
Theseriesobtainedbytheaddingthetermsofgeometricsequenceiscalledgeometricseriesorgeometric
progressionG.P

Thesum ofthefirstntermsofageometricserieswithcommonratior>1is:S
n

=S
n

a(-1)r
n

r-1

Thesum ofthefirstntermsofageometricserieswithcommonratior<1is:S
n

=S
n

a(1- )r
n

1-r

Example

Findthesum ofthefirst9termsofG.P.8+24+72+…

Solution
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a=8,r= =3
24

8

=S
n

a(-1)3
9

3-1

=
8(19683-1)

2

=78728

Example

Thesum ofthefirstthreetermsofageometricseriesis26.Ifthecommonratiois3,findthesum ofthe
firstsixterms.

Solution

=26,r=3n=3s
3

26=
a(-1)3

3

3-1

=
a(27-1)

2

a = =2
26x2

26

=S
6

2(-1)3
6

2

= =728
(2x728)

2

Endoftopic

Didyouunderstandeverything?

Ifnotaskateacher,friendsoranybodyandmakesureyouunderstandbefore
goingtosleep!

PastKCSEQuestionsonthetopic.
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1. Thefirst,thethird and theseventh termsofan increasing arithmeticprogression arethree
consecutivetermsofageometricprogression.Inthefirstterm ofthearithmeticprogressionis10
findthecommondifferenceofthearithmeticprogression?

2. KubaisavedKsh2,000duringthefirstyearofemployment.Ineachsubsequentyear,hesaved15%
morethantheprecedingyearuntilheretired.

(a)Howmuchdidhesaveinthesecondyear?

(b)Howmuchdidhesaveinthethirdyear?

(c)Findthecommonratiobetweenthesavingsintwoconsecutiveyears

(a)Howmanyyearsdidhetaketosavethesavingsasum ofKsh58,000?
(e)Howmuchhadhesavedafter20yearsofservice?

3. Ingeometricprogression,thefirstterm isaandthecommonratioisr.Thesum ofthefirsttwo
termsis12andthethirdterm is16.

(a)Determinetheratioar2

a+ar

(b)Ifthefirstterm islargerthanthesecondterm,findthevalueofr.

4. (a) Thefirstterm ofanarithmeticprogressionis4andthelastterm is20.The

Sum oftheterm is252.Calculatethenumberoftermsandthecommondifferencesofthe
arithmeticprogression

(b) AnExperimentalculturehasaninitialpopulationof50bacteria.Thepopulationincreasedby
80% every20minutes.Determinethetimeitwilltaketohaveapopulationof1.2million
bacteria.

5. Eachmonth,for40months,Aminadepositedsomemoneyinasavingscheme.Inthefirstmonth
shedepositedKshs500.ThereaftersheincreasedherdepositsbyKshs.50everymonth.

Calculatethe:

a) LastamountdepositedbyAmina

b) TotalamountAminahadsavedinthe40months.

6. A carpenterwishestomakealadderwith15cross-pieces.Thecross-piecesaretodiminish
uniformlyinlengthfrom 67cm atthebottom to32cm atthetop.

Calculatethelengthincm,oftheseventhcross-piecefrom thebottom

7. Thesecondandfifthtermsofageometricprogressionare16and2respectively.Determinethe
commonratioandthefirstterm.

8. Theeleventhterm ofanarithmeticprogressionisfourtimesitssecondterm.Thesum ofthefirst
seventermsofthesameprogressionis175
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(a) Findthefirstterm andcommondifferenceoftheprogression

(b) Giventhatpthterm oftheprogressionisgreaterthan124,findtheleast

valueofP

9. Thenthterm ofsequenceisgivenby2n+3ofthesequence

(a) Writedownthefirstfourtermsofthesequence

(b) Findsnthesum ofthefiftyterm ofthesequence

(c) Showthatthesum ofthefirstntermsofthesequenceisgivenby

Sn=n2+4n

HenceorotherwisefindthelargestintegralvalueofnsuchthatSn<725

Fo
r f

re
e K

CS
E 

No
tes

, E
xa

ms
, a

nd
 P

as
t P

ap
er

s V
isi

t h
ttp

s:/
/T

ea
ch

er
.co

.ke
/



isabokemicah@gmail.com

Novels,UpdatedICT,CPA,KASNEB,College,HighSchoolNotes&RevisionBooklets 0714497530

CHAPTERFIFTYONE

SpecificObjectives

Bytheendofthetopicthelearnershouldbeableto:

(a)Expandbinomialexpressionsuptothepoweroffourbymultiplication;

(b)Buildingup-Pascal'sTriangleuptotheeleventhrow;

(c)UsePascal'striangletodeterminethecoefficientoftermsinabinomialexpansionsuptothe
powerof10;

(d)Applybinomialexpansioninnumericalcases.

Content
(a)Binomialexpansionuptopowerfour

(b)Pascal'striangle

(c)Coefficientoftermsinbinomialexpansion

(d)Computationusingbinomialexpansion

(e)Evaluationofnumericalcasesusingbinomialexpansion.

Abinomialisanexpressionoftwoterms

Examples

(a+y),a+3,2a+b

BINOMIALEXPANSION
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Iteasytoexpandexpressionswithlowerpowerbutwhenthepowerbecomeslarger,theexpansionor
multiplication becomestedious.Wethereforeusepascaltriangleto expand theexpression without
multiplication.

WecanusePascaltriangletoobtaincoefficientsofexpansionsoftheform(a+b)
n

Pascaltriangle

1 (a+b =1)
0

1 1 (a+b =1a+1b)
1

1 2 1 (a+b =1 +2ab+)
2

a
2

b
2

1 3 3 1 (a+b =1 +3 b+3a +1)
3

a
3

a
2

b
2

b
3

1 4 6 4 1 (a+b =1 +4 b+6 +4a +1)
4

a
4

a
3

a
2
b
2

b
3

b
4

Note;
 Eachrowstartswith1

 Eachofthenumbersinthenextrowisobtainedbyaddingthetwonumbersoneithersideofitinthe
precedingrow

 Thepoweroffirstterm (a)decreasesasyoumovetorightwhilethepowersofthesecondterm (b)
increasesasyoumovetotheright

Example

Expand(p+q)
5

Solution

Thetermswithoutcoefficientsare;

q, , p,pp
5 4

p
3
q
2
p
2
q
3
q
4
q
5

From Pascaltriangle,thecoefficientswhenn=5are;1 5 10 10 5 1

Therefore(p+ =q)
5

q+10 + +5p ++5pp
5 4

p
3
q
2

10q
2
q
3

q
4

q
5

Example

Expand(x-y)
7

Solution

(x =(x-(-y)
7

-y)
7

Thetermswithoutthecoefficientare;

(- x(-x
7
x
6
(-y)x

5
(-y)

2
x
4
(-y)

3
x
3
(-y)

4
x
2

y)
5

y)
6
y
7

From Pascaltriangle,thecoefficientswhenn=7are;

172135352171

Therefore(x =-y)
7
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-7 y+21 -35 +35 -21 +7x -x
7

x
6

x
5
y
2

x
4
y
3

x
3
y
4

x
2
y
5

y
6

y
7

Note;
Whendealingwithnegativesigns,thesignsalternatewiththepositivesignbutfirststartwiththenegative
sign.

ApplicationstoNumericcases
Usebinomialexpansiontoevaluate(1.02 to4S.F)

6

Solution

(1.02)=(1+0.02)

Therefore(1.02 =(1+0.02)
6

)
6

Thetermswithoutcoefficientsare

( ( ( ( ( (1
6
1
5
0.02)

1
1
4
0.02)

2
1
3
0.02)

3
1
2
0.02)

4
1
1
0.02)

5
0.02)

7

From Pascaltriangle,thecoefficientswhenn=6are;

16 15 20 156 1

Therefore;

(1.02 =)
6

1+6(0.02)+ 15( +20( +15( +6( +(0.02)
2

0.02)
3

0.02)
4

0.02)
5

0.02)
6

=1+0.12+0.0060+0.00016+0.0000024+0.0000000192+0.000000000064

=1.1261624

=1.126(4S.F)

Note;
Togettheanswerjustconsideradditionofuptothe4thterm oftheexpansion.Theothertermsaretoo
smalltoaffecttheanswer.

Example

Expand(1+ uptotheterm .Usetheexpansiontoestimate(0.98 correctto3decimalplaces.x)
9

x
3

)
9

Solution

(1+x)
9

Thetermswithoutthecoefficientare;

( (x1
9
1
8
(x)1

7
x
2
1
6
x)

3
1
5
)
4

From Pascaltriangle,thecoefficientswhenn=9are;

1 9 36 84 126 126 84 36 9 1

Therefore(1+ =1+9x+36 +84 ………………..x)
9

x
2

x
3

(0.98 =1+9x +36+(-0.0 +84(-0.02)
8 (-0.02) 2)

2
)
3
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=1–0.18+0.0144–0.000672

=0.833728

=0.834(3D.P)

Example

Expand( uptothetermin inascendingpowersofhencefindthevalueof( correcttofour1+)
1

2

10

x
3

0.005)
10

decimalplaces.

Solution

=1+10 +45 +120(x
1

2) (x
1

2)
2

(x
1

2)
3

=1+10× x+45× +120×
1

2

1

4
x
2 1

8
x
3

=1+5x+ +15
45

4
x
2

x
3

=(1.005)10 (1+0.005)10

Here x=0.005
1

2

x=0.010

Substitutingforx=0.01intheexpansion

=1+5×0.01+ × +15(1+12(0.01))
10

45

4
(0.01)2 (0.01)3

=1+0.05+0.001125+0.000015

=1.051140

=1.0511(4decimalplaces)

Endoftopic

Didyouunderstandeverything?

Ifnotaskateacher,friendsoranybodyandmakesureyouunderstandbefore
goingtosleep!

PastKCSEQuestionsonthetopic.
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1. (a) Writedownthesimplestexpansion(1+x)6

(b) Usetheexpansionuptothefourthterm tofindthevalueof(1.03)6 tothenearestone
thousandth.

2. Usebinomialexpressiontoevaluate(0.96)5correctto4significantfigures.

3. Expandandsimplify(3x–y)4henceusethefirstthreetermsoftheexpansion toproximatethe
valueof(6–0.2)4

4. Usebinomialexpressiontoevaluate

2+15
+ 2-15

√2 √2

5. (a) Expandtheexpression1+1x 5 inascendingpowersofx,leaving

2

thecoefficientsasfractionsintheirsimplestform.

6. (a) Expand(a-b)6

(b) Usethefirstthreetermsoftheexpansionin(a)abovetofindtheapproximatevalueof
(1.98)6

7. Expand(2+x)5 inascendingpowersofxup totheterm inx3 henceapproximate thevalueof
(2.03)5to4s.f

8. (a) Expand(1+x)5

Henceusetheexpansiontoestimate(1.04)5correctto4decimalplaces

(b) Usetheexpansionuptothefourthterm tofindthevalueof(1.03)6 tothenearestone
thousandth.

9. ExpandandSimplify(1-3x)5uptotheterm inx3

Henceuseyourexpansiontoestimate(0.97)5correcttodecimalplaces.

10. Expand(1+a)5

Useyourexpansiontoevaluate(0.8)5correcttofourplacesofdecimal

11. (a) Expand(1+x)5

(b) Usethefirstthreetermsoftheexpansionin(a)abovetofindtheapproximatevalueof
(0.98)5
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CHAPTERFIFTYTWO

SpecificObjectives

Bytheendofthetopicthelearnershouldbeableto:

(a)Solveproblemsinvolvingcompoundproportionsusingunitaryandratiomethods;

(b)Applyratiosandproportionstoreallifesituations;

(c)Solveproblemsinvolvingratesofwork.

Content
(a)Proportionalparts

(b)Compoundproportions

(c)Ratiosandratesofwork

(d)Proportionsappliedtomixtures.

Introduction

Compoundproportions
Theproportioninvolvingtwoormorequantitiesiscalledcompoundproportion.Anyfourquantitiesa,b,c

COMPOUNDPROPRTIONANDRATESOF

WORK
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anddareinproportionif;

=
a

b

c

d

Example

Findthevalueofathatmakes2,5,aand25tobeinproportion;

Solution

Since2,5,a,and25areinproportion

=
2

5

a

25

5a=2x25

a=
2x25

5

a=10

Continuedproportions
Incontinuedproportion,alltheratiosbetweendifferentquantitiesarethesame;butalwaysrememberthat
therelationshipexistsbetweentwoquantitiesforexample:

P :Q Q :R R :S

10: 5 16:8 4:2

Notethatintheexample,theratiobetweendifferentquantitiesi.e.P:Q,Q:RandR:Sarethesamei.e.2:1
whensimplified.

Continuedproportionisveryimportantwhendeterminingthenetworthofindividualswhoownthesame
businessorevencalculatingtheamountsofprofitthatdifferentindividualownersofacompanyor
businessshouldtakehome.

Proportionalparts

Ingeneral,ifnistobedividedintheratioa:b:c,thenthepartsofnproportionaltoa,b,care ×n,
a

a+b+c

×nand ×nrespectively
b

a+b+c

c

a+b+c
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Example

Omondi,Joel,cherootsharedsh27,000intheratio2:3:4respectively.Howmuchdideachget?

Solution

Thepartsofsh27,000proportionalto2,3,4are

×27,000=sh6000→Omondi
2

9

×27,000 =sh6000→Joel
3

9

×27,000=sh6000→Cheroot
4

9

Example

Threepeople–John,DebbyandDavecontributedksh119,000tostartacompany.Iftheratioofthe
contributionofJohntoDebbywas12:6andthecontributionofDebbytoDavewas8:4,determinethe
amountindollarsthateverypartnercontributed.

Solution

RatioofJohntoDebby’scontribution=12:6=2:1

RatioofDebbytoDave’scontribution=8:4=2:1

Asyoucansee,theratioofthecontributionofJohntoDebbyandthatofDebbytoDaveisincontinued
proportion.

Hence = =
John

Debby

Debby

Dave

2

1

Todeterminetheratioofthecontributionbetweenthethreemembers,wedothecalculationasfollows:

John:Debby:Dave

12 : 6

8 : 4

Wemultiplytheupperratioby8andthelowerratioby6,thustheresultingratiowillbe:

John:Debby:Dave

96: 48 : 24
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=4: 2 : 1

Thetotalratio=7

Thecontributionofthedifferentmemberscanthenbefoundasfollows:

John xksh119,000=ksh68,000
4

7

Debby xksh119,000=ksh34,000
2

7

Dave xksh119,000=ksh17,000
1

7

Johncontributedksh68,000tothecompanywhileDebbycontributedksh34,000andDavecontributed
ksh17,000

Example2

Youarepresentedwiththreenumberswhichareincontinuedproportion.Ifthesum ofthethreenumbersis
38andtheproductofthefirstnumberandthethirdnumberis144,findthethreenumbers.

Solution

LetusassumethatthethreenumbersincontinuedproportionorGeometricProportionarea,arandar
2

whereaisthefirstnumberandristherate.

a+ar+a =38…………………………..(1)r
2

Theproductofthe1stand3rdis

a×a =144r
2

Or

(ar)2=144………………………………..(2)

Ifwefindthesquarerootof(a ,thenwewillhavefoundthesecondnumber:r)
2

=(ar)
2

144

ar=12

Sincethevalueofthesecondnumberis12,itthenimpliesthatthesum ofthefirstandthethirdnumberis
26.

Wenowproceedandlookfortwonumberswhosesum is26andproductis144.

Clearly,thenumbersare8and18.

Thus,thethreenumbersthatwewerelookingforare8,12and18.

Letusworkbackwardsandtrytoprovewhetherthisisactuallytrue:

8+12+18=18
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Whatabouttheproductofthefirstandthethirdnumber?

8×18=144

Whataboutthecontinuedproportion

= =
a

ar

ar

ar
2

2

3

Thenumbersareincontinuedproportion

Example

Giventhatx:y=2:3,Findtheratio(5x–4y):(x+y).

Solution

Sincex:y=2:3

= =k,
x

2

y

3

x=2k and y=3k

(5x–4y):(x+y)=(10k–12k):(2k+3k)

=-2k:5k

=-2:5

Example

If = ,showthat = .
a

b

c

d

a-3b

b-3a

c-3d

d-3c

Solution

= → =
a

b

c

d

a

c

b

d

= =k
a

b

b

d

a=kc and b=kd

Substitutingkcforaandkdforbintheexpression
a-3b

b-3a

=
kc-3kd

kd-3kd

k(c-3d)

k(d-3c)

c-3d

d-3c
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Thereforeexpression =
a-3b

b-3a

c-3d

d-3c

Ratesofworkandmixtures

Examples

195menworking10houradaycanfinishajobin20days.Howmanymenemployedtofinishthejobin15
daysiftheywork13hoursaday.

Solution:

Letxbetheno.ofmenrequired

Days hours Men

20 10 195

15 13 x

20x10x195=15×13×x

x= 200men
20×10×195

15×13

Example

TapPcanfillatankin2hrs,andtapQcanfillthesametankin4hrs.TapRcanemptythetankin3hrs.

a)IftapRisclosed,howlongwouldittaketapsPandQtofillthetank?

b)CalculatehowlongitwouldtaketofillthetankwhenthethreetapsP,QandR.areleftrunning?

Solution

a)TapPfills ofthetankin1h.
1

2

TapQfills ofthetankin1h.
1

4
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TapRempties ofthetankin1h.
1

3

Inonehour,PandQfill + = ofthetank
1

2

1

4

3

4

Therefore ofthetankisfilledin1h.
3

4

Timetakentofillthetank = h(44) (÷
4

4

3

4)
= h
4

3

b)In1h,PandQfill oftankwhileRempties ofthetank.
3

4

1

3

Whenalltapsareopen, ofthetankisfilledin1hour.(+-=
1

2

1

4

1

3

5

12)
oftankisfilledin1hour.

5

12

Thereforetimerequiredtofillthetank = ×1h
12

12 ( ÷
12

12

5

12)
=2 h

2

5

Example

Inwhatproportionshouldgradesofsugarscostingsh.45andsh.50perkilogram bemixedinorderto
produceablendworthsh.48perkilogram?

Solution

Method1

Letnkilogramsofthegradecostingsh.45perkgbemixedwith1kilogram ofgradecostingsh.50perkg.

Totalcostofthetwoblendsissh.(45n+50)

Themassofthemixtureis kg(n+1)

Thereforetotalcostofthemixtureis 48(n+1)

45n+50=48(n+1)

45n+50=48n+48

50=3n+48

2=3n
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n=
2

3

Thetwogradesaremixedintheproportion :1=2:3
2

3

Method2

Letxkgofgradecostingsh45perkgbemixedwithykgofgradecostingsh.50perkg.Thetotalcostwill
besh.(45x+50y)

Costperkgofthemixtureissh.
45x+50y

x+y

=48
45x+50y

x+y

45x+50y=48(x+y)

45x+50y=48x+48y

2y=3x

=
x

y

2

3

Theproportionisx:y=2:3

Endoftopic

Didyouunderstandeverything?

Ifnotaskateacher,friendsoranybodyandmakesureyouunderstandbefore
goingtosleep!

PastKCSEQuestionsonthetopic.

1. Akinyiboughtandbeansfrom awholesaler.Shethenmixedthemaizeandbeanstheratio4:3she
broughtthemaizeasKshs.12perkgandthebeans4perkg.Ifshewastomakeaprofitof30%
whatshouldbethesellingpriceof1kgofthemixture?

2. Arectangulartankofbase2.4m by2.8m andaheightof3m contains3,600litersofwaterinitially.
Waterflowsintothetankattherateof0.5litrespersecond
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Calculatethetimeinhoursandminutes,requiredtofillthetank

3. Acompanyistoconstructaparkingbaywhoseareais135m2.Itistobecoveredwithconcreteslab
ofuniform thicknessof0.15.Tomaketheslabcement.Ballastandsandaretobemixedsothat
theirmassesareintheratio1:4:4.Themassofm3ofdryslabis2,500kg.

Calculate

(a) (i) Thevolumeoftheslab

(ii) Themassofthedryslab

(iii) Themassofcementtobeused

(b) Ifonebagofthecementis50kg,findthenumberofbagstobepurchased

(a) Ifalorrycarries7tonnesofsand,calculatethenumberoflorriesofsand
tobepurchased.

4. ThemassofamixtureAofbeansandmaizeis72kg.Theratioofbeanstomaize

is3:5respectively

(a) Findthemassofmaizeinthemixture

(b) AsecondmixtureofBofbeansandmaizeofmass98kginmixedwithA.Thefinalratioof
beanstomaizeis8:9respectively.FindtheratioofbeanstomaizeinB

5. Aretailerbought49kgofgrade1riceatKshs.65perkilogram and60kgofgradeIIriceatKshs
27.50perkilogram.Hemixedthetowtypesofrice.

(a)Findthebuyingpriceofonekilogram ofthemixture
(b)Hepackedthemixtureinto2kgpackets

(i) Ifheintendstomakea20%profitfindthesellingpriceperpacket
(ii) Hesold8packetsandthenreducedthepriceby10%inordertoattractcustomers.

Findthenewsellingpriceperpacket.
(iii) Afterselling1/3oftheremainderatreducedprice,heraisedthepricesoastorealize

theoriginalgoalof20% profitoverall.Find theselling priceperpacketofthe
remainingrice.

6. AtradersellsabagofbeansforKshs1,200.Hemixedbeansandmaizeintheration3:2.Findhow
muchthetradershouldhesellabagofthemixturetorealizethesameprofit?

7. PipeAcanfillanemptywatertankin3hourswhile,pipeBcanfillthesametankin6hours,when
thetankisfullitcanbeemptiedbypipeCin8hours.PipesAandBareopenedatthesametime
whenthetankisempty.

Ifonehourlater,pipeCisalsoopened,findthetotaltimetakentofillthetank

8. Asolutionwhosevolumeis80litresismade40%ofwaterand60%ofalcohol.Whenlitresofwater
areadded,thepercentageofalcoholdropsto40%

(a) Findthevalueofx

(b) Thirtylitresofwaterisaddedtothenewsolution.Calculatethepercentage

(c) If5litresofthesolutionin(b)isaddedto2litresoftheoriginalsolution,calculateinthe
simplestform,theratioofwatertothatofalcoholintheresultingsolution
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9. AtankhastwoinlettapsPandQandanoutlettapR.whenempty,thetankcanbefilledbytapP
alonein4½hoursorbytapQalonein3hours.Whenfull,thetankcanbeemptiedin2hoursbytap
R.

(a) Thetankisinitiallyempty.Findhowlongitwouldtaketofillupthetank

(i) IftapRisclosedandtapsPandQareopenedatthesametime
(2mks)

(ii) Ifallthethreetapsareopenedatthesametime
(b) Thetankisinitiallyemptyandthethreetapsareopenedasfollows

Pat8.00a.m

Qat8.45a.m

Rat9.00a.m

(i) Findthefractionofthetankthatwouldbefilledby9.00a.m

(ii) Findthetimethetankwouldbefullyfilledup

10. Kipketercancultivateapieceoflandin7hrswhileWanjirucandothesameworkin5hours.Find
thetimetheywouldtaketocultivatethepieceoflandwhenworkingtogether.

11. MogakaandOndisoworkingtogethercandoapieceofworkin6days.Mogaka,workingalone,
takes5dayslongerthanOnduso.HowmanydaysdoesittakeOndusotodotheworkalone.

12. WainainahastwodairyfarmsAandB.Farm Aproducesmilkwith3¼ percentfatandfarm B
producesmilkwith4¼percentfat.

(a) (i) Thetotalmassofmilkfatin50kgofmilkfrom farm Aand30kg

ofmilkfrom farm B.

(ii) Thepercentageoffatinamixtureof50kgofmilkAand30kgofmilkfrom B

(b) Determinetherangeofvaluesofmassofmilkfrom farm Bthatmustbeusedina50kg
mixturesothatthemixturemayhaveatleast4percentfat.

13. Aconstructionfirm hastwotractorsT1 andT2.Bothtractorsworkingtogethercancompletethe
workin6dayswhileT1alonecancompletetheworkin15days.Afterthetwotractorshadworked
togetherforfourdays,tractorT1¬brokedown.

FindthetimetakenbytractorT2completetheremainingwork.
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CHAPTERFIFTYTHREE

SpecificObjectives

Bytheendofthetopicthelearnershouldbeableto:

(a)Makesatableofvaluesfrom givenrelations;

(b)Usethetableofvaluestodrawthegraphsoftherelations;

(c)Determineandinterpretinstantaneousratesofchangefrom agraph;

(d)Interpretinformationfrom graphs;

(e)Drawandinterpretgraphsfrom empiricaldata;

(f)Solvecubicequationsgraphically;

(g)Drawthelineofbestfit;

(h)Identifytheequationofacircle;

(i)Findtheequationofacirclegiventhecentreandtheradius;

(j)Determinethecentreandradiusofacircleanddrawthecircleonacartesianplane.

Content
(a)Tablesandgraphsofgivenrelations

(b)Graphsofcubicequations

(c)Graphicalsolutionsofcubicequations

(d)Averagerateofchange

(e)Instantaneousrateofchange

GRAPHICALMETHODS
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(f)Empiricaldataandtheirgraphs

(g)Thelineofbestfit

(h)Equationofacircle

(i)Findingoftheequationofacircle

(j)Determiningofthecentreandradiusofacircle.

Introduction
Thesearewaysormethodsofsolvingmathematicalfunctionsusinggraphs.

GraphingsolutionsofcubicEquations
Acubicequationhastheform

ax3+bx2+cx+d=0

wherea,b,canddareconstants

Itmusthavetheterm inx3oritwouldnotbecubic(andsoa≠0),butanyorallofb,canddcanbezero.For
instance,

x3−6x2+11x−6=0, 4x3+57=0, x3+9x=0

areallcubicequations.

Thegraphsofcubicequationsalwaystakethefollowingshapes.

Y=x3−6x2+11x−6=0.

Noticethatitstartslowdownontheleft,becauseasxgetslargeandnegativesodoesx3anditfinishes
highertotherightbecauseasxgetslargeandpositivesodoesx3.Thecurvecrossesthex-axisthreetimes,
oncewherex=1,oncewherex=2andoncewherex=3.Thisgivesusourthreeseparatesolutions.

Example

(a)Fillinthetablebelowforthefunctiony=-6+x+4x2+x3for-4x2

3

2

1

-1

-2

-3

1 2 3-1

y

x Fo
r f

re
e K

CS
E 

No
tes

, E
xa

ms
, a

nd
 P

as
t P

ap
er

s V
isi

t h
ttp

s:/
/T

ea
ch

er
.co

.ke
/



isabokemicah@gmail.com

Novels,UpdatedICT,CPA,KASNEB,College,HighSchoolNotes&RevisionBooklets 0714497530

x -4 -3 -2 -1 0 1 2

-6 -6 -6 -6 -6 -6 -6 -6

x -4 -3 -2 -1 0 1 2

4x2 16 4

x3

y

(b)Usingthegridprovideddrawthegraphfory=-6+x+4x2+x3for-4x2

(c) Usethegraphtosolvetheequations:-

-6+x+4x2+x3=0

.x3+4x2+x–4=0

-2+4x2+x3=0

Solution

Thetableshowscorrespondingvaluesofxandyfory=-6+x+4x2+x3

From thegraphthesolutionsforxarex=-3
,x=-2,x=1

I. Tosolveequationy
=x3+4x2+x-6wedrawa
straight line from the
diffrence of the two

equationsandthenwereadthecoordinatesatthepointoftheintersetionofthecurveand
thestraightline

y=x3+4x2+x-6

0=x3+4x2+x-4

y=-2 solutions0.8,-1.5and-3.2

x 1 0 -2

y=x3+4x2+x–6 y -3 -4 -8

0=x3+4x2+0–2

X -4 -3 -2 -1 0 1 2

-6 -6 -6 -6 -6 -6 -6 -6

X -4 -3 -2 -1 0 1 2

4x2 64 36 16 4 0 4 16

X3 -64 -27 -8 -1 0 1 8

Y=-6+x+4x2+x3 -10 0 0 -4 -6 0 20

Fo
r f

re
e K

CS
E 

No
tes

, E
xa

ms
, a

nd
 P

as
t P

ap
er

s V
isi

t h
ttp

s:/
/T

ea
ch

er
.co

.ke
/



isabokemicah@gmail.com

Novels,UpdatedICT,CPA,KASNEB,College,HighSchoolNotes&RevisionBooklets 0714497530

y= x–4

Y=-2

c (i)solution0.8

-1.5

And-3.2

AverageRateofchange

DefiningtheAverageRateofChange
Thenotionofaveragerateofchangecanbeusedtodescribethechangeinanyvariablewithrespectto
another.Ifyouhaveagraphthatrepresentsaplotofdatapointsoftheform (x,y),thentheaveragerateof
changebetweenanytwopointsisthechangeintheyvaluedividedbythechangeinthexvalue.

y=x-4

y=-6+4x2
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Note;

 Therateofchangeofastraight(theslop)lineisthesamebetweenallpointsalongtheline

 Therateofchangeofaquadraticfunctionisnotconstant(doesnotremainthesame)

Example

Thegraphbelowshowstherateofgrowthofaplant,from thegraph,thechangeinheightbetweenday1
andday3isgivenby7.5cm –3.8cm =3.7cm.

Averagerateofchangeis =1.85cm/day
3.7cm

2days

Theaveragerateofchangeforthenexttwodaysis =0.65cm/day
1.3cm

2days

Note;

 Therateofgrowthinthefirst2dayswas1.85cm/daywhilethatinthenexttwodaysisonly0.65
cm /day.TheseratesofchangearerepresentedbythegradientsofthelinesPQandQRrespectively.

Numberofdays

Thegradientofthe
straight line is 20
,which is

constant.The
gradient represents

the rateofdistancewith
time (speed)which

is 20m/s.

P

o
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ul

at
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n

m
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50

100

150

200

250

300

90years

changeiny

Theaveragerateofchangeofywithrespecttox

changeinx
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Rateofchangeataninstant

Wehaveseenthattofindtherateofchangeataninstant(particularpoint),we:

 Drawatangenttothecurveatthatpoint

 Determinethegradientofthetangent

Thegradientofthetangenttothecurveatthepointistherateofchangeatthatpoint.

Empiricalgraphs
AnEmpiricalgraphisagraphthatyoucanusetoevaluatethefitofadistributiontoyourdatabydrawing
thelineofbestfit.Thisisbecauserawdatausuallyhavesomeerrors.

Example

Thetablebelowshowshowlengthlcm ofametalrodvarieswithincreaseintemperatureT(c).(
0

Solution

Temperature

DegreesC

O 1 2 3 5 6 7 8

Lengthcm 4.0 4.3 4.7 4.9 5.0 5.9 6.0 6.4
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NOTE;

 Thereisalinearrelationbetweenlengthandtemperature.

 Wethereforedrawalineofbestfitthatpassesthroughasmanypointsaspossible.

 Theremainingpointsshouldbedistributedevenlybelowandabovetheline
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Thelinecuts they–axisat(0,4)andpassesthroughthepoint(5,5.5).Therefore,thegradientoftheline

is =0.3.Theequationofthelineisl=0.3T+4.
1.5

5

ReductionofNon-linearLawstoLinearForm.

Whenweplotthegraphofxy=k,wegetacurve.Butwhenweplotyagainst ,wgetastraightlinewhose
1

x
gradientisk.Thesameapproachisusedtoobtainlinearrelationsfrom non-linearrelationsoftheform

y= .kx
n

Example

ThetablebelowshowstherelationshipbetweenAandr

r 1 2 3 4 5

A 3.1 12.6 28.3 50.3 78.5
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Itissuspectedthattherelationisoftheform A= .Bydrawingasuitablegraph,verifythelawconnectingAKr
2

andranddeterminethevalueofK.

Solution

IfweplotAagainst ,weshouldgetastraightline.r
2

SincethegraphofAagainst isastraightline,thelawA=k holds.Thegradientofthislineis3.1tooner
2

r
2

decimalplace.Thisisthevalueofk.

Example

From 1960onwards,thepopulationPofKisumuisbelievedtoobeyalawoftheform P= ,WherekandkA
t

Aareconstantsandtisthetimeinyearsreckonedfrom 1960.Thetablebelowshowsthepopulationofthe
townsince1960.

r 1 2 3 4 5

A 3.1 12.6 28.3 50.3 78.5

r
2 1 4 9 16 25

r 1960 1965 1970 1975 1980 1985 1990
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Byplottingasuitablegraph,checkwhetherthepopulationgrowthobeysthegivenlaw.Usethegraphto
estimatethevalueofA.

Solution

Thelaw tobetestedisP= .TakinglogsofbothsideswegetlogP=log⁡( ).LogP=logK+tlogA,kA
t

kA
t

whichisintheform y=mx+ThusweplotlogPagainstt.(NotethatlogAisaconstant).Thebelowshows
thecorrespondingvaluesoftandlogp.

Sincethegraphisastraightline,thelawP= holds.kA
t

LogAisgivenbythegradientofthestraightline.Therefore,logA=0.017.

Hence,A=1.04

Logkistheverticalintercept.

Hencelogk=3.69

Thereforek=4898

Thus,therelationshipisP=4898(1.04)
t

Note;
 Lawsoftheform y= canbewritteninthelinearform as:logy=logk+xlogA(bytakinglogsofkA

x

bothsides)

p 5000 6080 7400 9010 10960 13330 16200

r 1960 1965 1970 1975 1980 1985 1990

LogP 3.699 3.784 3.869 3.955 4.040 4.125 4.210
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 Whenlogyisplottedagainstx,astraightlineisobtained.ItsgradientislogA andtheinterceptis
logk.

 Thelawoftheform y= ,wherekandnareconstantscanbewritteninlinearform as;kX
n

 Logy=logk+nlogx.

 Wethereforeplotlogyisplottedagainstlogx.

 Thegradientofthelinegivesnwhiletheverticalinterceptislogk

Summary

Forthelawy=d+cx
2

tobeverifieditisnecessarytoplotagraphofthevariablesinamodified

Form asfollowsy=d+ iscomparedwithy=mx+c thatisy= +dcx
2

cx
2

i.) Yisplottedontheyaxis

ii.) isplottedonthexaxisx
2

iii.) Thegradientisc

iv.) Theverticalaxisinterceptisd

Forthelawy–a=b tobeverifieditisnecessarytoplotagraphofthevariablesinaxx
Modifiedform asfollows
y–a=b ,i.e.y=b +awhichiscomparedwithy=mx+cx x

i.) yshouldbeplottedontheyaxis

ii.) shouldbeplottedonthexaxisx

iii.) Thegradientisb

iv.) Theverticalaxisinterceptisa

Forthelawy–e= tobeverifieditisnecessarytoplotagraphofthevariablesina
f

x

Modifiedform asfollows.Thelawy–e= isf +ecomparedwithy=mx+c.
f

x (1x)
i.) yshouldbeplottedontheverticalaxis

ii.) shouldbeplottedonthehorizontalaxis
1

x
iii.) Thegradientisf
iv.) Theverticalaxisinterceptise

Forthelawy–cx=bx
2

tobeverifieditisnecessarytoplotagraphofthevariablesina

Modifiedform asfollows.Thelawy–cx=b is =bx+ccomparedwithy=mx+c,x
2 y

x
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i.) shouldbeplottedonyaxis
y

x
ii.) Xshouldbeplottedonxaxis
iii.) Thegradientisb
iv.) Theverticalaxisinterceptisc

Forthelawy= +bxtobeverifieditisnecessarytoplotagraphofthevariablesinaax
a

x

Modifiedform asfollows.Thelaw =a +bcomparedwithy=mx+c
y

x (1x2)
i.) shouldbeplottedontheverticalaxis

y

x

ii.) shouldbeplottedonthehorizontalaxis
1

x
2

iii.) Thegradientisa
iv.) Theverticalinterceptisb

Equationofacircle
Acircleisasetofallpointsthatareofthesamedistancerfrom afixedpoint.Thefigurebelowisacircle
centre(0,0)andradius3units

P(x,y)isapointonthecircle.TrianglePONisright–angledatN.
ByPythagoras’theorem;

+ =ON
2

PN
2

OP
2

ButON=x,PN=yandOP=3.Therefore, + =x
2

y
2

3
2

Note;
Thegeneralequationofacirclecentre(0,0)andradiusris + =x

2
y
2

r
2

Example
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Findtheequationofacirclecentre(0,0)passingthrough (3,4)

Solution
Lettheradiusofthecircleber
From Pythagorastheorem;

r= x3
2

4
2

r=5

Example
Consideracirclecentre(5,4)andradius3units.

Solution
InthefigurebelowtriangleCNPisrightangledatN.Bypythagorastheorem;

+ =CN
2

NP
2

CP
2
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ButCN=(x–5),NP=(y–4)andCP=3units.
Therefore, + = thisistheequationofacircle.(x-5)

2
(y-4)

2
3
2

Note;
Theequationofacirclecentre(a,b)andradiusrunitsisgivenby;

+ =(x-a)2 (y-b)2 (r)2

Example
Findtheequationofacirclecentre(-2,3)andradius4units

Solution
Generalequationofthecircleis + = .Thereforea=-2b=3andr=4(x-a)2 (y-b)2 r

2

+ =(x-(-2))2 (y-(3))2 4
2

+ =16(x+2)2 (y-3)2

Example
LineABisthediameterofacirclesuchthattheco-ordinatesofAandBare(-1,1)and(5,1)respectively.

a.)Determinethecentreandtheradiusofthecircle
b.)Hence,findtheequationofthecircle

Solution

a.) =( ,
-1+5

2

1+1

2) (2,1)

Radius= +(1-1(5-2)
2

)
2

= =33
2

b.)Equationofthecircleis;
+ =(x-2)

2
(y-1)

2
3
2

+ =9(x-2)
2

(y-1)
2

Example
Theequationofacircleisgivenby -6x+ +4y-3=0.Determinethecentreandradiusofthecircle.x

2
y
2

Solution
-6x+ +4y=3x
2

y
2

Completingthesquareonthelefthandside;
-6x+ +4y+4=3+9+4x
2

9+y
2

+ =4-3=0(x-3)
2

(y+2)
2

Thereforecentreofthecircleis(3,-2)andradiusis4units.Notethatthesignchangestooppositepositive
signbecomesnegativewhilenegativesignchangestopositive.

Example
WritetheequationofthecirclethathasA(1,-6)andB(5,2)asendpointsofadiameter.

Method1: DeterminethecenterusingtheMidpointFormula:

C →C( ,
1+5

2

-6+2

2 ) (3,-2)
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Determinetheradiususingthedistanceformula(centerandendofdiameter):

r= = = =2+(3-1)
2
(-2+6)

2
4+16 20 5

Equationofcircleis: + =20(x-3)2 (y+2)2

Method2: DeterminecenterusingMidpointFormula(asbefore):C .(3,-2)

Thus,thecircleequationwillhavetheform + =(x-3)2 (y+2)2 r
2

Find bypluggingthecoordinatesofapointonthecircleinforxandy.r
2

Let’suseB := + = + =4+16=20(5,2)r2 (5-3)2 (2+2)2 2
2

4
2

Again,wegetthisequationforthecircle: + =20(x-3)2 (y+2)2

Endoftopic

Didyouunderstandeverything?

Ifnotaskateacher,friendsoranybodyandmakesureyouunderstandbefore
goingtosleep!

PastKCSEQuestionsonthetopic.

1. Thetableshowstheheightmetresofanobjectthrownverticallyupwardsvarieswiththetimet
seconds

Therelationshipbetweensandtisrepresentedbytheequationss=at2 +bt+10wherebare
constants.

T 0 1 2 3 4 5 6 7 8 9 10

S 45.1 49.9 -80

(a)(i)Usingtheinformationinthetable,determinethevaluesofaandb
(ii)Completethetable

(b)(i) Drawagraphtorepresenttherelationshipbetweensandt

(ii) Usingthegraphdeterminethevelocityoftheobjectwhent=5seconds

2. Datacollectedform anexperimentinvolvingtwovariablesXandYwasrecordedasshowninthe
tablebelow

x 1.1 1.2 1.3 1.4 1.5 1.6

y -0.3 0.5 1.4 2.5 3.8 5.2
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Thevariablesareknowntosatisfyarelationoftheform y=ax3+bwhereaandbareconstants

(a)Foreachvalueofxinthetableabove,writedownthevalueofx3

(b) (i)Bydrawingasuitablestraightlinegraph,estimatethevaluesofaandb
(ii)Writedowntherelationshipconnectingyandx

3. TwoquantitiesPandrareconnectedbytheequationp=krn.Thetableofvalues

ofPandrisgivenbelow.

P 1.2 1.5 2.0 2.5 3.5 4.5

R 1.58 2.25 3.39 4.74 7.86 11.5

a) StatealinerequationconnectingPandr.

b) Usingthescale2cm torepresent0.1unitsonbothaxes,drawasuitable

linegraphonthegridprovided.HenceestimatethevaluesofKandn.

4. Thepointswhichcoordinates(5,5)and(-3,-1)aretheendsofadiameterofacirclecentreA

Determine:

(a) ThecoordinatesofA

Theequationofthecircle,expressingitinform x2+y2+ax+by+c=0

wherea,b,andcareconstantseachcomputersold

5. Thefigurebelowisasketchofthegraphofthequadraticfunctiony=k

(x+1)(x-2)

Findthevalueofk

6. The table below shows the values ofthe length X (in metres )ofa pendulum and the
correspondingvaluesoftheperiodT(inseconds)ofitsoscillationsobtainedinanexperiment.

X(metres) 0.4 1.0 1.2 1.4 1.6

T(seconds) 1.25 2.01 2.19 2.37 2.53

(a) ConstructatableofvaluesoflogXandcorrespondingvaluesoflogT,
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correctingeachvalueto2decimalplaces

b) GiventhattherelationbetweenthevaluesoflogXandlogTapproximatetoalinearlaw of
theform m logX+logawhereaandbareconstants

(i) UsetheaxesonthegridprovidedtodrawthelineofbestfitforthegraphoflogT
againstlogX.

(ii) Usethegraphtoestimatethevaluesofaandb

(iii) Find,todecimalplacesthelengthofthependulum whoseperiodis1second.

7. Datacollectionfrom anexperimentinvolvingtwovariablesxandywasrecordedasshowninthe
tablebelow

X 1.1 1.2 1.3 1.4 1.5 1.6

Y -0.3 0.5 1.4 2.5 3.8 5.2

Thevariablesareknowntosatisfyarelationoftheform y=ax3+bwhereaandb

areconstants

(a) Foreachvalueofxinthetableabove.Writedownthevalueofx3

(b) (i)Bydrawingssuitablestraightlinegraph,estimatethevaluesofaandb

(ii)Writedowntherelationshipconnectingyandx

8. Twovariablesxandy,arelinkedbytherelationy=axn.Thefigurebelowshowspartofthestraight
linegraphobtainedwhenlogyisplottedagainstlogx.
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Calculatethevalueofaandn

9. TheluminousintensityIofalampwasmeasuredforvariousvaluesofvoltagevacrossit.The
resultswereasshownbelow

V(volts) 30 36 40 44 48 50 54

L(Lux) 708 1248 1726 2320 3038 3848 4380

ItisbelievedthatVandlarerelatedbyanequationoftheform l=aVnwhereaandnareconstant.

(a) Drawasuitablelineargraphanddeterminethevaluesofaandn

(b) From thegraphfind

(i) ThevalueofIwhenV=52

(ii) ThevalueofVwhenI=2800

10. Inacertainrelation,thevalueofA andBobservearelationB=CA +KA2 whereC andKare
constants.BelowisatableofvaluesofAandB

A 1 2 3 4 5 6

B 3.2 6.75 10.8 15.1 20 25.2

(a)Bydrawingasuitablestraightlinegraphs,determinethevaluesofCandK.

(b)HencewritedowntherelationshipbetweenAandB

(c)DeterminethevalueofBwhenA=7

11. ThevariablesPandQareconnectedbytheequationP=abqwhereaandbareconstants.Thevalue
ofpandqaregivenbelow

P 6.56 17.7 47.8 129 349 941 2540 6860

Q 0 1 2 3 4 5 6 7

(a) Statetheequationintermsofpandqwhichgivesastraightlinegraph

(b) Bydrawingastraightlinegraph,estimatethevalueofconstantsaandbandgiveyour
answercorrectto1decimalplace.

Novels,UpdatedICT,CPA,KASNEB,College,HighSchoolNotes&RevisionBooklets0714497530
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CHAPTERFIFTYFOUR

SpecificObjectives

Bytheendofthetopicthelearnershouldbeableto:

(a)Defineprobability;

(b)Determineprobabilityfrom experimentsandreallifesituations;

(c)Constructaprobabilityspace;

(d)Determinetheoreticalprobability;

(e)Differentiatebetweendiscreteandcontinuousprobability;

(f)Differentiatemutuallyexclusiveandindependentevents;

(g)Stateandapplylawsofprobability;

(h)Useatreediagram todetermineprobabilities.

Content
(a)Probability

(b)Experimentalprobability

(c)Rangeofprobabilitymeasure0̂ P(x)̂1

(d)Probabilityspace

(e)Theoreticalprobability

(f)Discreteandcontinuousprobability(simplecasesonly)

(g)Combinedevents(mutuallyexclusiveandindependentevents)

(h)Lawsofprobability

(i)Thetreediagrams.

Introduction
Thelikelihoodofanoccurrenceofaneventorthenumericalmeasureofchanceiscalledprobability.

Experimentalprobability
Thisiswhereprobabilityisdeterminedbyexperienceorexperiment.Whatisdoneorobservedisthe
experiment.Eachtossiscalledatrialandtheresultofatrialistheoutcome.Theexperimentalprobability
ofaresultisgivenby(thenumberoffavorableoutcomes)/(thetotalnumberoftrials)

PROBABILITY
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Example

Aboyhadafairdiewithfacesmarked1to6.Hethrewthisdieup50timesandeachtimeherecordedthe
numberonthetopface.Theresultofhisexperimentisshownbelow.

What is the experimental
provabilityofgetting?

a.)1 b.)6

Solution

a.)P(Event)=
thenumberoffavorableoutcomes

thetotalnumberoftrials

P(1)=11/50

b.)P(4)=9/50

Example

From thepastrecords,outofthetenmatchesaschoolfootballteam hasplayed,ithaswonseven.How
manypossiblegamesmighttheschoolwininthirtymatches?.

Solution

P(winninginonemath)=7/10.

Thereforethenumberofpossiblewinsinthirtymatches=7/10x30=21matches

RangeofprobabilityMeasure
IfP(A)istheprobabilityofaneventAhappeningandP(A')istheprobabilityofaneventAnothappening,
ThenP(A')=1-P(A)andP(A')+P(A)=1

Probabilityareexpressedasfractions,decimalsorpercentages.

Probabilityspace
Alistofallpossibleoutcomesisprobabilityspaceorsamplespace.Thecoinissuchthattheheadortail
haveequalchancesofoccurring.Theeventsheadortailaresaidtobeequallylikelyoreqiprobable.

Theoreticalprobability
Thiscanbecalculatedwithoutnecessarilyusinganypastexperienceordoinganyexperiment.The
probabilityofaneventhappening#numberoffavorableoutcomes/totalnumberofoutcomes.

Example

face 1 2 3 4 5 6

Number of
times a
face has
shownup

11 6 7 9 9 8
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Abasketcontains5redballs,4greenballsand3blueballs.Ifaballispickedatrandom from thebasket,
find:

a.)Theprobabilityofpickingablueball

b.)Theprobabilityofnotpickingaredball

Solution

a.)Totalnumberofballsis12

Thenumberofblueballsis3

Solution

a.)therefore,P(ablueball)=3/12

b.)Thenumberofballswhicharenotredis7.

ThereforeP(notaredball)=7/12

Example

Abagcontains6blackballsandsomebrownones.Ifaballispickedatrandom theprobabilitythatitis
blackis0.25.Findthenumberofbrownballs.

Solution

Letthenumberofballsbex

Thentheprobabilitythatablackballispickedatrandom is6/x

Therefore6/x=0.25

x=24

Thetotalnumberofbaldis24

Thenthenumberofbrownballsis24-6=18

Note:
Whenallpossibleoutcomesarecountable,theyaresaidtobediscrete.

Typesofprobability
CombinedEvents
Theseareprobabilityoftwoormoreeventsoccurring

MutuallyExclusiveEvents
Occurrenceofoneexcludestheoccurrenceoftheotherortheoccurrenceofoneeventdependonthe
occurrenceoftheother..IfAandBaretwomutuallyexclusiveevents,then(AorB)=P(A)+P(B).For
examplewhenacoinistossedtheresultwilleitherbeaheadoratail.

Example

Fo
r f

re
e K

CS
E 

No
tes

, E
xa

ms
, a

nd
 P

as
t P

ap
er

s V
isi

t h
ttp

s:/
/T

ea
ch

er
.co

.ke
/



isabokemicah@gmail.com

Novels,UpdatedICT,CPA,KASNEB,College,HighSchoolNotes&RevisionBooklets 0714497530

i.) Ifacoinistossed;

P(head)+P(tail)

= + =1
1

2

1

2

Note;
If[OR]isusedthenweadd

IndependentEvents
TwoeventsAandBareindependentiftheoccurrenceofAdoesnotinfluencetheoccurrenceofBandvice
versa.IfAandBaretwoindependentevents,theprobabilityofthem occurringtogetheristheproductof
theirindividualprobabilities.Thatis;

P(AandB)=P(A)xP(B)

Note;

Whenweuse[AND]wemultiply,thisisthemultiplicationlawofprobability.

Example

Acoinistossestwice.Whatistheprobabilityofgettingatailinbothtosses?

Solution

Theoutcomeofthe2ndtossisindependoftheoutcomeofthefirst.

Therefore;

P(TandT)=P(T)XP(T)

= x =
1

2

1

2

1

4

Example

Aboythrowsfaircoinandaregulartetrahedronwithitsfourfacesmarked1,2,3and4.Findtheprobability
thathegetsa3onthetetrahedronandaheadonthecoin.

Solution

Theseareindependentevents.

P(H)= ,P(3)=
1

2

1

4

Therefore;

P(Hand3)=P(H)xP(3)

Fo
r f

re
e K

CS
E 

No
tes

, E
xa

ms
, a

nd
 P

as
t P

ap
er

s V
isi

t h
ttp

s:/
/T

ea
ch

er
.co

.ke
/



isabokemicah@gmail.com

Novels,UpdatedICT,CPA,KASNEB,College,HighSchoolNotes&RevisionBooklets 0714497530

=½x¼

=1/8

Example

Abagcontains8blackballsand5whiteones.Iftwoballsaredrawnfrom thebag,oneatatime,findthe
probabilityofdrawingablackballandawhiteball.

a.)Withoutreplacement

b.)Withreplacement

Solution

a.)Thereareonlytwowayswecangetablackandawhiteball:eitherdrawingawhitethenablack,or

drawingablackthenawhite.Weneedtofindthetwoprobabilities;

P(W followedbyB)=P(W andB)

= x =
8

13

5

12

10

39

b.)P(BfollowedbyW)=P(BandW)

X =
5

13

8

12

10

39

Note;

Thetwoeventsaremutuallyexclusive,therefore.

P(W followedbyB)or(BfollowedbyW )=P(W followedbyB)+P(BfollowedbyW)

=P(W andB)+P(BandW)

= + =
40

156

40

156

20

39

Sincewearereplacing,thenumberofballsremains13.

Therefore;

P(W andB)= x =
5

13

8

13

40

169

P(BandW)= x =
8

13

5

13

40

169

Therefore;

P[(W andB)or(BandW)]=P(W andB)+P(BandW)
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= x =
40

169

40

169

80

169

Example

Kamau,NjorogeandKariukiarepracticingarchery.TheprobabilityofKamauhittingthetargetis2/5,thatof
Njorogehittingthetargetis¼andthatofKariukihittingthetargetis3/7,Findtheprobabilitythatinone
attempt;

a.)Onlyonehitsthetarget

b.)Allthreehitthetarget

c.)Noneofthem hitsthetarget

d.)Twohitthetarget

e.)Atleastonehitsthetarget

Solution

a.)P(onlyonehitsthetarget)

=P(onlyKamauhitsandothertwomiss)=2/5x3/5x4/7

=6/35

P(onlyNjorogehitsandothertwomiss)=1/4x3/5x4/7

=3/35

P(onlyKariukihitsandothertwomiss)=3/7x3/5x¾

=27/140

P(onlyonehits)=P(KamauhitsorNjorogehitsorKariukihits)

=6/35+3/35+27/140

=9/20

b.)P(allthreehit)=2/5x1/4x3/7

=3/70

c.)P(nonehits) =3/5x3/4x4/7

=9/35

d.)P(twohitthetarget)istheprobabilityof;

KamauandNjorogehitthetargetandKariukimisses=2/5x3/7x4/7
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NjorogeandKariukihitthetargetandKamaumisses=1/4x3/7x3/5

Or

KamauandKariukihitthetargetandNjorogemisses=2/5x3/7x3/4

ThereforeP(twohittarget)=(2/5x1/4x4/7)+(1/4x3/7x3/5)+(2/5x3/7x3/4)

=8/140+9/140+18/140

=¼

e.)P(atleastonehitsthetarget)=1–P(nonehitsthetarget)

=1–9/35

=26/35

Or

P(atleastonehitsthetarget)=1–P(nonehitsthetarget)

=26/35

Note;
P(onehitsthetarget)isdifferentfrom P(atleastonehitsthetarget)

Treediagram
Treediagramsallowsustoseeallthepossibleoutcomesofaneventandcalculatetheirprobality.Each
branchinatreediagram representsapossibleoutcome.Atreediagram whichrepresentacoinbeing
tossedthreetimeslooklikethis;
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From thetreediagram,wecanseethatthereareeightpossibleoutcomes.Tofindouttheprobabilityofa
particularoutcome,weneedtolookatalltheavailablepaths(setofbranches).

Thesum oftheprobabilitiesforanysetofbranchesisalways1.

Alsonotethatinatreediagram tofindaprobabilityofanoutcomewemultiplyalongthebranchesandadd
vertically.

Theprobabilityofthreeheadsis:

P(HHH)=1/2×1/2×1/2=1/8

P(2HeadsandaTail)=P(HHT)+P(HTH)+P(THH)

=1/2×1/2×1/2+1/2×1/2×1/2+1/2×1/2×1/2

=1/8+1/8+1/8
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=3/8

Example

BagAcontainsthreeredmarblesandfourbluemarbles.BagBcontains5redmarblesandthreeblue
marbles.Amarbleistakenfrom eachbaginturn.

a.)Whatistheprobabilityofgettingabluebeadfollowedbyared

b.)Whatistheprobabilityofgettingabeadofeachcolor

Solution

a.)Multiplytheprobabilitiestogether

P(blueandred)=4/7x5/8=20/56

=5/14

b.)P(blueandredorredandblue)=P(blueandred)+P(redandblue)

=4/7x5/8+3/7x3/8

=20/56+9/56

=29/56

Example

TheprobabilitythatOmwerigoestoNakuruis¼ .IfhegoestoNakuru,theprobabilitythathewillsee
flamingois½ .IfhedoesnotgotoNakuru,theprobabilitythathewillseeflamingois1/3.Findthe
probabilitythat;

a.)OmweriwillgotoNakuruandseeaflamingo.

b.)OmweriwillnotgotoNakuruyethewillseeaflamingo

c.)Omweriwillseeaflamingo

Solution
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LetNstandforgoingtoNakuru,N’standfornotgoingtoNakuru,FstandforseeingaflamingoandF’
standfornotseeingaflamingo.

a.)P(HegoestoNakuruandseesaflamingo)=P(NandF)

=P(N)XP(F)

=¼ X½

=1/8

b.)P(HedoesnotgotoNakuruandyetseesaflamingo)=P(N’)XP(F)

=P(N’andF)

=3/4X1/3

=¼

c.)P(Heseesaflamingo)=P(NandF)orP(N’andF)

=P(NandF)+P(N’andF)

=1/8+1/4

=3/8

Endoftopic

Didyouunderstandeverything?

Ifnotaskateacher,friendsoranybodyandmakesureyouunderstandbefore
goingtosleep!

PastKCSEQuestionsonthetopic.
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1. Theprobabilitiesthatahusband and wifewillbealive25 yearsfrom now are0.7 and 0.9
respectively.

Findtheprobabilitythatin25yearstime,

(a)Bothwillbealive
(b)Neitherwillbealive
(c)Onewillbealive
(d)Atleastonewillbealive

2. Abagcontainsblue,greenandredpensofthesametypeintheratio8:2:5respectively.Apenis
pickedatrandom withoutreplacementanditscolournoted

(a) Determinetheprobabilitythatthefirstpenpickedis

(i) Blue

(ii) Eithergreenorred

(b) Usingatreediagram,determinetheprobabilitythat

(i) Thefirsttwopenspickedarebothgreen

(ii) Onlyoneofthefirsttwopenspickedisred.

3. Ascienceclubismadeupofboysandgirls.Theclubhas3officials.Usingatreediagram or
otherwisefindtheprobabilitythat:

(a)Theclubofficialsareallboys

(b)Twooftheofficialsaregirls

4. TwobasketsAandBeachcontainamixtureoforangesandlimes,allofthesamesize.BasketA
contains26orangesand13limes.BasketBcontains18orangesand15limes.Achildselecteda
basketatrandom andpickedafruitatarandom from it.

(a) Illustratethisinformationbyaprobabilitiestreediagram

(b) Findtheprobabilitythatthefruitpickedwasanorange.

5. Inform 1classthereare22girlsandboys.Theprobabilityofagirlcompletingthesecondary
educationcourseis3whereasthatofaboyis2/3

(a) Astudentispickedatrandom from class.Findthepossibilitythat,

(i) Thestudentpickedisaboyandwillcompletethecourse
(ii) Thestudentpickedwillcompletethecourse

(b) Twostudentsarepickedatrandom.Findthepossibilitythattheyareaboy

andagirlandthatbothwillnotcompletethecourse.

6. Threerepresentativesaretobeselectedrandomlyfrom agroupof7girlsand8

boys.Calculatetheprobabilityofselectingtwogirlsandoneboy.

7. Apoultryfarmervaccinated540ofhis720chickensagainstadisease.Twomonthslater,5%ofthe

Fo
r f

re
e K

CS
E 

No
tes

, E
xa

ms
, a

nd
 P

as
t P

ap
er

s V
isi

t h
ttp

s:/
/T

ea
ch

er
.co

.ke
/



isabokemicah@gmail.com

Novels,UpdatedICT,CPA,KASNEB,College,HighSchoolNotes&RevisionBooklets 0714497530

vaccinatedand80%oftheunvaccinatedchicken,contractedthedisease.Calculatetheprobability
thatachickenchosenrandom contactedthedisease.

8. TheprobabilityofthreedartsplayersAkinyi,Kamau,andJumahittingthebullseyeare0.2,0.3and
1.5respectively.

(a) Drawaprobabilitytreediagram toshowthepossibleoutcomes

(b) Findtheprobabilitythat:

(i) Allhitthebull’seye

(ii) Onlyoneofthem hitthebull’seye

(iii) Atmostonemissedthebull’seye

9. (a) Anunbiasedcoinwithtwofaces,head(H)andtail(T),istossedthree

times,listallthepossibleoutcomes.

Hencedeterminetheprobabilityofgetting:

(i) Atleasttwoheads

(ii) Onlyonetail

(b)Duringacertainmotorrallyitispredictedthattheweatherwillbeeitherdry(D)orwet(W).The
probabilitythattheweatherwillbedryisestimatedtobe7/10.Theprobabilityforadriverto
complete(C)therallyduringthedryweatherisestimatedtobe5/6.Theprobabilityforadriverto
completetherallyduringwetweatherisestimatedtobe1/10.Completetheprobabilitytreediagram
givenbelow.
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Whatistheprobabilitythat:

(i) Thedrivercompletestherally?

(ii) Theweatherwaswetandthedriverdidnotcompletetherally?

10. TherearethreecarsA,BandCinarace.AistwiceaslikelytowinasBwhileBistwiceaslikelyto
winasc.Findtheprobabilitythat.

a) Awinstherace

b) EitherBorCwinstherace.

11. Intheyear2003,thepopulationofacertaindistrictwas1.8million.Thirtypercentofthepopulation
wasintheagegroup15–40years.Inthesameyear,120,000peopleinthedistrictvisitedthe
VoluntaryCounselingandTesting(VCT)centreforanHIVtest.

Ifapersonwasselectedatrandom from thedistrictinthisyear.Findtheprobabilitythattheperson
visitedaVCTcentreandwasintheagegroup15–40years.

12. (a) Twointegersxandyareselectedatrandom from theintegers1to8.Ifthe

sameintegermaybeselectedtwice,findtheprobabilitythat

(i) |x–y|=2
(ii) |x–y|is5ormore
(iii) x>y

(b) Adieisbiasedsothatwhentossed,theprobabilityofanumberrshowingup,isgivenbyp®
=KrwhereKisaconstantandr=1,2,3,4,5and6(thenumberonthefacesofthedie

(i) FindthevalueofK

(ii) Ifthedieistossedtwice,calculatetheprobabilitythatthetotal

scoreis11

13. TwobagsAandBcontainidenticalballsexceptforthecolours.BagAcontains4redballsand2
yellowballs.BagBcontains2redballsand3yellowballs.

(a) Ifaballisdrawnatrandom from eachbag,findtheprobabilitythatbothballsareofthe
samecolour.

(b) Iftwoballsaredrawnatrandom from eachbag,oneatatimewithoutreplacement,findthe
probabilitythat:
(i) Thetwoballsdrawnfrom bagAorbagBarered

(ii) Allthefourballsdrawnarered

14. Duringinter–schoolcompetitions,footballandvolleyballteamsfrom Mokaguhighschooltook
part.Theprobabilitythattheirfootballandvolleyballteamswouldwinwere3/8and4/7respectively.

Findtheprobabilitythat

(a) Boththeirfootballandvolleyballteams

(b) Atleastoneoftheirteamswon
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15. Ascienceclubismadeupof5boysand7girls.Theclubhas3officials.Usingatreediagram or
otherwisefindtheprobabilitythat:

(a) Theclubofficialsareallboys

(b) Twooftheofficialsaregirls

16. ChicksonOnyango’sfarm werenotedtohaveeitherbrownfeathersbrownorblacktailfeathers.Of
thosewithblackfeathers2/3werefemalewhile2/5ofthosewithbrownfeathersweremale.Otieno
boughttwochicksfrom Onyango.Onehadblacktailfeatherswhiletheotherhadbrownfindthe
probabilitythatOtieno’schickswerenotofthesamegender

was

17. Threerepresentativesaretobeselectedrandomlyfrom agroupof7girlsand8boys.Calculatethe
probabilityofselectingtwogirlsandoneboy

18. Theprobabilitythatamanwinsagameis¾.Heplaysthegameuntilhewins.Determinethe
probabilitythathewinsinthefifthround.

19. TheprobabilitythatKamauwillbeselectedforhisschool’sbasketballteam is¼.Ifheisselected
forthebasketballteam.Thentheprobabilitythathewillbeselectedforfootballis1/3ifheisnot
selectedforbasketballthentheprobabilitythatheisselectedforfootballis4/5.Whatisthe
probabilitythatKamauisselectedforatleastoneofthetwogames?

20. TwobasketsAandBeachcontainsamixtureoforangesandlemons.BasketsAcontains26
orangesand13lemons.BasketsBcontains18orangesand15lemons.Achildselectedabasketat
random andpickedatrandom afruitfrom it.Determinetheprobabilitythatthefruitpickedan
orange.

Novels,UpdatedICT,CPA,KASNEB,College,HighSchoolNotes&RevisionBooklets0714497530
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CHAPTERFIFTYFIVE

SpecificObjectives

Bytheendofthetopicthelearnershouldbeableto:

(a)Locateapointintwoandthreedimensionco-ordinatesystems;

(b)Representvectorsascolumnandpositionvectorsinthreedimensions;

(c)Distinguishbetweencolumnandpositionvectors;

(d)Representvectorsintermsofi,j,andk;

(e)Calculatethemagnitudeofavectorinthreedimensions;

(f)Usethevectormethodindividingalineproportionately;

(g)Usevectormethodtoshowparallelism;

(h)Usevectormethodtoshowcollinearity;

(i)Stateandusetheratiotheorem,

(j)Applyvectormethodsingeometry.

Content
(a)Coordinatesintwoandthreedimensions

(b)Columnandpositionvectorsinthreedimensions

(c)Columnvectorsintermsofunitvectorsi,j,andk

(d)Magnitudeofavector

(e)Parallelvectors

(f)Collinearity

(g)Proportionaldivisionofaline

(h)Ratiotheorem

(i)Vectormethodsingeometry.

Vectorsin3dimensions:

3dimensionalvectorscanberepresentedonasetof3axesatrightanglestoeachother(orthogonal),as
showninthediagram.

Notethatthezaxisistheverticalaxis.

Togetfrom AtoByouwouldmove:

VECTORS
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4unitsinthex-direction,(x-component)

3unitsinthey-direction,(y-component)

2unitsinthez-direction.(z-component)

Incomponentform: =

Ingeneral: = ,

Columnandpositionvectors

Inthreedimensions,adisplacementisrepresentedbacolumnvectoroftheform wherep,qandrare(
p
q
r
)

thechangesinx,y,zdirectionsrespectively.

Example

Thedisplacementfrom A(3,1,4)toB(7,2,6)isrepresentedbthecolumnvector, =(7-32-1
6-4

) (41
2
)

ThepositionvectorofAwrittenasOAis whereOistheorigin(31
4
)

Additionofvectorsinthreedimensionsisdoneinthesamewayasthatintwodimensions.

Example

Ifa= andb= then(3-2
5
) (-28

10
)

i.) 3a+2b=3 +2 = + =(3-2
5
) (-28

10
) (9-6

15
) (-416

20
) (510

35
)

ii.) 4a–½b=4 - = + =(3-2
5
)1

2(
-2
8
10
) (12-8

20
) (1-4

-5
) (13-12

15
)
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ColumnVectorsintermsofunitVectors

Inthreedimensiontheunitvectorinthexaxisdirectionis= ,thatinthedirctionoftheyaxisis while(01
0
) (01

0
)

thatinthedirectionofz–axisis .(00
1
)

Diagrammaticrepresentationofthevectors.

Threeunitvectorsarewrittenas;i= ,j= andk(10
0
) (01

0
) (00

1
)

Expressvector intermsoftheunitvectorI,jandk(5-2
7
)

Solution

= + +(5-2
7
) (50

0
) (0-2

0
) (00

7
)

5 -2 +7(10
0
) (01

0
) (00

1
)

=5i–2j+7k

Note;

Thecolumnvector canbeexpressedasai+bj+ck(
a
b
c
)
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Magnitudeofa3dimensionalvector.
GiventhevectorAB=xi+yj+2k,thenthemagnitudeofABiswrittenas|AB|= + +x

2
y
2
z
2

Thisisthelengthofthevector.

UsePythagoras’Theorem in3dimensions.

AB2=AR2+BR2

=(AP2+PR2)+BR2

=

andifu= thenthemagnitudeofu,|u|=lengthofAB

Distanceformulafor3dimensions

Recallthatsince: = ,thenif then

Sincex= - y= - -x
B
x
Aand

y
B
y
Aand

z
B
z
A
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Example:

1.IfAis(1,3,2)andBis(5,6,4)

Find

2.If Find

Solution

a.)

b.)

Parallelvectorsandcollinearity
Parallelvectors

Twovectorsareparallelifoneisscalarmultipleoftheother.i.evectoraisascalarmultipleofb,i.e.

a=kbthenthetwovectorsareparallel.

Note;
Scalarmultiplicationissimplymultiplicationofaregularnumberbyanentryinthevector

Multiplyingbyascalar

Avectorcanbemultipliedbyanumber(scalar).e.g.multiply a by3 is written as 3a.Vector3a has
threetimesthelengthbutisinthesamedirectionasa.Incolumnform,eachcomponentwillbemultiplied
by3.

Wecanalsotakeacommonfactoroutofavectorincomponentform.Ifavectorisascalarmultipleof
anothervector,thenthetwovectorsareparallel,anddifferonlyinmagnitude.Thisisausefultesttoseeif
linesareparallel.

Exampleif
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CollinearPoints
Pointsarecollinearifonestraightlinepassesthroughallthepoints.ForthreepointsA,B,C-ifthelineAB
isparalleltoBC,sinceBiscommontobothlines,A,BandCarecollinear.

Testforcollinearity

Example
Ais(0,1,2),Bis(1,3,–1)andCis(3,7,–7)ShowthatA,BandCarecollinear.

arescalarmultiples,soABisparalleltoBC.SinceBisacommonpoint,thenA,BandCare

collinear.

Ingeneralthetestofcollinearityofthreepointsconsistsoftwoparts

 Showingthatthecolumnvectorsbetweenanytwoofthepointsareparallel

 Showingthattheyhaveapointincommon.

Example

A(0,3),B(1,5)andC(4,11)arethreegivenpoints.Showthattheyarecollinear.

Solution

ABandBCareparallelifAB=kBC,wherekisascalar

AB= - = BC= - =(15)(03) (12) (411)(15) (36)
ThereforeAB//BCandpointB(1,5)iscommon.ThereforeA,B,andCarecollinear.

Example

ShowthatthepointsA(1,3,5),B(4,12,20)andCarecollinear.

Solution

ConsidervectorsABandAC
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AB= - =(412
20
)(113

5
) (39

15
)

AC= - =(39
15
)(13

5
) (26

10
)

=k(26
10
) (39

15
)

Hencek=
2

3

AC= AB
2

3

ThereforeAB//ACandthetwovectorsshareacommonpointA.Thethreepointsarethuscollinear.

Example

InthefigureaboveOA=aOB=bandOC=3OB

a.)ExpressABandACintermsofaandb

b.)GiventhatAM =¾ABandAN= AC,ExpressOM andOintermsofaandb
1

2

c.)Hence,showthatOM andNarecollinear

Solution

a.)AB=OA+OB

=-a+b

AC=-a+3b
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b.)OM =OA+AM

=OA+ AB
3

4

=a+
3

4
(-a+b)

=a- a+ b
3

4

3

4

= a+ b
1

4

3

4

ON=OA+AN

=OA+ AC
1

2

a+ (-a+3b)
1

2

a=a-a+ b
1

2

3

2

= a+ b
1

2

3

2

a

c.)OM =kON b+ a= a+ b
3

4

1

4

k

2

3k

2

Comparingthecoefficientsofa;

=
1

4

k

2

k=
1

2

Thus,OM = ON.
1

2

Thustwovectorsalsoshareacommonpoint,O.Hence,thepointsarecollinear.

ProportionalDivisionofaline

Inthefigurebelow,thelineisdividedinto7equalparts

ThepointRlies4/7 ofthewaysalongPQifwetakethedirectionfrom PtoQtobepositive,wesayR
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dividesPQinternallyintheratio4:3..

IfQtoPistakenaspositive,thenRdividesQPinternallyintheratio3:4.Hence,QR:RP=3:4or,4QR
=3RP.

ExternalDivision

Ininternaldivisionwelookatthepointwithinagivenintervalwhileinexternaldivisionwelookatpoints
outsideagiveninterval,

InthefigurebelowpointPisproducedonAB

ThelineABisdividedintothreeequalpartswithBPequaltotwooftheseparts.Ifthedirectionfrom AtoB
istakenaspositive,thenthedirectionfrom PtoBisnegative.

ThusAP:PB=5:-2.InthiscasewesaythatPdividesABexternallyintheratio5:-2orPdividesABinthe
ratio5:-2.

Points,RatiosandLines

Findtheratioinwhichapointdividesaline.

Example:

ThepointsA(2,–3,4),B(8,3,1)andC(12,7,–1)form astraightline.FindtheratioinwhichBdividesAC.
Solution
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BdividesACinratioof3:2

Pointsdividinglinesingivenratios.

Example:

PdividesABintheratio4:3.IfAis(2,1,–3)andBis(16,15,11),findtheco-ordinatesofP.

Solution:

 3(p–a)=4(b–p)

3p–3a=4b–4p

7p=4b+3a

Pointsdividinglinesingivenratiosexternally.

Example:

QdividesMNexternallyintheratioof3:2.M is(–3,–2,–1)andNis(0,–5,2).Findtheco-ordinatesofQ.

NotethatQNisshownas–2becausethetwolinesegmentsareMQandQN,andQNisintheopposite
directiontoMQ.

 –2(q–m)=3(n–q)

–2q+2m =3n–3q
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q=3n–2m

PisP(10,9,5)

TheRationTheorem

ThefigurebelowshowsapointSwhichdividesalineABintheratiom :n

TakinganypointOasorigin,wecanexpresssintermsofaandbthepositonvectorsofaandb
respectively.

OS=OA+AS

ButAS= AB
m

m+n

Therefore,OS=OA+ AB
m

m+n

ThusS=a+ (-a+b)
m

m+n

=a- a+ b
m

m+n

m

m+n
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=(1- )a+ b
m

m+n

m

m+n

=( )a+ b
m+n-m

m+n

m

m+n

= a+ b
n

m+n

m

m+n

Thisiscalledtheratiotheorem.Thetheorem statesthatthepositionvectorssofapointwhich
dividesalineABintheratiom:nisgivenbytheformula;

S= a+ b,whereaandbarepositonvectorsofAandBrespectively.Notethatthesum of
n

m+n

m

m+n

co-ordinates and =1
n

m+n

m

m+n

Thus,intheaboveexampleiftheratiom :n=5:3

Thenm =5andn=3

OR= a+ b
3

5+3

3

5+3

Thus,r= a+ b
3

8

3

8

Example

ApointRdividesalineQRexternallyintheratio7:3.IfqandrarepositionvectorsofpointQandR
respectively,findthepositionvectorofpintermsofqandr.

Solution

WetakeanypointOastheoriginandjoinittothepointsQ,RandPasshownbelow
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QP:PR=7:-3

Substitutingm =7andn=-3inthegeneralformulae;

OP= q+ r
-3

7+(-3)

7

7+(-3)

P= q+ r
-3

4

7

4

Vectorscanbeusedtodeterminetheratioinwhichapointdividestwolinesiftheyintersect

Example

InthebelowOA=aandOB=B.ApointPdividesOAintheratio3:1andanotherpointOdividesABinthe
ratio2:5.IfOQmeetsBPatM Determine:

a.)OM :MQ

b.)BM :MP

LetOM :MQ=k:(1–k)andBM –MP=n:(1–n)
Usingtheratiotheorem

OQ= a+ b
5

7

2

7
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OM=kOQ

=k( a+ b
5

7

2

7)
Alsobyratiotheorem;
OM =nOP+(1–n)OB

ButOP= a
3

4

Therefore,OM =n(a)+ b
3

4
(1-n)

Equatingthetwoexpressions;

k =n + b(a+ b
5

7

2

7 ) (a
3

4) (1-n)

Comparingtheco-efficients

k= n………..1
5

7

3

4

k=1-n……..2
2

7

k= andn=
21

25

10

13

TheratioBM:MP= :
10

13

3

13

=10:3

Endoftopic

Didyouunderstandeverything?

Ifnotaskateacher,friendsoranybodyandmakesureyouunderstandbefore
goingtosleep!

PastKCSEQuestionsonthetopic

1. ThefigurebelowisarightpyramidwitharectangularbaseABCDandVOastheheight.Thevectors

AD=a,AB=bandDV=v
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a)Express

(i) AVintermsofaandc

(ii) BVintermsofa,bandc

(b)M ispointonOVsuchthatOM:MV=3:4,ExpressBM intermsofa,bandc.

Simplifyyouranswerasfaraspossible

2. IntriangleOAB,OA=aOB=bandPliesonABsuchthatAP:BP=3.5

(b)Findthetermsofaandbthevectors

(i) AB

(ii) AP

(iii) BP

(iv) OP

(c)PointQ isonOPsuchAQ=-5+9

8a40b

FindtheratioOQ:QP

3. ThefigurebelowshowstriangleOABinwhichM dividesOAintheratio2:3andNdividesOB inthe

ratio4:1ANandBM intersectatX Fo
r f
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(a)GiventhatOA=aandOB=b,expressintermsofaandb:

(i) AN

(ii) BM

(b)IfAX=sANandBX=tBM,wheresandtareconstants,writetwoexpressions

forOXintermsofa,bsandt

Findthevalueofs

HencewriteOXintermsofaandb

4. ThepositionvectorsforpointsPandQare4I+3j+6j+6krespectively.ExpressvectorPQin

termsofunitvectorsI,jandk.HencefindthelengthofPQ,leavingyouranswerinsimplifiedsurd

form.

5. Inthefigurebelow,vectorOP=PandOR=r.VectorOS=2randOQ=3/2p.

a) Expressintermsofpandr(i)QRand(ii)PS

b) ThelinesQRandPSintersectatKsuchthatQK=m QRandPK=nPS,wherem andnare

scalars.FindtwodistinctexpressionsforOKintermsofp,r,m andn.Hencefindthevalues

ofm andn.

c) StatetheratioPK:KS

6. PointTisthemidpointofastraightlineAB.GiventhepositionvectorsofAandTarei-j+kand2i+

1½krespectively,findthepositionvectorofBintermsofi,jandk
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7. ApointRdividesalinePQinternallyintheration3:4.AnotherpointS,dividesthelinePRexternally

intheration5:2.GiventhatPQ=8cm,calculatethelengthofRS,correctto2decimalplaces.

8. ThepointsP,Q,RandShavepositionvectors2p,3p,rand3rrespectively,relativetoanoriginO.A

pointTdividesPSinternallyintheratio1:6

(a) Find,inthesimplestform,thevectorsOTandQTintermspandr

(b) (i) ShowthatthepointsQ,T,andRlieonastraightline

(ii) DeterminetheratioinwhichTdividesQR

9. TwopointsPandQhavecoordinates(-2,3)and(1,3)respectively.AtranslationmappointPtoP’

(10,10)

(b)FindthecoordinatesofQ’theimageofQunderthetranslation

(c)ThepositionvectorofPandQ in(a)abovearepandqrespectivelygiventhatmp–nq=-12

9

Findthevalueofm andn

10. Giventhatqi+1/3j+2/3kisaunitvector,findq

11. Inthediagram below,thecoordinatesofpointsAandBare(1,6)and(15,6)respectively).PointN

isonOBsuchthat3ON=2OB.LineOAisproducedtoLsuchthatOL=3OA

(a)FindvectorLN

(b)GiventhatapointM isonLNsuchthatLM:MN=3:4,findthecoordinatesofM

(c)IflineOM isproducedtoTsuchthatOM:MT=6:1

(i) FindthepositionvectorofT

(ii) ShowthatpointsL,TandBarecollinear
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12. Inthefigurebelow,OQ=qandOR=r.PointXdividesOQintheratio1:2andYdividesORinthe

ratio3:4linesXR andYQintersectatE.

(a)Expressintermsofqandr

(i) XR

(ii) YQ

(b)IfXE=m XRandYE=nYQ,expressOEintermsof:

(i) r,qandm

(ii) r,qandn

(c)Usingtheresultsin(b)above,findthevaluesofm andn.

13. Vectorqhasamagnitudeof7andisparalleltovectorp.Giventhat

p=3i–j+1½k,expressvectorqintermsofi,j,andk.

14. Inthefigurebelow,OA=3i+3jABDOB=8i–j.CisapointonABsuchthatAC:CB3:2,andD isa

pointsuchthatOB//CD and2OB=CD(T17)

DeterminethevectorDAintermsofIandj

15. Inthefigurebelow,KLMNisatrapezium inwhichKLisparalleltoNM andKL=3NM
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GiventhatKN=w,NM =uandML=v.Showthat2u=v+w

16. ThepointsP,QandRlieonastraightline.ThepositionvectorsofPandRare2i+3j+13kand5i–

3j+4krespectively;QdividesSRinternallyintheratio2:1.Findthe

(a)PositionvectorofQ

(b)DistanceofQfrom theorigin

17. Co-ordinatesofpointsO,P,QandRare(0,0),(3,4),(11,6)and(8,2)respectively.ApointTissuch

thatthevectorOT,QPandQRsatisfythevectorequationOT=QP½QT.FindthecoordinatesofT.

18. InthefigurebelowOA=a,OB=b,AB=BCandOB:BD=3:1

(a) Determine

(i) ABintermsofaandb

(ii) CD,intermsofaandb

(b) IfCD:DE=1kandOA:AE=1m determine

(i) DEintermsofa,bandk

(ii) Thevaluesofkandm

19. Thefigurebelowshowsagridofequallyspacedparallellines
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AB=aandBC=b

(a) Express

(i) ACintermsofaandb

(ii) ADintermsofaandb

(b) UsingtriangleBEP,expressBPintermsofaandb

(c) PRproducedmeetsBAproducedatXandPR=1/9b–8/3a

BywritingPXaskPRandBXashBAandusingthetriangleBPXdeterminetheratioPR:RX

20. Thepositionvectorsofpointsxandyarex=2i+j–3kandy=3i+2j–2krespectively.FindXY

2.GiventhatX=2i+j-2K,y=-3i+4j–kandz=5i+3j+2kandthatp=3x–y+2z,findthemagnitudeof

vectorpto3significantfigures.
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