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Linear Programming was first conceived by George B Dantzig around 1947. Historically,
the work of a Russian mathematician Kantorovich (1939) was published in 1959, yet Dantzig
is still credited with starting linear programming. Infact, Dantzig did not use the term Linear
Programming, his first paper was titled “Programming in Linear Structure”. Much later, the
term “Linear programming” was coined by Koopmans in 1948.

The Simplex method which is the most popualar and powerful tool for solving linear pro-
gramming, to be studied in full later in this course, was published by Dantzig in 1949.

In this course, you will learn various tools in operations research, such as linear program-
ming, transportation and assignment problems and so on.

Before going into a detailed study, it is very important that you have a full understanding of
what operations researchis all about.

Operation Research, also called 'OR’ for short is “scientific approach to decision making,
which seeks to determine how best to design and operate a system, under conditions requiring
the allocation of scarce resources.”

Operation research as a field provides a set of algorithms that acts as tools for effective prob-
lem solving and decision making in chosen application areas. OR has extensive applications in
engineering, business and public systems and is also used extensively by manufacturing and
service industries in decision making.

The history of OR as a field dates back to the second World war 1l when the British military
asked scientists to analyze military problems. In fact, second world war was perhaps the first
time when people realised that resources where scarce and have to be used effectively and
allocated efficiently.

The application of mathematics and scientific method to military applications was called
“Operations Research” to begin with. But today, it has a different definition, it is also called
“Management Science”. In general the term Management Science also includes Operations
Research, in fact, this two terms are used interchangeably. As such, OR is defined as a scien-
tific approach to decision making that seeks conditions of allocating scarce resources. In fact
the most important thing in operations research is that resources are scarce and these scarce
resources are to be used efficiently.

In this course, you are going to study the following topics Linear programming,(Formulations
and Solutions), Duality and Sensitivity Analysis, Transportation Problem, Assignment Problem,
Dynamic Programming and Deterministic Inventory Models.




UNIT 1

LINEAR PROGRAMMING

1.1 Introduction

Linear programming deals with the optimization (maximization or minimization) of a function
of variables known as the objective functions. It is subject ot a set of linear equalities and/or
inequalities known as constraints. Linear programming is a mathematical technique which in-
volves the allocation of limited resources in an optimal manner, on the basis of a given criterion
of optimality.

In this unit, properties of Linear Programming Problems (LPP) are discussed. The graph-
ical method of solving LPP is applicable where two variables are involved. The most widely
used method for solving LPP problems consisting of any number of variables is called simplex
method, developed by G. Dantzig in 1947 and made generally available in 1951.

1.2 Objectives

At the end of this unit, you should be able to

(i) Write aLinear programming model.

(i) Define and use some certain terminologies which shall be useful to you in this course,
Linear programming.

(i) Formulate alinear programming problem, and

(iv) Perfom asensitivity analysis.
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1.3 Main Contents

1.3.1 Formulation of LP Problems

The procedure for mathematical formulation of a LPP consists of the following steps:

Step 1 Write down the decision variables of the problem.

Step 2. Formulate the objective function to be optimized (maximized or minimized) as alinear
function of the decision variables.

Step 3. Formulate the other conditions of the problem such as resource limitation. market
constraints, interrelations between variables etc., as linear inequalities or equations in
terms of the decision variables.

Step 4. Add the non-negative constraint from the considerations so that the negative values of
the decision variables do not have any valid physical interpretation.

The objective function, the set of constraints and the non-negative restrictions together form
aLinear Programming Problem (LPP).

1.3.2 General Form of LPP

The general form of the LPP can be stated as follows:

In order to find the values of n decision variables X1, Xo, ..., X, to minimize or maximize
the objective function.

Z = C1Xy +CoXo + -+ CyXp (11)
and also satisfy the constraints
] ]
a1 Xy +apXo + - +anXy 0 by
SR
ap1Xy F+ Xy + - - + A Xp N H b,
. = . (1.2)
8j1X1 + ajpXy + -+ ainXp H by
E S E :
AmiX1 t amaX2 + -+ amnXn bm

where the constraints may be in the form of inequality < or > or evenin the form of an equation
(=) and finally satisfy the non-negative restrictions

X1 20,%20,...,x,20 (1.3)
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1.3.3 Matrix Form of LP Problem
The LPP can be expressedin the matrix asfollows:
Maximize or Minimize z = cx (Objective Functions)

Subjectto: Ax (£==) b (Constraints) (1.4)

b>0, x = 0, (Nonnegative restrictions)

where X = (X1, X2, ...,%), € =1(C1,Cp...,Cn),
] U] U ]
% b, H H aix Az Ain H
h=— by~ A="2ap azxp - a;n -
E E ] ]
O . O 7 . 0
bn 8mi Am2 """ @mn  qxn

Example 1.3.1 A manufacturer produces two types of models M; and M,. Each model of the
type M, requires 4 hours of grinding and 2 hours of polishing; whereas each model of the type
M, requires 2 hours of grinding and 5 hours of polishing. The manufacturer has 2 grinders and
3 polishers. Each grinder works 40 hours a week and each polisher works for 60 hours a week.
Profit on My model is $3.00 and on model M, is $4.00. Whatever is produced in a week is sold
in the market. How should the manufacturer allocate his production capacity to the two types
of model, so that he may make the maximu profitin a week?

= Solution. Decsion variables: Let x; and X, bethe number of units of M; and M,
models.
Objective function: Since the profit on both the modes are given, you have to maximize

the profit viz.
max z = 3X;, + 4x,

Constraints There are two constraints-one for grinding and the other for polshing.

Numbers of hours available on each grinder for one week is 40. There are 2 grinders. Hence
the manufacturer does not have more than 2 x 40 = 80 hours of grinding. M, requires 4 hours
of grinding and M2 requires 2 hours of grinding.

The grinding constraint is given by

4x, + 2X2 < 80.

Since there are 3 polishers, the available time for poloshing in a week is given by 3 X 60 =
180 hours of polishing. M; requires 2 hours of polishing and M, requires 5 hours. Hence we
have

2X1 + 5%, < 180.
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Finally you have,
Maximize z = 3x; +4X,

Subjectto: 4x; +2x, < 80
2X1 + 5%, < 180

X1, Xo 2 0.

s

Example 1.3.2 A company manufactures two products A and B. These products are processed
in the same machine. It takes 10 minutes to process one unit of product A and 2 minutes for
each unit of product B and the machine operates for a maximum of 35 hours in a week. Product
A requires 1kg and B 0.5kg of raw material per unit, the supply of which is 600kg per week.
Market constraints on product B is known to be minimum of 800 units every week. Product A
costs $5 per unit and sold at $10. product B costs $6 per unit and can be sold in the market at a
unit price of $8. Determine the number of units of A and B per week to maximize the profit.

= Solution. Decision Variable: Let x; and x, be the number of products A and B
respectively.

Objective function: Cost of product A per unitis $5 and selling price is $10 per unit.
Therefore Profit on one unit of product A = 10 — 5= $5.

X1 units of product A contributes a profit of $5x,, profit constribution from one unit of
product
B=8-6=8%2

X, units of product B constribute a profit of $2x,
The objective function is given by

Maximize z = 5x; + 2X»
Constraints: The requirement constraint is given by
10x;, + 2%, < (35 X 60)
10x, + 2%, < 2100.
Raw material constraint is given by,
X1 +0.5%, £ 600

Market demand of product B is 800 units every week

Xp = 800
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The complete LPP is
Maximize 5x; + 2X,

Subjectto 10x; + 2x, < 2100
x; +0.5x, < 600
X2 = 800
X1, X2 2 0.
&

Example 1.3.3 A person requires 10,12, and 12 units of chemicals A, B and C respectively,
for his garden. A liquid product contains 5,2, and 1 units of A, B and C respectively, per jar. A
dry product contains 1,2 and 4 units of A, B and C per carton. If the liquid product sell for $3
per jar and the dry product sells for $2 per carton, how many of each should be purchased, in
order to minimize the cost and meet the requirements?

= Solution. Decision Variables: Letx; and x, be the number of units of liquid and dry
products.

Objective function: Since the cost for the products are given, you have to minimize the
cost
Minimize z = 3x; + 2X,.

Constraints: As there are 3 chemicals and their requirements are given, you have three con-
straints for these three chemicals.

5xy + X%, 2 10

2X1 + 2%, = 12

X1 +4x, = 12.

Finally the complete LPP is

Minimize z = 3x; + 2X»
Subjectto:  5x; +x, = 10
2X1 + 2%, = 12
X, +4x, = 12

X1, Xo 2 0.
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Example 1.3.4 A paper mill produces two grades of paper namely X and Y. Owing to raw
material restrictions, it cannot produce more than 400 ton of grade X and 300 tons of grade Y
in a week. There are 160 production hours in a week. It requires 0.2 and 0.4 hours to produce a
ton of products H and Y respectively without corresponding profits of $200 and $500 per ton.
Formulate the above asaLPP to maximize profitand find the optimum product mix.

= Solution. Decision Variables: Let x; and x, be the number of units of two grades of
paper of X and Y.

Objective function: Since the profit for the two grades of paper X and Y are given, the
objective function is to maximize the profit.

Maximize z = 200x; + 500X,

Constraints: There are 2 constraints, one referring to raw material, and the other to pro-

duction hours.
Maximize z = 200x; + 500x,

Subjectto: x; < 400

X, < 300

O.2Xl+ O.4X2 < 160
X1, Xo 2 0.
£

Example 1.3.5 A company manufactures two products A and B. Each unit of B takes twice
as long to produce as one unit of A and if the company was to produce only A, it would have
time to produce 2,000 units per day. The availability of the raw material is sufficient to produce
1,500 units per day of both A and B combined. Product B requiring a special ingredient, only
600 units can be made per day. If A fetches a profit of $2 per unit and B a profit of $4 per unit,
find the optimum product mix by graphical method.

< Solution. Let x; and x, be the number of units of the products A and B respectively.
The profit after selling these two products is given by the objective function,

Maximize z = 2x; + 4X,

Since the company can produce at most 2,000 units of the product in a day and type B requires
twice asmuch time asthat of type A, production restriction is given by

X, + 2X2 < 2,000.

Since the raw material are sufficient to produce 1,500 units perdayif both A and B are
combined, you have
X1+ X, £ 1500

There are special ingredients for the product B so you have x, < 600.

1
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Also, since the company cannot produce negative quantities, x; = 0and x, = 0.
Hence the problem can be finally put in the form:

Maximize z = 2X; + 4X,
Subjectto: x; +2x, < 2,000
X1 + X, < 1500
Xz £ 600
X1, X2 2 0.
&

Example 1.3.6 A firm manufactures 3 products A, B and C. The profits are $3, $2 and $4 re-
spectively. The firm has 2 machines and given below is the required processing time in minutes
for each machine on each product

Product
A B C
Machines M; 4 3 5
M, 3 2 4
Table 1.1:

Machines M1 and M, have 2, 000 and 2,500 machines minutes respectively. The firm must
manufacture 100A’s, 200 B’s and 50 C’s but no more than 150 A’s. Set up an LP problem to
maximize the profit.

= Solution. Let Xq, X, X3 be the number of units of the products A, B, C respectively.

Since the profits are $3, $ 2 and $ 4 respectively, the total profit gained by the firm after selling
these three products is given by,

Z = 3X1 + 2%, + 4X3.

The total number of minutes required in producing these three products at machine M; is
given by 4x, + 3x, + 5x3 and at machine M,, it is given by 3x; + 2X, + 4Xa.
The restrictions on the machines M; and M, are given by 2,000 minutes and 2,500 minutes.

4x, + 3%, + 5x3 < 2000

3X1 + 2X2 + 4X3 < 2500
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Also, since the firm manufactures 100 A’s, 200 B’s and 50 C’s but not more than 150 A’s
the further restriction becomes
100 £ x; £ 150
Xo = 200
X3 2 50
Hence the allocation problem of the firm can be finally put in the form:
Maximize Z = 3X1 + 2%, + 4X3
Subjectto: 4x; + 3%, + 5x3 < 2,000

3X1 + 2%, + 4x3 < 2500
100 < x; < 150

Xz = 200

X3 = 50

X1, X2, X3 2 0

1.3.4 Sensitivity Analysis

The term sensitivity analysis, often known as post-optimality analysis refers to the optimal so-
lution of a linear programming problem, formulated using various methods You have learnt the
use and importance of dual variables to solve an LPP. Here, you will learn how sensitivity analy-
sis helps to solve repeatedly the real problem in alittle different form. Generally, these scenarios
crop up as an end result of parameter changes due to the involvement of new advanced tech-
nologies and the accessibility of well-organized latest information for key (input) parameters or
the 'what-if’ questions. Thus, sensitivity analysis helps to produce optimal solution of simple
pertubations for the key parameters. For optimal solutions, consider the simplex algorigthm as
a’black box’ which accepts the input key parameters to solve LPP as shown below

Example 1.3.7 lllustrate sensitivity analysis using simplex method to solve the following LPP.
Maximize z = 20x;+ 10X,
Subjectto: x; +x, < 3
33X+ X, < 7

X1, Xo 2 0
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Simplex
Algorithm

Linear

_
Program ’) optimal

Solution

_—

Figure 1.1:

= Solution. Sensitivity analysis is done after making the initial and final tableau using the
simplex method. Add slack variables to convert it into equation form.

Maximize z = 20x;+ 10x,+ Ox3 + 0X4
Subjectto: X; + X, + X3 +0x4 =3

Xy +Xo +0X3+ X4 =7

X1, X2 2 0

To find the basic feasible solution, putx; = 0and x, = 0. thisgives z = 0,x; = 3 and
X4 = 7. The initial table will be as follows.:

Initial table
B Xy X, Xq X, Xg
X, 1 1 1 0 3 3
X, (3) 1 0 1 7 7/3
z—c; —20¢ .10 0 0 0
Table 1.2:

. X . i — -
Find 8 = =2 for each row and find minimum for the second row. Here, zj — Ciis maximum
X

negative (— 20). Hence x; enters the basis and x4 leaves the basis. It is shown with the help of
arrows.

Key element is 3, key row is second row and key column is x;. Now convert the key element
into entering key by dividing each element of the key row by key element using the following
formula:

|
(Product of elements in the key row and key column

New element = Old element —
Key element
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B X, X, X3 X, Xg 2
X, 0 Q13) 1 -1/3 2/3 1.
X, 1 1/3 0 1/3 73 7
=y 0 —10/3£ 0 20 140/3
Table 1.3:

The following is the first iteration tableau.
Since z; — c; has one value less than zero, i.e., negative value hence this is not yet optima

solution. Value -10/3 is negative hence X, enters the basis and X3 leaves the basis. Key row is
upper row.

B X4 X, X3 X, Xg 2
X, 0 1 312 -1/2 1
X, 1 0 0 413 4/3
z,—c; 0 0 0 25 110/3
Table 1.4:

zj — ¢; = Oforall j, henceoptimal solution is reached, where x; =%,x, =1,z =20

1.3.5 Shadow Price

The price of value of any item is its exchange ratio, which is relative to some standard item.
Thus, you may say that shadow price, also known as marginal value, of a constant i is the change
it induces in the optimal value of the objective function due to the result of any change in the
value, i.e., on the right-hand side of the constraint i.

This can be formularized assuming,

z = objective function

b; = right-handed side of constraint i

*

m* = standard price of constraint i;

At optimal solution
z* =v* =b'm* (Non-degenerate

solution).
Under this situation, the change in the value of z per change of b; for small changes in b; is
obtained by partially differentiating the objective function z, with respect to the righthanded
side b;, which is further illustrated as

ab

1
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where,
m; = price associated with the righthanded side.

It is this price, which was interpreted by Paul Sammelson as shadow price.

1.3.6 Economic Interpretation

You have often seen that shadow prices are being frequently used in the economic interpretation
of the data in linear programming.

Example 1.3.8 To find the economic interpretation of shadow price under non-degeneracy, you
will need to consider the linear programming to find out minimum of objective function z, x >

0, which is as follows:

— Xy — 2X, — 3X3+ Xy =
ZXy +2X,=6
Xy +3X4 =2
X3 — X4 =1
Now, to get an optimal basic solution, you can calculate the numericals;

X1 =6,X,X3=1,%X4=0,z=-—13.
The optimal solution for the shadow price is:
mT=-1m,=-2,m =-3,

as, z=bym +b,m +bym, where b=(6,2,1);

it denotes,
oJz Jz Jz

e =m==-1 S—=m==2, £:n3:—3.

As these shadow prices and the changes take place in a non-degenerate situation so, they
do notimpact the small changes of b;. Now, if this same situation is repeated in a degenerate
situation, you will have to replace bs = 1 by bs = 0; thereby 9z/0b% = — 3, only if the change
in bs is positive. However, you need to keep in mind that if bs is negative, then x3 will drop out
of the basis and x, transcends as the basic and the shadow price may be illustrated as;

ﬂi:—l, ﬁ2:—2,ﬁ3:32/aﬁ3 :_9

Here, you see that the interpretation of the dual variables 7, and dual objective function v
corresponds to column j of the primal problem. So, the goal of linear programming (Simplex
method) is to determine whether there is a basic feasibility for optimal solution, in the most
cost-effective manner.
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Thus, at iteration, t, the total cost of the objective function and this can be illustrated as:

m
vV = TTT b= ﬂibi
i=1

here, m =simplex multipliers which is associated with the basis B.

So, you may say that the prices of the problem of the dual variables are selected in such
a manner, that there is a maximization of the implicit indirect cost of the resources that are
consumed by all the activities. Whenever any basic activity is conducted, it is done at a positive
level and all non-basic activities are kept at a zero level.

Hence, if the primal-dual variable system is utilized, then the slack variable is maintained at
a positive level in an optimal soltuion and the corresponding dual variable is equal to zero.

1.4 Conclusion

In this unit you have learnt that the objective function of a linear Programming problem can
be of two types, namely minimization or maximization. The constraints could be of any of the
three types “greater than or equal to (=)”, “less than or equal to (<)” or “equal to (=)". You

also

learnt that a formulation is superior if it has fewer decision variables and fewer constraints. For

problems that have the same number of variables, the one with fewer constraints is superior, and
for problems with the same number of constraints the one with fewer variables is superior. We
also saw that the same problem can have different formulations, depending on how the person
formulating looks at the problem. As seen in the second example which has two different
formulations. And these two formulations will give effectively the same solutions though they
have different number of variables. You also saw the non-negativity restrictions.

In this unit you studied, two examples, making a total of 4 examples so far in this course.
You can go on and on to create different situations or formulations endlessly. And with every
formulation, you can actually learn something new. But with these four examples, you have
been able to know various aspects of problem formulations, the terminologies, definitions in
terms of objective functions, constraints and decision variables. And that different situations
determines when the variables are apparent and when they follow a certain pattern.

Lastly, you saw a problem where you defined two formulations and solving one problem is
as enough as solving the other.

With this you have come to the end of Linear programming formulations. In the next unit,
you shall consider how to solve linear programming problems.

1.5 Summary

In summary, you have

(i) seenhow to Formulate alinear programming problem.

2
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(i) known some terminologies used in Linear Programming in terms of decision variables,
objective functions, constraints and non-negativity condition

(iif) seen different types of objective functions i.e., minimization and maximization objectives.

(iv) seendifferent types of constraints, i.e., “greater than or equal to (=),” "equal to (=)” or
“less than or equal to (< )” constraints.

(v) also seen different types of variables.

In the next unit you shall go through two more formulations to understand some more aspects
of problem form which would be covered which have not been covered in these two examples.

Having gone through this unit, you are able to
» Formulate linear programming model for a cutting stock problem.
» Formulate a linear programming model from game theory.

» With the ideas learnt, formulate various other problems in linear programming.

1.6 Tutor Marked Assignments (TMAS)
Exercise 1.6.1

1. Which of the following is true about a Linear Programming Problem?

(a) It hasnonlinear Objectives.

(b) It has linear constraints.

(c) The variables could take any value.

(d) They number of constraints must be equal to the number of variables.

2. The Constraints of a linear programming problem can be

(a) greater than or equal to, less than or equal to or equal to.
(b) acombination of greater than or equal to, less than or equal to and equal to
(c) all of the above
(d) none of the above.
3. A mathematical programming which is not alinear programming problem is best referred
toas
(a) nonlinear programming
(b) integer programming
(c) transportation problem
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(d) quadratic programming.
4. A linear programming model must be made up of

(a) Linear objective function, Linear constraints and unrestricted decision variables.
(b) Linear objective function, Linear constraints and non-negative decision variables.
(c) Objective function, constraints and non-negative decision variables.

(d) Linear objective function, constraints and unrestricted decision variables.

5. Any linear programming problem has

(a) aunique formulation.

(b) many formulations depending on how one looks at the problem.
(c) amaximum of two formulations

(d) amaximum of three formulations

6. Which of the following is not a major aim in Operation research

(a) Minimization of the cost
(b) Maximization of profit

(c) Minimization of resources.
(d) Wastage of raw materials.

Exercise 1.6.2

1. A merchant plans to sell two models of home computers at costs of $250 and $400,
respectively. The $250 model yields a profit of $45 and the $400 model yields a profit
of $50. The merchant estimates that the total monthly demand will not exceed 250 units.
Find the number of units of each model that should be stocked in order to maximize
profit. Assume that the merchant does not want to invest more than $70,000 in computer
inventory.

2. A fruit grower has 150 acres of land available to raise two crops, A and B. It takes one
day to trim an acre of crop A and two days to trim an acre of crop B, and there are 240
days per year available for trimming. It takes 0.3 day to pick an acre of crop A and 0.1
day to pick an acre of crop B, and there are 30 days per year available for picking. Find
the number of acres of each fruit that should be planted to maximize profit, as- suming
that the profitis $140 per acre for crop A and $235 per acre for B.

3. A grower has 50 acres of land for which she plans to raise three crops. It costs $200 to
produce an acre of carrots and the profit is $60 per acre. It costs $80 to produce an acre
of celery and the profit is $20 per acre. Finally, it costs $140 to produce an acre of lettuce
and the profit is $30 per acre. Use the simplex method to find the number of acres of each
crop she should plant in order to maximize her profit. Assume that her cost cannot exceed
$10,000.



UNIT 1. LINEAR PROGRAMMING

4. A fruit juice company makes two special drinks by blending apple and pineapple juices.

8.
9.

The first drink uses 30% apple juice and 70% pineapple, while the second drink uses 60%
apple and 40% pineapple. There are 1000 liters of apple and 1500 liters of pineapple juice
available. If the profit for the first drink is $0.60 per liter and that for the second drink is
$0.50, use the simplex method to find the number of liters of each drink that should be
produced in order to maximize the profit.

. A manufacturer produces three models of bicycles. The time (in hours) required for

assembling, painting, and packaging each model is as follows.

Model A Model B Model C
Assembling 2 2.5 3
Painting 15 2 1
Packaging 1 0.75 1.25

The total time available for assembling, painting, and packag- ing is 4006 hours, 2495
hours and 1500 hours, respectively. The profit per unit for each model is $45 (Model A),
$50 (Model B), and $55 (Model C). How many of each type should be produced to obtain
amaximum profit?

. Suppose in Exercise 5 the total time available for assembling, painting, and packaging

is 4000 hours, 2500 hours, and 1500 hours, respectively, and that the profit per unit is
$48 (Model A), $50 (Model B), and $52 (Model C). How many of each type should be
produced to obtain a maximum profit?

. A company has budgeted a maximum of $600,000 for advertising a certain product na-

tionally. Each minute of television time costs $60,000 and each one-page newspaper ad
costs $15,000. Each television ad is expected to be viewed by 15 million viewers, and
each newspaper ad is expected to be seen by 3 million readers. The company’s market
research department advises the company to use at most 90% of the advertising budget
on television ads. How should the advertising budget be allocated to maximize the total
audience?

Rework Exercise 7 assuming that each one-page newspaper ad costs $30,000.

An investor has up to $250,000 to invest in three types of investments. Type A pays 8%
annually and has a risk factor of 0. Type B pays 10% annually and has a risk factor of
0.06. Type C pays 14% annually and has a risk factor of 0.10. To have a well-balanced
portfolio, the investor imposes the following conditions. The average risk factor should be
no greater than 0.05. Moreover, at least one-fourth of the total portfolio is to be allocated
to Type A investments and at least one-fourth of the portfolio is to be allocated to Type
B investments. How much should be allocated to each type of investment to obtain a
maximum return?
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10.

11.

12.

13.

14.

15.

An investor has up to $450,000 to invest in three types of investments. Type A pays 6%
annually and has a risk factor of 0. Type B pays 10% annually and has a risk factor of
0.06. Type C pays 12% annually and has a risk factor of 0.08. To have a well-balanced
portfolio, the investor imposes the following conditions. The average risk factor should
be no greater than 0.05. Moreover, at least one-half of the total portfolio is to be allocated
to Type A investments and at least one-fourth of the portfolio is to be allocated to Type
B invest- ments. How much should be allocated to each type of investment to obtain a
maximum return?

An accounting firm has 900 hours of staff time and 100 hours of reviewing time available
each week. The firm charges $2000 for an audit and $300 for a tax return. Each audit
requires 100 hours of staff time and 10 hours of review time, and each tax return requires
12.5 hours of staff time and 2.5 hours of review time. What number of audits and tax
returns will bring in a maximum revenue?

The accounting firm in Exercise 11 raises its charge for an audit to $2500. What number
of audits and tax returns will bring in a maximum revenue?

A company has three production plants, each of which pro- duces three different models
of a particular product. The daily capacities (in thousands of units) of the three plants are
as follows.

Model 1 Model 2 Model 3

Plant 1 8 4 8
Plant 2 6 6 3
Plant 3 12 4 8

The total demand for Model 1 is 300,000 units, for Model 2 is 172,000 units, and for
Model 3 is 249,500 units. Moreover, the daily operating cost for Plant 1 is $55,000, for
Plant 2 is $60,000, and for Plant 3 is $60,000. How many days should each plant be
operated in order to fill the total demand, and keep the operating cost at a minimum?

The company in Exercise 13 has lowered the daily operating cost for Plant 3 to $50,000.
How many days should each plant be operated in order to fill the total demand, and keep
the operating cost at a minimum®?

A small petroleum company owns two refineries. Refinery 1 costs $25,000 per day to
operate, and it can produce 300 barrels of high-grade oil, 200 barrels of medium-grade
oil, and 150 barrels of low-grade oil each day. Refinery 2 is newer and more modern. It
costs $30,000 per day to operate, and it can produce 300 barrels of high-grade oil, 250
barrels of medium-grade oil, and 400 barrels of low-grade oil each day. The company has
orders totaling 35,000 barrels of high-grade oil, 30,000 barrels of medium-grade oil, and
40,000 barrels of low-grade oil. How many days should the company run each refinery to
minimize its costs and still meet its orders?
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16. A steel company hastwo mills. Mill 1 costs $70,000 per day to operate, and it can produce
400 tons of high-grade steel, 500 tons of medium-grade steel, and 450 tons of low-grade
steel each day. Mill 2 costs $60,000 per day to operate, and it can produce 350 tons of
high-grade steel, 600 tons of medium-grade steel, and 400 tons of low-grade steel each
day. The company has orders totaling 100,000 tons of high-grade steel, 150,000 tons of
medium-grade steel, and 124,500 tons of low-grade steel. How many days should the
company run each mill to minimize its costs and still fill the orders?
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Methods of Solutions to Linear
Programming Problems
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UNIT 2

GRAPHICAL AND ALGEBRAIC
METHODS.

2.1 Introduction

In this unit, you will be introduced graphical and algebraic methods of solving linear program-
ming problems

2.2 Objectives

At the end of this unit, you should be able to

(i) solve linear programming problems using graphical method.

(i) solve linear programming problems using algebraic method.

2.3 Main Content

2.3.1 Graphical Method

Simple linear programming problems with two decision variables can be easily solved by graph-
ical method.

2.3.2 Procedure For Solving LPP By Graphical Method

The stepsinvolved in graphical method are as follows:

27



UNIT 2. GRAPHICAL AND ALGEBRAIC METHODS.

Step 1 Consider eachinequality constraint as an equation.

Step 2 Plot each equation on the graph, aseach will geometrically represent a straight line.

Step 3 Mark the region. If the inequality constraint corresponding to the line is <, then the
region below the line lying in the first quadrant (due to non-negativity of variables) is
shaded. For the inequality constraint with > sign, the region above the line in the first
quadrant is shaded. The points lying in the common region will satisfy all the constraints
simultaneously. The common region thus obtained is called the “feasible region”.

Step 4 Assign an arbitrary value, say zero, to the objective function.

Step 5 Draw the straight line to represent the objective function with the arbitrary value (i.e., a
straight line through the origin).

Step 6 Stretch the objective function line till the extreme points of the feasible region. In the
maximization case, this line will stop farthest from the origin, passing through at least
one corner of the feasible region. In the minimization case, this line will stop nearest to
the origin, passing through at least one corner of the feasible region. In the minimization
case, this line will stop nearest to the origin, passing through at least one corner of the
feasible region.

Step 7 Find the co-ordinates of the extreme points selected in step 6 and find the maximum or
minimum value of z.

Note As the optimal values occur at the corner points of the feasible region, it is enough to
calculate the value of the objective function of the corner points of the feasible region
and select the one that gives the optimal solution. That is, in the case of maximization
problem, the optimal point corresponds to the corner point at which has the objective
function as maximum value, and in the case of minimization, the optimal solution is
the corner point which gives the objective function the minimum value for the objective
function.

Example 2.3.1 Solve the following LPP by graphical method
Minimize z = 20x; + 10x,
Subjectto. x; +2x, < 40
33X, + X, = 30
4x, + 3%, = 60
X1, X2 2 0

= Solution. Replace all the inequalities of the constraints by equation

X1 + 2X, = 40 passes through (0, 20)(40, 0)
3X; + X, passes through (0, 30)(10, 0)
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4x; + 3%, = 60 passes through (0, 20)(15, 0)
Plot the graph of each on the same graph

y=%,

40—

30—

/A

C(4,18)

X=X

Figure 2.1:

The feasible region is ABCD.

C and D are points of intersection of lines.

C intersects x; + 2x, = 40, and 3x; + x, = 30

and D intersects 4x; + 3x, = 60, and X; + X, = 30. Thus C = (4,18) and D = (6,12)

Corner points Value of z = 20x; + 10x,

A(15,0) 300
B(40,0) 800
C(4,18) 260
D(6, 12) 240 (Minimum value)

Therefore the minimumyvalue of z occurs at D(6,12). Hence, the optimal solution is x; =
6, x> = 12. £
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Example 2.3.2 Use graphical method to solve the LPP.
Maximize z = 6X; + 4X,
Subjectto —2x;+x, < 2
X1 — Xp < 2
33Xy +2%X, < 9

X1, Xo 2 0.
= Solution. Replacing the inequality by equality

— 2X1 + X, = 2 passes through (0, 2), (— 1, 0)
X1 — Xo = 2 passes through (0, — 2), (2,0)

3x; + 2%, = 9 passes through (0, 4.5), (3, 0)

- 20" ———

wastage=2"
2 by 9"

Figure 2.2: Page 24-1

Feasible region is given by ABC.
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Corner points Value of z = 6x; + 4x,
0(0,0) 0
A(2,0) 12

B(13/5,3/5) 18 (Maximum value)
C(5/7, 24/7) 18 (Maximum value)

The maximum value of z is attained at C(13/5, 3/5) orat D(5/7,24/7)
Therefore optimal solution is x; = 13/5,x, = 3/50rx, =5/7,x, = 24/7. &

Example 2.3.3 Use graphical method to solve the LPP.

Maximize 3X; + 2X»
Subjectto 5x; +x, = 10
X1 +X, = 6
X, +4x, = 12
X1, X2 2 0
= Solution.

Corner points Value of z = 3x; + 2x,

A(0, 10) 20
B(1,5) 13 (Minimum value)
C(4,2) 16
D(12,0) 36

Since the minimum value is attained at B(1,5) the optimum solution isx; = 1,x, = 5.

Note: In the above problem if the objective function is maximization, then the solution is
unbounded, as maximum value occurs at infinity. &4

2.3.3 Some More Cases

There are some linear programming problems which may have,
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- 20" -

wastage=4"
2 by 8"

Figure 2.3: Page 25-1

(i) aunique optimal solution (ii) aninfinite number of optimal solutions.

(iif) an unbounded solution  (iv) no solution.

The following examples will illustrate these cases.

Example 2.3.4 Solve the LPP by graphical method.
Maximize z = 100x; + 40X,

Subjectto. 5x; +2x, < 1,000
33Xy + 2%, < 900
X1 + 2%, < 500
X1, X2 2 0

< Solution. The solution spaceis given by the feasible region OABC.

Corner points Value of z = 100x; + 40x,
0(0,0) 0

A(200, 0) 20, 000 (Maximum value of z)
B(125, 187.5) 20,000

C(0,250) 10,000
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Figure 2.4: Page 26-1

Therefore the maximum value of z occurs at two vertices A and B. Since there are infinte
number of points on the line joining A and B is gives the same maximum value of z

Thus, there are infinite number of optimal solutions for the LPP. v

Example 2.3.5 Solve the following LPP

Maximize z = 3X; + 2X»
Subjectto Xx; — x, = 1
X1+ X = 3

X1, Xo 2 0
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< Solution.

Figure 2.5: Page 26-2

The solution space is unbounded. The value of the objective function at the vertices A and
B are z(A) = 6, z(B) = 6. But there exists points in the convex region for which the value of
the objective function is more than 8.

In fact, the maximum value of z occurs at infinity. Hency, the problem has an unbounded
solution. 4

No feasible solution

When there is no feasible region formed by the constraints in conjuction with non-negativity
conditions, then no solution to the LPP exists.

Example 2.3.6 Solve the following LPP.
Maximize z = X; + X»
Subjectto X, +x, < 1
—3X 1+ X = 3

X1, Xo 2 0
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= Solution. There's being no point (X1, X2) common to both the shaded regions, you
could not find a feasible region for this problem. So the problem cannot be solved. Hence, the
problem has no solution.

y= »
4—ss ;VA
s 73
2—1
| | | X=
/l 0 1 2 3
—1 4 ﬁ’*/

Figure 2.6: Page 27-1

&
2.3.4 The Algebraic Method
* Consider this example and illustrate the algebraic method.
Maximize z = 6X; + 5X»
subjectto X; +x, £ 5
(2.1)

3X1 + 2X2 < 12

X1, Xo 2 0

» Assuming that you know how to solve linear equations, you can convert the inequalities
into equations by adding Slack variables x; and x, respectively.

» These two slack variables represents the amount of resources A and B respectively that
are not utilized during production, and they do not contribute to the objective function.
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So the linear programming problem becomes

Maximize z = 6X; + 5X, + 0x3 + 0X4

SUbjeCt to: Xy +X,+X3 =5
(2.2)
3X1 + 2X2 + X4 = 12

X1, X2, X3, X4 2 0
Observe that x; and x, must be greater than or equal to zero. The restriction of these
new variables which is consistent with the non-negativity requirement of linear programming

problems makes the new problem very important to us. You can now proceed to solve problem
2.2. It is Very important to note that solving problem 2.2 is the same as solving problem 2.1.

» With the addition of slack variables, you now have four variables and two equations. With
the two equations, you can solve only for two variables at a time.

* You have to fix any two variables to some arbitrary value and can solve for the remaining
two variables.

« The two variables that you fix arbitrary values can be chosen in #C, = 6ways.

* In each of these six combinations, you can actually fix the variables to any value resulting
in infinite number of solutions.

— However, you can consider fixing the arbitrary values to zero and hence consider
only six distinct possible solutions.

» The variables that you fix to zero are called non-basic variables and the variables that
you solved for are called basic variables.

— These solutions obtained by fixing the non basic variables to zero are called basic
solutions.

» Among the six basic solutions obtained, you observe that four are feasible.

— Those basic solutions that are feasible (i.e., satisfy all constraints and the non-
negativity restrictions) are called basic feasible solutions

» The remaining two (solutions 3 and 4) have negative values for some variables and are
therefore infeasible.

— You should be interested only in feasible solutions and therefore do not evaluate the
objective function for infeasible solutions.

For this problem, the six basic solutions are:

1. Variables x; and X, are non-basic and set to zero. Substituting you get X3 = 5, x, = 12
and the value of the objective function z = 0.
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2. Variables x; and x3 are non-basic and set to zero. Substituting, you solve for x, = 5and
2X, + X4 = 12 and get X, = 5, X4, = 2 and the value of the objective function z = 25.

3. Variables x; and x, are non-basic and set to zero. Substituting, you solve for x, + X3 = 5
and 2x, = 12 which gives you x, = 6, X3 = — 1. Here you don'’t need to evaluate the

value of the objective function because, the value x; = — 1 is nota feasible solution,
where the objective function is evaluated only at feasible solutions.

4. Variables x, and x4 are non-basic and set to zero. Substituting, you solve for x; + X3 = 5
and 3x; = 12 which gives you x; = 4, x3 = 1 and the value of the objective function
z=24.

5. Variables x, and x3 are non-basic and set to zero. Substituting, you solve for x; = 5and
3x1+ X4 = 12 which gives you x; = 5, X3 = — 3, anonfeasible solution sothat you don't
need to compute the value of the objective function.

6. Variables x; and x, are non-basic and set to zero. Substituting, you solve for x; + X, = 5
and 3x, + 2x, = 12, which gives you x; = 2, x3 = 3 and the value of the objective
function z = 27.

Since the 6th problem hasthe maximum objective function value z = 27, then, x;, = 2, X, = 3,
X3 = X4 = 0isthe optimum basic solutions.

Among these six basic solutions, you will observe that four are feasible. Those basic
solutions that are feasible (i.e., satisfy all the constraints) are called basic feasible solutions.

The remaining two (solutions 3 and 5) have negative values for some variables and therefore
infeasible. You are only interested only in feasible solutions and therefore do not evaluate the
objective function for infeasible solutions.

Consider a non basic solution from the sixth solution. Also assume that variables x3; and
X4 are fixed to arbitrary values (other than zero). You have to fix them at non-negative values,
otherwise they will be infeasible. Fix x3 = 1 and x4, = 1 On substitution you get x; + x, = 4
and 3x; + 2x, = 11l and getx; = 3, X, = 3 and value of the objective function z = 23.
This non-basic feasible solution is clearly inferior to the solution x; = 2, X, = 3 obtained asa
basic feasible solution by fixing X3 and x4 to zero. The solution (3,1) is an interior point in the
feasible region while the basic feasible solution (2,3) is a corner point. And you have seen that
it is enough only to evaluate corner points.

2.3.5 Relationship between the Graphical and the Algebraic methods.

Having solved this problem, you can observe that;

» the four basic feasible solutions correspond to the four corner points.

» Every non-basic solution that is feasible corresponds to an interior point in the feasible
region and every basic feasible solution corresponds to a corner point solution.

* In the algebraic method, it is enough only to evaluate the basic solutions, find out the
feasible ones and evaluate the objective function to obtain the optimal solution.
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6 X 2xF12

(4,0)

Figure 2.7:

Summary of the Algebraic Method

In general, the algebraic approach for solving linear programming problems follows the pattern
below

1. Convert the inequalities into equations by adding slack variables.

2. Assuming that there are m equations and n variables, setn — m (non-basic) variables to

zero and evaluate the solution for the remaining m basic variables. Evaluate the objective
function if the basic solution is feasible.

3. Perform Step 2 for all the "C,,, combinations of basic variables.

4. Identify the optimum solution as the one with the maximum(minimum) value of the ob-
jective function.

Advantages of the Algebraic Method

You saw that the graphical method is very good in solving linear programming problem with
only two variables, but the algebraic method can be used to solve for any number of variables
and any number of constraints provided that you can solve the system of linear equations ob-
tained.

Disadvantages of the Algebraic Method
The distinct disadvantages of the algebraic method are

* You will end up evaluating a total of "C,, basic solutions, which is a very large number
of solutions to evaluate before arriving at the optimal.

* Among these large solutions you have, there are infeasible solutions that are not neces-
sary.
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 Also you would expect that the solutions to be better and better as you progress, but this
is not the case asit does not follow a specific pattern. For example, in the just concluded
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problem, you obtained a value z = 25 and afterwards got z = 24 before arriving at
z = 27. If you had not considered all the points before concluding, you would have not
gotten the right answer.

2.4 Conclusion

In this unit, you studied the graphical and the algebraic method for solving a linear programming
problem. You have also seen there limitations. With these limitations of the algebraic method,
it becomes imperative to consider a method that is better than the algebraic method and the
graphical method. This method

- would not evaluate infeasible solutions.
- should progressively give you better solutions.

- should be able to terminate as soon as it has found the optimum. It should not put you in
a situation where you have evaluated the optimum but still have to evaluate the rest before
you would realize that you have arrived at an optimum solution earlier.

A method that can do all these would add more value to the algebraic method that you have
seen. Obviously, that method would require more computation and extra effort. This method is
called the simplex method which is essentially an extension of the algebraic method and exactly
addresses the three concerns you have listed above. Simplex method is the most important tool
that had been developed to solve linear programming problems. This shall be discussed in detail
in the next unit.

2.5 Summary

Having gone through this unit, you are now able to;

1. Solve linear programming problems using graphical methods

2. solve linear programming problems using algebraic methods.

3. A setof values Xy, X», ..., X, that satisfies (1.2) of LPP is called its solution
4

. Any feasible solution to LPP, which satisfies the non-negativity restriction (1.3) is called
its feasible solution.

5. Any feasible solution, which optimizes (minimizes or maximizes) the objective function
(1.1) of the LPP is called optimum solution.

6. Given a system of m linear equations with n variables (m < n), any solution that is
obtained by solving m variables keeping the remaining n — m variables zero is called a

basic solution. Such m variables are called basic variables and the remainiing are called
non-basic variables.
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n!

The number of basic solutions £ —————
m!(n — m)!

7. A basic feasible solution is a basic solution which also satifies (1.3), thatis all basic
variables are non-negative. Basic feasible solutions are of two types:

(a) Non-degenerate: A non-degenerate basic feasible solution is a the basic feasible so-
lution that has exactly m positive x;’s(i = 1,..., m) i.e., None of the basic variables

are zero.
(b) Degenerate: A basic feasible solution is said to be degenerate if one or more basic
variables are zero.

8. If the value of the objective functioncan be increased or decreased indefinitely, such
solutions are called unbounded solutions.

9. A general LPP can be classified ascanonical or standard forms.

(a) In standard form, irrespective of the objective function, namely, maximize or min-
imize, all the constraints are expressed as equations. Moreover RHS of each con-
straint and all variables are non-negative. i.e., A LPP that can be expressed in the

matrix form
(min or max) z =CyX; +CyXp + -+ + ChXp
Subject to: Ax = D (2.3)
x=0
is said to be in standard form. Where b; = 0, i =1,...m, Aisanm X n matrix,
X=(Xg,...,Xy)tand ¢ =(cq,...,Cn)

The Standard form is characterised by the following
i. The objective function is of maximization type.

ii. All constraints are expressed as equations.
iii. Right hand side of each constraint is non-negative.
iv. All variables are non-negative.

(b) In canonical form, if the objective function is of maximization, all the constraints
other than non-negative conditions are <’ type. If the objective function is of min-

imization, all the constraints other than non-negative condition are’>’ type.
The Canonical formis characterised by the following;

i. The objective function is of maximization type.
ii. All constraints are (<) type.

iii. All variables x;(i = 1,...,n) are non-negative.

Note:

(i) Minimization of a function z is equivalent to maximization of the negative expres-
sion of this function, i.e., min z = — max(— z).
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(if)
(iii)

(iv)

(v)

An inequality reverses when multiplied by (-1).
Suppose you have the constraint equation,

an Xy +apX, + -+ a;pX, =b

This equation can be replaced by two weak inequalities in opposite directions,

Xy +apX + - +a;X, < by and ag Xy +apXe + o+ agnX, = by

If avariable is unrestricted in sign, then it can be expressed as a difference of two
non-negative variables, i.e., if x; is unrestricted in sign, then x; = x!;, — X, where
xi, x> 0.

In standard form, all the constraints are expressed in equation, which is possible
by introducing some additional variables called ’slack variables’ and ’surplus vari-
ables’ so that a system of simultaneous linear equations is obtained. The necessary
transformation will be made to ensure that b; > O.

— If the constraints of a general LPP be

n
ajj Xj < bi (i:1,2,...,m).
j=1

Then the non-negative variable x,+i(i = 1,...m), which are introduced to
convert the inequalities (<) to the equalities, i.e.,

n
aijXj + Xn+i =b (Ii=1,...,m)
j=1

are called slack variables.

Slack variables are also defined asthe non-negative variables that are added in
the LHS of the constraint to convert the inequality (<) into an equation.

— If the constraints of a general LPP be

n
ajj Xj > bi (i:1,2,...,m).
=1

Then the non-negative variable x,+i(i = 1,...m), which are introduced to
convert the inequalities (<) to the equalities, i.e.,

n
aijXj — Xn+i :bi (I = 1,...,m)
i=1
are called surplus variables.

Surplus variables are also defined as the non-negative variables that are removed
fromthe LHS of the constraint to convert the inequality (=) into an equation.
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2.6 Tutor Marked Assignments(TMAS)

Exercise 2.6.1

1. Consider the following problem.

Maximize 2X; + 5%,
Subjectto x; +2x, < 16
2X1 + X, < 12

X1, Xo 2 0

(a) Sketch the feasible region in the (x1, X,) space.

(b) Identify the regions in the (X1, X») space where the slack variables x3 and x, are
equal to zero.

(c) Solve the problem using graphical method.

2. Consider the following problem.

Maximize 2x; + 3X»
Subjectto x; +x, £ 2
4x, + 6X2 <9

X1, Xo 2 0

(a) Sketch the feasible region.
(b) Find two alternative optimal extreme (corner) points.
(c) Find aninfinite class of optimal solutions.

3. Consider the following problem.

Maximize 3X; + X»
Subjectto —x; +2%x, < 6

X < 4

(a) Sketch the feasible region.
(b) Verify that the problem has an unbounded optimal solution.

Solve the following problems by graphical method.
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4. Maximize z=X; — 3Xo
Subjectto x; +x, < 300
X1 — 2X, < 200
2%, + X, < 100
Xz £ 200
X1, X2 2 0
[Ans max z = 205, x; = 200, x, = 0]
5. Maximize z = 5x + 8y
Subjectto x+y < 36
Xx+2y < 20
3Xx+4y < 42
X,y =20
[Ans maxz =82,x =2,y = 9]
6. Maximize z = x + 3y
Subjectto x+y < 300
X — 2y < 200
x+y < 100
y = 200
X,y =20
[Ans maxz = 700,x = 100,y = 200]
7. Egg contains 6 units of vitamin A and 7 units of vitamin B per gram and costs 12 paise
per gram. Milk contains 8 units of vitamin A and 12 units of vitamin B per gram and
costs 20 paise per gram. The daily minimum requirement of vitamin A andvitamin B are
100 units and 120 units respectively. Find the optimal product mix.

[minz = 205,x; = 5,%x, = 1.25]
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8. Solve graphically the following LPP.

Maximize z = 20x, + 10x,

Subjectto x; +2x, < 40
3%, + X, = 30
4x, + 3%, = 60

X1, Xo 2 0
[Ans minz = 240,x; = 6, %, = 12]

9. A company produces two different products, A and B and makes a profit of $40 and $30
per unit respectively. The production process has a capacity of 30,000 man-hours. It
takes 3 hours to produce one unit of A and one hour to produce one unit of B. The market
survey indicates that the maximum number of units of product A that can be sold is 8,000
and those of B is 12,000 Formulate the problem and solve it by graphical method to get
maximum profit.

[Ans max z = 40x, + 30x,, subjectto  3x; +X, < 30,000; x; < 8,000;x, <
12,000, X;,X, =2 0 (minz = 240,x; = 6,X%, = 12)]

10. Solve the following LPP, graphically.
Maximize z = 3x — 2y

Subjectto —2x+3y< 9
X — 3y = —
20x,y =20

[Ans maxz = 700,x = 100,y = 200]
11. Solve graphically the following LPP.

Minimize z = — 6X; — 4X,

Subjectto 2x; + 3x, = 30
33X+ X, £ 24
X1 +X, =2 3

X1, Xo 2 0

[AnsInfinite number of solutions minz = — 48]
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UNIT 3

SIMPLEX ALGORITHM (ALGEBRAIC
AND TABULAR FORMS)

3.1 Introduction

In this unit, you shall be looking at the Simplex Algorithm to solve Linear programming prob-
lems. In the last unit, you started the topic in Linear programming Solutions by looking at the
graphical and algebraic methods. And you said that the algebraic method should have three
important characteristics,

* it should not evaluate any infeasible solution.
* it should be capable of given progressively better basic feasible solutions

* it should be able to identify the optimum and terminate when it is reached.

But you discovered that the algebraic method lack this important characteristics. You are now
going to see the Simplex method which possesses these three important characteristics. You
will first of consider the algebraic and the tabular forms of the simplex method.

3.2 Objectives

At the end of this unit, you should be able to

* Solve linear programming problem using the algebraic Simplex method

* Solve linear programming problem using the Taublar form of the Simplex method.
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3.3 Simplex Algorithm

3.3.1 Algebraic Simplex Method

To begin with, here is a simple example.
Example 3.3.1 Consider the product mix problem.
Maximize z = 6x; + 5X,

Subjectto X; +%x, < 5

(3.1)
3X1 + 2X2 < 12

X1, Xo 2 0

As in the last unit, you should first convert the inequalities to equations as shown below
Maximize 2z = 6Xx; + 5%, + 0x3 + 0x4

SUbjeCt fo: Xy +Xo+X3 =5
(3.2)
3X1 + 2X2 + X4 = 12

X1, X2, X3, X4 = 0

Note that slack variables have zero contributions to the objective function, therefore, solving
(3.1) is the same as solving (3.2).

One important thing about the Simplex method is that since it should not evaluate any in-
feasible solution, you would need to begin to solve with a basic feasible solution, and to do this,
you will fix x;, = 0and x, = 0, so that x; = 5and x, = 12.

Remark 3.3.1 Infact one of the important things in any linear programming problem is that
the constraints should not have a negative value on the right hand side. If the constraint has
a negative value on the right hand side, then you will need to multiply the constraint by -1 to
make it non-negative, although the sign of the inequality may be reversed. So you would make
an assumption that all linear programming problem that you solve, the constraint should have
a non-negative value of the righthand side. It can have a zero but it should not have a negative.

Since each of these constraints have a non-negative value on the right hand side, and each of
the slack variables appears in only one of the equations, it is now very easy to fix the rest of the
variables to zero and have a starting solution of X3 = 5 and x4, = 12 which is basic feasible. It
is basic because the variables x; and X, are fixed to zero, and feasible because X3 and X4, each
appear only in one of the constraints and are non-negative.

Thus the first basic feasible solution (or the starting solution) for this problemis x; = x, =
0,x3 =5and x4 = 12.
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Iteration 1

Having identified the basic variables, i.e. X3 and x4, write this basic variables and the objective
function in terms of the non-basic variables x; and X,, as follows, X3 = 5 — X; — X5, X4 =

12 — 3%, — 2%y and z = 6X; + 5X,. If you setx; = Oand x, = 0, then x3 = 5,%x, = 12 and
z=0.

But you are interested in maximizing the objective function z which right now is zero, with
X1 = X = 0 and are non-basic. To increase z, you have to increase X; and X,, since both
have strictly positive coefficients. In Simplex method, the idea is that you should increase one
variable at a time. In other words, you will either increase x; or x, to maximize z. But since,
the coefficient of x;, 6 is greater than the coefficient of x,, it is better to increase x, because the
rate of increase would be higher.

Presently, x;, = 0. There will be a limit the value x; can take because as you increase X,
you will realize that x3 and x, will decrease. For instance, if x; = 1, x, = O still, thenx; = 4
and x4, = 9. Thus, as x; increases, X3 and X, start reducing to zero. Therefore you will increase
to a point where one of them becomes zero, otherwise increasing x; beyond that will end up
making either x5 or x4 negative, which would violate the non-negativity restriction, and you do
not want it.

Now looking at the equations

X3=5— X1 — X (33)

and

X4 = 12 — 3X1 - 2X2 (34)

The highest value x; can take in (3.3) for x3 to remain non-negative is 5 and the highest it can
take in (3.4) for x4 to remain non-negative is 4. So the highest value x; can take is min 5,4 = 4.
A further increase in x; would result to a negative value of x, and would violate the non-
negativity restriction. Hence equation (3.4) becomes the binding equation which determines
the highest value x; can take. This leads us to the second iteration.

Iteration 2.

Rewriting equation (3.4) for x;, you will have and substituting in the rest give youx; = 4 —
X2 =4 Xa, Xa=5—(4=34 %L, xa) = Xo =14 o4 xgandz = 6(4% %1 ,x4) +5%;

24 + X, — 2X4. In thisiteration, x; and X3 are basic, while x, and x, are non-basic. Letting
X2 = X4 = 0,thenx; = 4,Xx3 = 1land z = 24.

This is another basic feasible solution that you have obtained. It is basic because x, = X, =
0 and feasible because the value of the variables are non-negative.

Remember your objective is to increase z = 24 + X, — 2X, further. This you can do by

either increasing X, or decreasing X4 (X4 has a negative coefficient). But x4 iS non-basic and
already at zero, so you cannot decrease X, further, otherwise it will violate the non-negativity
restriction. Also X, is non-basic and is zero, So you will increase X, in other to increase z.
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Consider the equations

2 1
X1 = 4 — §X2 ——3X4 (35)
and
1 1
X3 =1-— —3X2 +§X4 (36)

you will observe that the highest value x, can take in (3.5) so that x; remains feasible is x, = 6
and the highest value x, can take in (3.6) so that x3 remains feasible is x, = 3. Thus, for both
variables x; and X5 to remain feasible, the highest value x, can take is min 6, 3 = 3 A further
increase for the value of x, beyond 3 makes x5 negative and would violate the non-negativity
restriction. Hence equation (3.6) becomes the binding equation which determines the highest
value X, can take. This leads us to the third iteration.

Iteration 3

Rewriting equation (3.6) for x;, you will have and substituting in the rest give youx, = 3 —
Xz +Xg, X3 =4— 23— 3X3+Xg) — X4 =24 33— Xgandz = 24+ (3 — Xz +X4) — 2%

3 3
27 — 3X, — X4. In thisiteration, x; and X, are basic, while x; and x, are non-basic. Letting
X3 = X4 = 0,thenx; = 2,%x, = 3and z = 27.

Now, you can check whether you can increase z = 27 — 3x3 — X4 further. To increase z
further, you can either decrease X3 or X4 because both have negative coefficients. Butit is not
possible to decrease any of x3 or X, because both are already zero and decreasing them will
make them infeasible. So you cannot proceed any further from this point to try and increase z
further. Hence you will stop here and conclude that the best solution which isx; = 2,x, = 3
and z = 27 have been obtained.

You will notice that this the same solution you obtained with the graphical and the algebraic
method.

A close examination of this method shows you that you have done exactly the three impor-
tant things you want it to do, which are

* it did not evaluate any infeasible solution because you put extra effort to determine the
limiting value the entering variables can take so that the non-negativity restriction is not
violated.

* it evaluated progressively better basic feasible solutions, because at each time you were
only trying to increase the objective function for the maximization problem.

* it terminated immediately the optimum solution is reached.

This is the simplex method represented on algebraic form.

3.3.2 Simplex Method-Tabular Form

Here you will see the Simplex method represented in tabular form. The simplex method is
carried out by performing elementary row operations on a matrix you would call the simplex
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tableau. This tableau consists of the augumented matrix corresponding to the constraints egau-
ations together with the coefficients of the objective function written in the form

—CiXg = CXp = = CnXn +(0)s1+ (0)s1+ -+ + (O)spy + 2 =
0

In the tableau, it is customary to omit the coefficient of z. For instance, the simplex tableau for
the linear programming problem

Maximize z = 4x; + 6X,
Subjectto: —x; +x, £ 11
(3.7)

X1+ X £ 27

2X1 + 5%, < 90

By the addition of slack variables x3, X4 and X5 to the constraints, you can rewrite the above
problem as

Maximize z = 4X; + 6X, + 0x3 + 0x4 + OX5
SUbjeCt to: — X +X +Xx3 =11
(3.8)

X1+X2+X4:27

2X1 +5x, + X5 = 90
Since slack variables have zero contributions to the objective function, solving (3.7) is the same
assolving (3.8)

Initial Simplex tableau

The initial simplex tableau for this problem is as follows

B X, X, Xq X, Xg Xg

X, -1 1 1 0 0 11

X, 1 1 0 1 0 27

X, 2 5 0 0 1 90

z,~c; 4 6 0 0 0 0
Table 3.1:

For this initial simplex tableau, the basic variables are x3, X4 and xs, and the non-basic
variables (which have a value of zero) are x; and x,. Hence, from the two columns that are
farthest to the right, you see that the current solution is
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X1 =0, X, =0, X3 =11, x4 =27, andX5:90

This solution is a basic feasible solution and is often written as
(X1, X2, X3, X4, X5) = (0, 0,11, 27, 90)

The entry in the lower-right corner of the simplex tableau is the current value of z. Note that
the bottom-row entries under x; and x, are the negatives of the coefficients of x; and x, in the
objective function

Z = 4xq + 6Xs.

To perform an optimal check for a solution represented by the simplex tableau, you will
look at the entries in the bottom row (z; — ¢; rowg of the tableau. If any of these entries are

negative (as above), then the current solution is not optimal.

3.3.3 Pivoting

Once you have set up the initial simplex tableau for a linear programming problem, the simplex
method consists of checking for optimality and then, if the current solution is not optimal,
improving the current solution. (An improved solution is one that has a larger z-value than the
current solution.) To improve the current solution, you will bring a new basic variable into the
solution-you would call this variable the entry variable. This implies that one of the current
basic variables must leave, otherwise you would have too many variables for a basic solution-
you would call this variable the departing variable. You are to choose the entering and the
departing variables as follows.

1. The entering variable corresponds to the smallest (the most negative) entry in the bottom
(i.e.z; — c;) row of the tableau.

2. The departing variable corresponds to the smallest non-negative ratio of bij/a;; in the
column determined by the entering variable.

3. The entry in the simplex tableau in the entring variable’s column and departing variable’s
row s called the pivot.

Finally, to form the improved solution, you will apply Gauss-Jordan elimination to the column
that contains the pivot, asillustrated in the following example. (This processis called pivoting.)

Example 3.3.2 Pivoting to Find an Improved Solution.

Use the simplex method to find an improved solution for the linear programming problem rep-
resented by the following tableau.
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B Xy X, Xq X, Xg Xg

X, 1 1 1 0 0 1

X, 1 1 0 1 0 27

Xs 2 5 0 0 1 90

zj-c; 4 6 0 0 0 0
Table 3.2:

The objective function for this programis z = 4x; + 6X,.

= Solution. Note that the current solution (X; = 0,x, = 0,X3 = 11,X4 = 27,%5 = 90)

corresponds to a z-value of 0. To improve this solution, you determine that X, is the entering
variable, because — 6 is the smallest entry in the z; — c; row.

B Xq X, X3 X, Xg Xg

X, -1 1 1 0 0 11

X, 1 1 0 1 0 27

X, 2 5 0 0 1 90

z,-¢; 4 —6¢ 0 0 0 0
Table 3.3:

To see why you should choose x, as the entering variable, remember that z = 4x; + 6X,.
Hence, it appears that a unit change in X, produces a change of 6 in z, whereas a unit change in
X1 produces a change of only4in z.

To find the departing variable, you will locate the b;’s that have corresponding positive elements
in the entering variables column and form the following ratios

11 27 90
g: —=11, =27, T = .
. . z =18 (3.9)

Here the smallest positive ration is 11, so you will choose x5 asthe departing variable.
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B X, X, Xq X, Xg Xg A
X, -1 (1) 1 0 0 11 11,
X, 1 1 0 1 0 27 27
X 2 5 0 0 1 90 18
z,-c; 4 —6¢ 0 0 0 0
Table 3.4:

Note that the pivot is the entry in the first row and second column. Now, you will use
Gauss-Jordan elimination to obtain the following improved solution.

Before Pivoting After Pivoting
] L L ]
-1 1 1 0 0 11 -1 1 1 0 11
41 1 0 1 0 27hH 42 0-11 0 16
_V_
- 2 5 0 0 1 90~ = 0 -5 0 1 35+
-4 -6 0 0 0 O —-10 0 6 0O O 66
The new tableau now appears as follows
B Xq X, X3 X, X Xg
X, -1 1 1 0 0 1
X, 2 0 -1 1 0 16
X 7 0 5 0 1 35
z;-¢c, -10 0 6 0 0 66
Table 3.5:

Note that X, has replaced x3 in the basis column and the improved solution

(Xl, X2, X3, X3, X5) = (O, 11, 0, 16, 35)
has a z-value of

Z = 4x, + 6x, = 4(0) + 6(11) = 66

Iteration 2

In example 1 the improved solution is not yet optimal since the bottom row still has a negative
entry. Thus, you can apply another iteration of the simplex method to furtherimprove our
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solution as follows. You choose X, _as the entering variable. Moreover, the smallest non-negative
ratio11/(— 1), 16/2 = 8, and 35/7 = 5is 5,50 X5 is the departing variable. Gauss Jordan

elimination produces the following.

B X, X, X, X, Xg Xg A
X, -1 1 1 0 0 11 _
X, 2 0 -1 1 0 16 8
Xs 1) 0 5 0 1 35 5

z,~c; -10¢ 0 6 0 0 66

Table 3.6:

The pivotis the entry in the third row and the first column. Pivoting using Gaussian Elimi-
nation, you will obtain the following improved solution.

O O 0 O
-1 1 1 0 0 11 -1 1 1 0 0 11
4~ 2 0-11 0 165_\/_@ 2 0-11 0 16U
-~ 7 0 -5 0 1 35- 1 0-2 0 2 55U
—10 0 6 0O O 66 —10 0 6 0O O 66
O O
01 2 0 3; 16
V- H0 0 2 1 —% 6 -
41 0 -2 0 b 5
0 0 -2 o 2 116
Thus, the new simplex tableau is as follows
B X4 X, X3 Xy Xg Xg
X, 0 1 27 0 U7 16
X, 0 0 317 1 =217 6
X, 1 0 -5/7 0 U7 5
z,-c; 0 0 -8/7 0 10/7 116
Table 3.7:

In this table, observe that x; hasreplaced xs in the basic column and the improved solution
(Xl, X2, X3, X3, X5) = (5, 16, 0, 6, 0)
has a z-value of

Z = 4x, + 6x, = 4(5) + 6(16) = 116
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Third Iteration

In this tableau, there is still a negative entry in the bottom row. Thus, you will choose x; as the
entry variable and x, asthe departing variable, asshown in the following tableau.

B X4 X, Xq X, Xg Xg 0
X, 0 1 217 0 17 16 56
X, 0 0 €D 1 -217 6 14
X 1 0 -5/7 0 17 5 _
1
¢, 0 0 —8/7£ 0 10/7 116
Table 3.8:

The pivot entry is the entry in the second row and third column asshown in the table above.
By performing one more iteratioin of the simplex method, you will obtain the following tableau.

B X1 X2 X3 X4 X5 XB
X 0 1 0 -2 : 12
x3 |0 0 1 z 2 14
X1 1 0 0 2 -3 15
47% 1o 0 0 8 1 132

Table 3.9: Final Tableau
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In this tableau, there are no negative elements in the bottom row. You have therefore deter-
mined the optimal solution to be

(X11 X21 X31 X41 X5) = (15’ 12! 14! 01 0)

with
Z = 4x, + 6x, = 4(15) + 6(12) = 132.

Remark 3.3.2 Ties may occur in choosing entering and/or departing variables. Should this
happen, any choice among the tied variables may be made.

Because the linear programming problem in Example 3.3.4 involved only two decision vari-
ables, you can use graphical method to solve it, as you did in unit 3. Notice in Figure 3.3.3 that
each iteration in the simplex method corresponds to moving a given vertex to an adjacent vertex
with animproved z-value.

X1

30—

25—

20—

Figure 3.1:

The Simplex Method

You will summarize the stepsinvolved in the simplex method as follows.

To solve alinear programming problem in standard form, use the following steps.
1. convert each inequality in the set of constraints to an equation by adding slack variables.

2. Create the initial simplex tableau.
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3. Locate the most negative entry in the bottom row. The column for this entry is the en-
tering column. (If ties occur, any of the tied entries can be used to determine the entring
column.)

4. Form the ratios of the entries in the “b-column” with their corresponding positive entries
in the entering column. The departing column corresponds to the smallest non-negative
ration bi/a;;. (If all entries in the entering column are O or negative, then there is no

maximum solution. For ties, choose either entry.) The entry in the departing now and the
entering column is called the pivot.

5. Use elementary row operations so that the pivot is 1, and all other entries in the entering
column are 0. This process is called pivoting.

6. If all entries in the bottom row are zero or positive, this is the final tableau. If not, go back
to step 3.

7. If you obtain a final tableau, then the linear programming problem has a maximum solu-
tion, which is given by the entry in the lower-right corner of the tableau.

Note that the basic feasible solution of an initial simplex tableau is
(Xla X25 ooy Xy Xntls Xn+2y -« - ,Xn+m) = (0, 0, ey O, bla b2, ey bm)

This solution is basic because at most m variables are nonzero (namely the slack vari-
ables). It is feasible because each variable is non-negative.

In the next two examples, you illustrate the use of the simplex method to solve a problem
involving three decision variables.

Example 3.3.3 The Simplex Method with Three Decision Variables
Use the simlex method to solve the following linear programming problem.

Maximize z = 2X; — Xy + 2X3
Subjectto 2x; +x, £ 10
X1+ 2%, — 2X3 £ 20
Xo +2X3< 5

X1, X2, X3 2 0
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= Solution. By the addition of slack variables x4, X5 and xs, you have the following
equivalent form

Maximize z = 2X; — Xy + 2X3 + 0X4 + OX5 + 0Xg
Subjectto 2x; + X, + x4 =10
X1+ 2Xo — 2X3 + X5 = 20
X +2X3+ Xg =5
X1, X2, X3, X4, X5 = 0
Using the basic feasible solution
(X1, X2, X3, X4, X5, X5) = (0,0, 0, 10, 20, 5)

the initial simplex tableau for this problem is as follows. (Try checking these computation and
note the “tie” that occurs when choosing the first entering variable.)

B X1 X2 X3 X4 X5 X6 XB 6
X4 2 1 0 1 0 0 10 o
Xs 1 2 -2 0 1 0 20 -10
X6 0o 1 2 0 0 1 5 5
zi—¢ |2 1 27 0 0 0 0
B X1 X2 X3 X4 X5 X6 XB 6
X4 2 1 0 1 0 0 10 5—-
X5 1 3 0 0 1 1 25 25
X3 0 % 1 0 0 % g (e 0)
zi—¢ |21 2 0 0 0 1 5
X1 X2 X3 X4 Xsg Xg RHS
x, |1 L 0 I 0 o0 5
Xs 0 ? 0 -3 1 1 20
xs |0 1 1 6 o 1 5
zi—¢ |0 3 0 1 0 1 15
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This implies that the optimal solution is

X1, X2, X3, X4, X5) = (5,0,;,0, 20,0)
and the maximum value of z is 15. &

Ocassionally, the constraints in a linear programming problem will include an equation.
In such cases, you still add a “slack variable” called an artificial variable to form the initial
simplex tableau. Techinically, this new variable is not a slack variable (because ther is no slack
to be taken). Once you have determined an optimal solution in such a problem, you should
check to see that any equations given in the original constraints are satisfied. Example 3.3.4
llustrates such a case.

Example 3.3.4 The Simplex Method with Three Decision Variables
Use the simplex method to solve the following linear programming problem.

Maximize z = 3x; + 2X, + X3

Subjectto 4x; + X, + X3 = 30
2X1 + 3%+ X3 < 60
X1+ 2%, + 3X3 < 40
X1, X2, X3 = 0

= Solution. Once again, by addition of slack variables, x4, Xs and Xg, you have the
following equivalent form

Maximize z = 3X; + 2X, + X3
Subjectto 4x; + X, + X3 + X4 = 30
2%y + 3X, + X3 + X5 = 60
X1 + 2Xo + 3X3+ Xg = 40
X1, X2, X3 = 0
Using the basic feasible solution

(Xl, X2, X3, X3, X5, XG) = (O, 0, 0, 30, 60, 40)

the initial simplex tableau for this problem is as follows. (Note that x4 is an artificial variable,
rather than a slack variable.) This implies that the optimal solution is

(Xl, X2, X3, X3, X5, XG) = (3, 18, 0, 0, 0, 1)
and the maximum value of z is 45 gThIS solution satisfies the equation given in the constralnts
because 4(3) + 1(18) + 1(0) =
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B X1 X2 X3 X4 X5 X6 XB 6
X4 4 1 1 1 0 0 30 2 -
Xs 2 3 1 0 1 0 60 | 30
Xe 1 2 3 0 0 1 40 40
zi—¢ |31 -2 -1 0 0 0 0
B X1 X2 X3 X4 X5 X6 XB 6
Xy 1 é ; v 0 0 2 130
SRR T O I e
T B R e S i
zi—¢ (0 41 - s 0 0 2
B X1 X2 X3 Xa X5 X6 XB
X1 1 0 : 10 " 0 3
x o 1 1 b 2 o9 I
X 0 0 % IlO '1_70 1 1
z—¢ 0 0 0 1 0 |45

3.3.4 Applications

Example 3.3.5 A Business Application: Maximum Profit A manufacturer produces three
types of plastic fixtures. The time required for molding trimming, and packaging is given in
Table 3.10. (Times are given in hours per dozen fixtures.) How many dozen of each type of

Process Type A Type B Type C Total time available
Molding 1 2 3 12,000
Trimming z z 1 4,600
Packaging| 1 : ; 2,400
Profit $11 $16 $15 -

Table 3.10:

fixture should be produced to obtain a maximum profit?

< Solution. Letting X1, Xo, and X3 represent the number of dozen units of Types A, B and
C, respectively, the objective function is given by

Profit =P = 11x, + 6X5 + 15X5.

Moreover, using the information in the table, you would construct the following constraints.
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X, + 2X2 + %X:g < 12,000
X, + 2%, + X3 < 4,600

7X1 + X + IX3 < 2,400
with Xq, X, X3 = 0. The linear programming model of this problem is

Maximize P = 11x; + 6X, + 15xXs.
X + 2X, + %x3 < 12,
000
2X; + 2%, + X3 < 4,600
3X + X, + Ix3 < 2,400

X1, X2, X3 = 0

Adding slack variables x4, X5 and Xg to the constraints, gives you
Maximize P = 11x; + 6X, + 15xXs.
Xy + 2Xp + 3X3 + X4 = 12,000
2X; + 2%, + X3 + X5 = 4,600
X + I, + IX3 + Xg = 2,400

X1, X2, X3, X4, X5, Xg = 0
Now applying the simplex method with the basic feasible solution
(X1, X2, X3, X4, X5, X5) = (0,0, 0, 12000, 4600, 2400)
you obtain the following tableau.

From this final tableau, you see that the maximum profit is $100,200, and thisis obtained
by the following production levels.

Type A: 600 dozen units
Type B: 5,100 dozen units p
Type C: 800 dozen units.

Remark 3.3.3 In example 3.3.5, note that the second simplex tableau contains a “tie” for the
minimum entry in the bottom row. (Both the first and third entries in the bottom row are -3.)
although you chose the first column to represent the departing variable, you could have chosen
the third column. Atrial of this will give the same solution.

Example 3.3.6 A Business Application: Media Selection The advertising alternatives for a
company include television, radio, and newspaper advertisements. The cost and estimates for

60



UNIT 3. SIMPLEX ALGORITHM (ALGEBRAIC AND TABULAR FORMS)

audience coverage are given in Table 3.3.6.
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B X1 X2 X3 Xy Xs X6 XB 7]
Xy 1 2 32 1 0 0 12000, 6000
Xs % % 1 0 1 0 4600 | 6900
Xg % % % 0 0 1 2400 | 7200
Zj — Cj -11 -16 -15 0 0 0 0
X1 X2 X3 X4 Xg Xg RHS 7]
X % 1 % % 0 0 6000 | 12000
Xsg % 0 % -3% 1 0 600 1800
Xe Q@ 0 . -5 0 1 400 | 1200
Zj — Cj -3 0 -3 8 0 0 96000
X1 X2 X3 X4 Xg Xg RHS 7]
Xo 0 1 % f 0 -g 5400 | 14400
Xs 0 0 4 -% 1 -1 200 1200
X1 1 0 % -% 0 3 1200 | 1600
Zj — Cj 0 0 -% 12—3 0 9 99600
X1 X2 X3 X4 Xg X6 RHS
X5 0 1 0 1 -32 0 5100
X3 0 0 1 -23 4 -4 800
X1 1 0 0 0 -3 -3 1200
Zj — Cj 0 0 0 6 3 6 100200
Television Newspaper Radio
Cost per advertisement $2,000 $600 $300

Audience per advertisement, 100,000 40,000, 18,000

Table 3.11:

The local newspaper limits the number of weekly advertisements from a single company to ten.
Moreover, in order to balance the advertising among the three types of media, no more than half
of the total number of advertisements should occur on the ratio, and at least 10% should occur
on television. The weekly advertising budget is $18,200. How many advertisements should be
run in each of the three types of media to maximize the total audience?

< Solution. To begin, let X1, X», and X3 represent the number of advertisements in televi-
sion, newpaper, and radio, respectively. The objective function (to maximize) is therefore

z = 100000x; + 40000x, + 18000x3
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where X1, Xo, X3 = 0. The constraints for this problem are asfollows.

2000x; + 600x, + 300x3 < 18200
Xo < 10

X3 < 0.5(X;+ X + X3)

X1 > 0.1(X1+ X2 + X3)

A more manageable form of this system of constraints is as follows

o

X2 < 1
Constraints

U
20X1 + 6X2 + 3X3 < 182 @
—X1 — X + Xz < 0 @

—9x; + X> + X3 < 0
Putting everything together, you obtain the formulation of the problem as

Maximize z= 100000x; + 40000x, + 18000xs;

Subject to: 20x; + 6x, + 3xg < 182
X> < 10

- X1 — X, + X3 < 0

—-9x; + X, + X3 < 0

Thus, the initial simplex tableau and iteration are shown in the table below.
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Zj — Cj

X1 X2 X3 X4 X5 X6 X7 RHS
0 6 3 1 0 0 0 182
0 1 0 0 1 0 0 10
-1 -1 1 0 0 1 0 0
-9 1 1 0 0 0 1 0
-100000 -40000 -18000 O 0 0 0 0
X1 X2 X3 X4 X5 X6 X7 RHS
1 %0 520 ;-0 0 0 0 %
0 o 0 0 1 0 0 10
91

S T
0 0 20 20 0 0 1 10
0 -10000 -3000 5000 O 0 0 910000
X1 X2 X3 X4 X5 X6 X7 RHS
1 0 530 Elo ) 2% 0 0 %
0 1 0 0 1 0 0 10

4 Z 161
o o g » & § 9 |4

20 %88000 -2%8000 60000 0 f8 2000

0 0 0 23 23 23 o
X1 X2 X3 X4 X5 X6 X7 RHS
1 0 0 513 ) 223 ) 2§3 0 4
0 1 0 0 1 0 0 10
0 0 1 1 TR T 14

iy i Zi
0 0 0 118000 ;%00 -60_(7)00 L 12
0 0 0 8000 2200 G050 1052000

From this tableau, you see that the maximum weekly audience for an advertising budget of

%18200 is

and this occurs when x; = 4, X, = 10, and X3 = 14. The result is sum up here.

z=1,052,000 Maximum weekly audience

Number of
Media Advertisements Cost Audience
Television 4 $8,000 400,000
Newpaper 10 $6,000 400,000
Radio 14 $4,200 252,000
Total 28 $18,200 1,052,000

64



UNIT 3. SIMPLEX ALGORITHM (ALGEBRAIC AND TABULAR FORMS)

3.3.5 Minimization Problem

A minimization problemisin standard form if it is of the form
Minimize W = C1X1 + CoXp + +++ + CyXpy
Subject to A Xy FapXy + o FagXy = by

A21X1 + AgaXp v+ ApXn 2 Dy (3.10)

AmiX1 + amaXo + -+ @mnXy 2 bm

where X; = 0and b; = 0. The basic procedure used to solve such a problem is to convert it to
a maximization problem in standard form, and then apply the simplex method as discussed in
unit4.

Example 3.3.7 Minimization Problem. Solve the following.
Minimize w = 0.12x; + 0.15x,
Subjectto 60x; + 60x, = 300
12x; + 66x, = 336
10x; + 30x, = 390
X1, X2 2 0

By graphical method the solution to this problem is given by

Figure 3.2:

Now using the simplex method, The first step in conveting this problem to a maximization
problem is to form the augmented matrix for this system of inequalities. To this augmented
matrix you add a last row that represents the coefficients of the objective function, as follows.

[ [
60 60 . 300

%12 6 : 3
e

6
10 30 . 90

I A B A

0.12 0.15 . 0
Next, form the transpose of this matrix by interchanging its rows and columns.
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[ [
60 12 10 . 0.12
E] 60 6 30 : OlSE
Do e e H

300 36 90

Note that the rows of this matrix are the columns of the first matrix, and vice versa. Finally,
interpret the new matrix as a maximization problem as follows. (To do this, we introduce new
variables, y1, Y», and ys.) You call this corresponding maximization problem the dual of the
original minimization problem.

Dual Maximization Problem
Maximize z = 300y, + 36y, + 90y; Dual objective function
Subjectto 60y; + 12y, + 10y;< 0.12 D

Dual contraints
60y, + 6y, + 30y;< 0.15

wherey; = 0,y, = Oandys; = O.

As it turns out, the solution of the original minimization problem can be found by applying
the simplex method to the new dual problem, asfollows.

Y1 Y2 Y3 Ya Ys RHS 6
Va @ 12 10 1 0 0.12 0.002
Vs 60 6 30 0 1 0.15 0.004
Zj — Cj -300 -36 -90 0 0 0

Table 3.12: Initial Tableau and Iteration 1

Y1 Y2 Y3 Ya Ys RHS 6
I I T T
Y1 1 G 6 80 0 590 =
Vs 0 -6 20 -1 1 100 3000
Zj - Cj 0 24 40 5 0 g
Y1 )1/2 Y3 y14 y51 RHS 6
T 3
Y1 1 _43 0 Zol “120 4090 @
Y3 0 o 1 "0 2 2000 2000
zi—¢ | O 12 0 3 2 s
! !
X1 X2

Thus, the solution of the dual maximization problem is z = 32 = 0.66. Thisis the same
value you obtained using graphical method. The x-values correspondlng to this optimal solution
are obtained from the entries in the bottom row corresponding to slack variable columns. In
other words, the optimal solution occurs when x; = 3and x, = 2.
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The fact that a dual maximization problem has the same solution as its original minimization
problem is stated formally in a result called the von Neumann Duality Principle, after the
American mathematician John von Neumann (1903-1957).

Theorem 3.3.1 The von Neumann Duality Principle The objective value w of a minimization
problem in standard form has a minimum value if and only if the objective value z of the dual
maximization problem has a maximum value. Moreover, the minimum value of w is equal to the
maximum value of z.

Solving a Minimization Problem

The stepsinvolved in solving a minimization problem is summarized as follows.
A minimization problemisin standard formif it is as follows;
Minimize W = CiX; + CoXo ++++ + CyXp

SUbjeCt to: ap Xy +apXs+ - +agpX, = by

Ap X1+ AxXp + -+ agX, = by

Am1X1 +amaXo + o+ QpnXy 2 bm
where x; = Oand b; = 0. To solve this problem you use the following steps

1. Form the augmented matrix for the given system of inequalities, and add a bottom row
consisting of the coefficients of the objective function.

] ]
a a o a . b

0 11 A 1n 1 0

E a1 axp ' am . b E

E Admi @m2 *°* Amn - bm %

] [

cg C =+ ¢y . O

2. Form the transpose of this matrix.

[] []

B dair ax 't ami G 0

e e e

H Ain Aon " Amn  Cp 9

0 e . [
by b, - by, . O
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3. Form the dual maximization problem corresponding to this transposed matrix. That is,

Maximize z = byy; +byy, + -+ boyn

Subjectto: ajiyi+anys+ -+ amym < €

appyr+axpy,+ -+ anym £ G

ainy1 +aony2 + -+ QmnYm < Cn

wherey; > 0,y, = Oandy,, = 0

4. Apply the simplex method to the dual maximization problem. The maximum value of

z will be the minimum value of w. Moreover, the values of x4, X5, ..., X, Will occurin
the bottom row of the final simplex tableau, in the columns corresponding to the slack
variables.

Example 3.3.8 Solving a Minimization Problem

Solve the following minimization problem.
Minimize w = 3x; + 2X»
Subjectto: 2Xx; + X, = 6
X1 +X, = 4

X1, Xo 2 0

= Solution. The augmented matrix corresponding to this minimization problem is

[ [

LT T )

OTIT

6 4 . O

Thus, the matrix corresponding to the dual maximization problem is given by the following
transpose.

0 0
02 1 3
@1 1 2 0
s
0 0
3 2 0
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This implies that the dual maximization problem is as follows.
Dual Maximization Problem:

Maximize z = 6y;+ 4y,

Subjectto: 2y;+y, > 3
yity,2 4
yi,¥22 0

You will now apply the simplex method to the dual problem as follows.

Basic
variables
| Y1 Y2 Y3 Ya RHS(b)
Y3 Q 1 1 0 3 — Departing
Va 1 1 0 1 2
Zj — G -6 -4 0 0 0
!
Entering
Basic
variables
! Y1 y Y3 Ya RHS(b)
Y1 1 % % 0 f .
Va 0 %) % 1 % — Departing
Zj — G 0 -1 3 0 9
!
Entering
Basic
variables
| Y1 Y2 Y3 Ya RHS(b)
Y1 1 0 1 -1 1
Yo 0 1 -1 2 1
Zy — Cj 0 0 2 2 10
! !
X1 X2
Table 3.13:

69



UNIT 3. SIMPLEX ALGORITHM (ALGEBRAIC AND TABULAR FORMS)

From this final simplex tableau, you see that the maximum value of z is 10. Therefore, the
solution of the original minimization problem is

w =10
and this occurs when x; = 2and x, = 2 !

Both the minimization and the maximization linear programming problems in Example
3.3.8 could have been solved with a graphical method, as indicated in Figure 3.3. Notein
Figure 3.3(a) that the maximum value of z = 6y; — 4y, is the same as the minimum value of
w = 3x;1 + 2X2, as shown in Figure 3.3 (b).

Figure 3.3:

Example 3.3.9 Solving a Minimization Problem
Solve the following linear programming problem.

Minimize w = 2x; + 10X, + 8X3
SUbjeCt to: Xy +Xo +X3=>6
Xy + 2X3 > 8
—X1+2X2+2X3 =>4
X1, X2, X3 2 0
= Solution. The augmented matrix corresponding to this minimization problem is
[
1

[

1 1

S 01 2 8-
MM

2 10 8. O

~ 00 o

Thus, the matrix corresponding to the dual maximization problem is given by the following
transpose.

lliord O
: =

- o N
I I N
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This implies that the dual maximization problem is as follows.
Dual Maximization Problem:

Maximize z = 6y;+ 8y, + 4y;

Subjectto: y;— X3 = 2
yi+y2+2y32 10
Y1+ 2y,+ 2y;2 8
Y1,Y2,¥3 2 0

Now apply the simplex method to the dual problem asfollows.

Basic
variables
| Y1 Y2 Y3 Ya Ys Ys | RHS(b)
Va 1 0 -1 1 0 0 | 2
Vs 1 1 2 0 1 0 10
Vs 1 Q 2 0 0 1 8 — Departing
Zj — Cj -6 -8 -4 0 0 0 0
!
Entering
Basic
variables
| Y1 Y2 Y3 Ya Ys Ys | RHS(b)
Ya o 0 -1 1 0 0 2 — Departing
Ys % 0 1 0 1 % 6
Y2 5 1 1 0 0 ; | 4
Zj - Cj -2 -0 4 0 0 4 32
!
Entering
Basic
variables
| Y1 Y2 Y3 Ya Ys Ys | RHS(b)
Vi 1 0 -1 1 0 0 | 2
Ys 0 0 3 -2 1 215
Y2 o 1 3 1l o 1|3
Zj — G 0 0 2 2 0 4 36
! ! !
X1 X2 X3

Table 3.14: Final Tableau
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From this final simplex tableau, you see that the maximum value of z is 36. Therefore, the
solution of the original minimization problem is

w =36 Minimum Value

and this occurs when x; = 2,x, = 0, and x; = 4. !

3.3.6 Applications
Example 3.3.10 A Business Application: Minimum Cost

A small petroleum company owns two refineries. Refinery 1 costs $20,000 per day to operate,
and it can produce 400 barrels of high-grade oil, 300 barrels of medium-grade oil, and 200
barrels of low-grade oil each day. Refinery 2 is newer and more modern. It costs $25,000 per
day to operate, and it can produce 300 barrels of high-grade oil, 400 barrels of medium-grade
oil, and 500 barrels of low-grade oil each day.

The company has orders totaling 25,000 barrels of high-grade oil, 27,000 barrels of medium-
grade oil, and 30,000 barrels of low-grade oil. How many days should it run each refinery to
minimize its costs and still refine enough oil to meet its orders?

= Solution. To begin, let x; and x, represent the number of days the two refineries are
operated. Then the total cost is given by

C = 20000x, + 25000x, Objective function
The constraints are given by

[]
(High-grade) 400x; + 300x, > 25000 g

(Medium-grade) 300x; + 400x, > 27000 Constraints
O

(Low-grade) 200x; + 500x,> 30000 —

where x; = 0and X, = 0. Thus the linear programming model of this problem is as follows
Minimize C = 20000x; + 25000x,
Subject to:  400x; + 300x, = 25000
300x; + 400x, = 27000
200x; + 500x, = 30000

X1, Xo 2 0

The augumented matrix corresponding to this minimization problem is. The augumented matrix
corresponding to this minimization problemis
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[ [
400 300 . 25000

E 300 400 : 27000 %

% 200 500 . 30000 %

U : - [
20000 25000 . 0

The matrix corresponding to the dual maximization problem is given by the transpose of the

augumented matrix below

0 0
0 400 300 200 . 20000 0
ﬁ 300 400 500 . 25000 H
0 - *
25000 27000 30000 . 0

Applying the simplex method to the dual problem as follows.

Basic
variables

| Y1 Y2 Y3 Ya Ys RHS(b)

Ya 400 300 200 1 0 20000

Ys 300 400 €00 0 1 25000  — Departing
Zj — G -25000 -27000 -30000 O 0 0

!
Entering

Basic
variables

| Y1 Y2 Y3 Ya 2Y5 RHS(b)

Y4 230 140 0 1 - 10000 .
Vs % % 1 0 % 50 — Departing
Zj — G -7000 -3000 0 0 60 1500000

!
Entering

Basic
variables

| Y1 Y2 Y3 Ya Ys RHS(b)
w1 b0 & | 2

s 0 2 L “Taoo B | 1
Zj — G 0 500 0 25 50 1750000

! !
X1 X2

From the third simplex tableau, we see that the solution to the original minimization problem
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is
C = $1750000 Minimum cost

and this occurs when x; = 25 and x, = 50. Thus, the two refineries should be operated for the
following number of days.

Refinery 1: 25 days

Refinery 2: 50 days

Note that by operating the two refineries for this number of days, the company will have pro-
duced the following amounts of oil.

High-grade oil:  25(400) + 50(300) = 25000 barrels
Medium-grade oil: 25(300) + 50(400) = 27500 barrels

Low-grade oil:  25(200) + 50(500) = 30000 barrels
T_rws, the original production level has been met (with a surplus of 500 barrels of medium-gradzl
oil).

3.4 Conclusion

In this unit you considered how to solve linear programming problem using simplex method-
Algebraic and tabular form. You have learnt how to solve a linear programming problem which
has a maximization objective function using the simplex method. and also considered how to
solve alinear programming problem with minimization type-objective function.

3.5 Summary

Having gone through this unit, you now know how to solve linear programming problem using
the algebraic and tabular simplex algorithms.

3.6 Tutor Marked Assignments(TMAS)
Exercise 3.6.1

In Exercises 1-4, write the simplex tableau for the given linear programming problem.
You do not need to solve the problem.
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Maximize z = X; + 2X,
Subjectto 2x; +x, £ 8
X1 +X%X £ 5
X1, X2 2 0
Maximize z = X; + 3X,
Subjectto x; +x, < 4
X1 — %X <1
X1, X2 2 0
Maximize z = 2X; + 3X, + 4X3
Subjectto x; +2x, £ 12
X;+X3< 8
X1, X2, X3 = 0
Maximize z = 6X; — 9X,
Subjectto 2x; — 3x, < 6
X1+ X < 20
X1, X2 2 0

In Exercises 5-8, Explain why the linear programming problem is not in standard form as
given.

Minimize z=Xx; + X,
5. Subjectto x;3 +2x, < 4
X1, X2 2 0
Maximize z = X; + X,
Subjectto x; +2x, £ 6
2X1— X < —1

X1, Xo 2 0
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Maximize z = X; + X,
Subjectto X; + X, +3x3 < 12
7. 2X1— 2x3 2 1
Xo+X3< 0
X1, X2, X3 =2 0
Maximize z = X; + X,

Subjectto x; +x, = 4

8.
2X1 + X 2 6
X1, Xo 2 0
In Exercises 9-20, use the simplex method to solve the given linear programming prob-
lem.

9. Maximize z = X1 + 2%,
Subjectto: x; +4x, < 8

X1+ X £ 12
X1, Xo 2 0

10. Maximize z = x; + 2X,
Subjectto: x; +2x, < 6

3X1+2X2 < 12
X1, Xp 2 0

11. Maximize z = 5x; + 2X, + 8X3
Subjectto: 2Xx; — 4x, + X3 < 42

2X1+3X2— X3 < 42
6X1— X2 +3X3 < 42

X1, X2, X3 2 0

12. Maximize z =Xy — X, + 2X3
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Subjectto: 2x; +2x, < 8

X3 <5

X1, X2, X3 >0

13. Maximize z = 4x; + 5X,
Subjectto: x; +x, < 10

3X1 + 77X, < 42
X1, Xo 2 0

14. Maximize z = x; + 2X,
Subjectto: x; +3x, £ 15

2X1 - X <
12
X1, Xo 2 0

15. Maximize z = 3X; + 4Xy, + X3 + 7X4
SUbjeCt to: 8X; +3X, +4X3+ X, < 7

2X1+ 6X2+ X3+ 5%, < 3
X1 + 4X, + 5x3 + 2X4S 8
X1, X2, X3, X4 2 0

16. Maximize z=x,
Subjectto: 3x; +2x, < 60

X, + 2X2 < 28
X1+ 4%, < 48
X1, Xo 2 0

17. Maximize z = X; — Xy + X3
Subject to: 2X1+Xo — X3 < 40

X1+ X3 < 25
2X2+3X3 < 32

X1, X2, X3 >0
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18. Maximize z = 2X; + X, + 3X3
Subjectto: Xx; + X, + X3 < 59

2X1 + 3X3 <75
Xo + 6X3 < 54
X1, X2, X3 = 0

19. Maximize z = X; +2X, — X4
Subject to: X1 +2X,+3x3 < 24

3X2+7X3+X4 < 42
X1, X2, X3, X4 2 0

20. Maximize z=X; +2Xo + X3 — X4

Subjectto: X3 + Xz + 3x3 +4x4 < 60
Xo + 2X3+ 5%, < 50
2X1 +3X, + 6X4 < 72
X1, X2, X3, X4 = 0

Exercise 3.6.2

In Exercise 1-6, determine the dual of the given minimization problem.

1. Minimize w = 3Xx; + 3X»
Subjectto: 2x; +x, = 15

X1+ Xo 2 12
X1, Xo 2 0

2. Minimize w = 2X; + X5
Subjectto: 5x;+x, = 9

2X1 + 2X2 > 10

X1, Xo 2 0

3. Minimize w = 4x; + X, + X3
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SUbjeCt to: 3X; + 2%, + X3 = 23
X1+ X3 = 10

8X1 + Xy + 2X3 > 40
X1, X2, X3 2 0

4. Minimize w = 9X; + 6X,
Subjectto: x; +2x, =2 5

2X1+2X22 8
2X1+X22 6

X1, Xo 2 0

5. Minimize w = 14x; + 20X, + 24X3
Subjectto: Xy + X, +2x3=> 7

X1+2X2+X3 =>4
X1, X2, X3 2 0

6. Minimize w = 9x; + 4x, + 10x3
SUbjeCt to: 2X;+ X, +3X3 = 6

6X1+X2+X32 9
Xl,Xz,X32 0

In Exercises 7-12, (a) solve the given minimization problem by the graphical method, (b)
formulate the dual problem, and (c) solve the dual problem by the graphical method.

7. Minimize w = 2x; + 2X,
Subjectto: x; +2x, = 3

3X1+2X2 =5
X1, Xo 2 0

8. Minimize w = 14x; + 20X,
Subjectto: x; +2x, = 4

X + 6X2 > 20

X1, Xo 2 0
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10.

11.

12.

13.

14.

15.

. Minimize w = x; +4x,

Subjectto: x; +x, = 3
— X1+ 2X2 =2
X1, Xo 2 0

Minimize w = 2x; + 6X,
Subjectto: —2x;+3x, > 0

X1+3X22 9
X1, Xo 2 0

Minimize w = 6x; + 3%,
Subjectto: 4x;+Xx, = 4

X222
X1, Xo 2 0

Minimize w = X; + 6X,
Subjectto: 2x; + 3x, = 15

—X1+2X22 3
X1, Xo 2 0

In Exercises 13-29, solve the given minimzation problem by solving the dual maximiza-
tion problem with the simplex method.

Minimize w = X,
Subjectto: x; +5x, = 10

—6X; +5x, = 3
X1, Xo 2 0

Minimize w = 3x; + 8X,
Subjectto: 2x; +7x, = 9

X1+2X22 4
X1, Xo 2 0

Minimize w = 2x; + X,
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16.

17.

18.

19.

20.

Subjectto: 5x;+x, = 9
2X1 + 2X2 > 10

X1, Xo 2 0

Minimize w = 2x; + 2X,
Subjectto: 3x;+X, = 6

—4X1+2X22 2
X1, Xo 2 0

Minimize w = 8x; + 4X, + 6X3
SUbjeCt to: 3X1 + 2X2 + X3 = 6

4X1+X2+3X32 7
2X1+X2+4X32 8

X1, X2, X3 >0

Minimize w = 8x; + 16X, + 18xX3
Subjectto: 2x; + 2X, — 2X3 = 4

— 4+ 33X, — X3 = 1
X1 — X2+3X32 8

X1, X2, X3 >0

Minimize w = 6X; + 2X, + 3X3
SUbjeCt to: 3X; + 2%, + X3 = 28

6X1+X3 > 24
3X1+X2+2X3 > 40

X1, X2, X3 2 0

Minimize w = 42X;+ 5X, + 17X3
SUbjeCt to: 3X1 — X, +7X3=5

—3X1— Xo + X3 = 8
6X1+X2+X32 16

X1, X2, X3 2 0



UNIT 4

ARTIFICIAL VARIABLES TECHNIQUE

4.1 Introduction

LPP in which constraints may also have > and = signs after ensuring that all b; > O

are considered in this section. In such cases basis matrix cannot be obtained as an identify
matrix in the starting simplex table, therefore you have to introduce a new type of variable
called the artifical variable. These variables are fictitious and cannot have any physical
meaning. The

artifical variable technique is merely a device to get the starting basic feasible solution, so that
simplex procedure may be adopted as usual until the optimal solution is obtained.

4.2 Objectives

In this section you shall learn two methods for solving LPP in which you have to introduce
artifical variables. The methods are

1. The Charne's Big M Method or the Method of Penalties.
2. The Two-Phase Simplex Method.

4.3 Main Content
4.3.1 TheCharne’s Big M Method
The following steps are involved in solving an LPP using the Big M method.

Step 1. Express the problem in the standard form.
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Step 2. Add non-negative artificial variables to the left side of each of the equations corre-
sponding to constraints to the type > or = . However, addition of these artificial variables

causes violation of the corresponding constraints. Therefore, you would like to get rid
of these variables and not allow them to appear in the final solutions. This is achieved
by assigning a very large penalty (-M for maximization and M for minimization) in the
objective function.

Step 3. Solve the modified LPP by simplex method, until any one of the three cases may arise.

1. If no artifical variable appears in the basis and the optimality conditions are satisfied,
then the current solution is an optimal basic feasible solution.

2. If atleast one artificial variable in the basis at zero level and the optimality condition
is satisfied, then the current solution is an optimal basic feasible solution (though
degenerated).

3. If at least one artificial varialble appears in the basis at positive level and the opti-
mality condition is satisfied, then the original problem has no feasible solution. The
solution satisfies the constraints but does not optimize the objective function, since
it contains a very large penalty M and is called pseudo optimal solution.

Note: While applying simplex method, whenever an artifical variable happens to leave the
basis, you have to drop that artificial variable and omit all the entries corresponding to its
column fromthe simplex table.

Example 4.3.1 Use penalty method to solve the following problem

Maximize z = 3x; + 2X,

Subjectto: 2x;+ X%, < 2
33Xy +4%x, = 12
X1, X2 2 0

< Solution. By introducing slack variable slack variable x3 = 0, surplus variable x, = 0
and artificial variable A; = 0, the given LPP can be reformulated as:

Maximize z = 3X;+ 2%, +0x3+0x4 — MA;
Subjectto: 2X; + X, + X3 =2

3X1+4X2— Xg +AL = 12

X1, Xo 2 0

The starting feasible solution isx3 = 2,A; = 12.
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Initial tableau

B X1 X2 X3 X4 A XB 7]
X3 2 1 1 0 0 2 2—
A1 3 4 0 -1 1 12 3
zi—c¢ | 3M3 4M=2 0 M 0 12M
f

Since some of the z; — ¢; < 0, the current feasible solution is not optimum. Choose the

most negative z; — ¢; = — 4M — 2. Therefore x, variable enters the basis, and the basic
variable

X3 leaves the basis.

First Iteration

B X1 X2 X3 Xa Aq XB

X2 2 1 1 0 0 2

A -5 0 -4 -1 1 4
zj— ¢ |5M+1 O AM+2 M 0 4-4M

Since all z; — ¢; = Oandan artificial variable appears in the basis, at positive level, the given
LPP does not possess any feasible solution. Butthe LPP possesses a pseudo optimal solution.

W)

Example 4.3.2 Solve the LPP.
Minimize z =4x;+ Xy
Subjectto: 3x; +x, =3
4x1 +3X, = 6
X1 +2%X, < 4

X1, Xo 2 0
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= Solution. Since the objective function is minimization, you have to convert it to maximiza-
tion using minz = — max(— z) = — max z* , where z* = —z, sothat you have

*

Minimize z* = —4x;—
X2

Subjectto: 3x;+x, =3
4%, + 3%, 2 6
X1 +2%X, < 4

X1, Xo 2 0

Convert the given LPP into standard form by adding artificial variables A, A,, surplus variable
X3 and slack variable x, to get the initial basic feasible solution.

Minimize z* = —4X;— X, +0x3+0x4 — MA; +M
Az

SUbjeCt to: 3X1 +X +A; = 3
4X1+3X2— X3 +A2 =6
X, + 2X2+ Xqg =4

Xll X21 X31 X4, Al, A2 2 O

The starting feasible solution isA; = 3, A, = 6,X%4 = 4.

Initial solution

B X1 X2 Al X3 A2 ) XB v
AL 3 1 1 0 0 0 3 3
Ao 4 3 0 -1 1 0 6 2
X4 1 2 0 0 0 1 4 2—>

zi—C |-TM+4 -4M+1 O M 0 0 -9M
!

Since some of the z; — ¢; < 0, the current feasible solution is not optimum. X, enters the
basis and the basic variable x4 leaves the basis.
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First Iteration

B X1 X2 Aq X3 A, Xa XB
As 5/2 0 1 0 0 -1/2 3/2
A, 5/2 0O o 1 1 3/2 3/2
X2 1/2 1 0 0 0 1/2 3/2
zi—¢ | BM+7/2 0 0 M 0 OM-172 | 3M-372
!

Since z, — ¢, is negative, the current feasible solution is not optimum. Therefore, X, variable

enters the basis and the artificial variable A, leaves the basis.

Second lteration

B X1 X2 A, X3 X4 XB v
A 0 0 1 1 1 0 0—
X1 1 0 0 -2/5 -3/5 3/5 —
X2 0 1 0 -1/5 4/5 6/5 —

zi—¢ |0 0 0 -M +9/5 -M +8/5 -18/5
!

Since z, — ¢4 IS most negative, X3 enters the basis and the artificial variable A, leaves the

basis.

Third Iteration

B X1 X2 X3 ) XB
xs [0 0 1 1 0
X1 1 0 0 -1/5 3/5
x, |0 1 0 1 6/5
zi—¢ |0 0 0 175 18/5
f

Since z4 — ¢4 is most negative, X, enters the basis and x5 leaves the basis.
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Fourth Iteration

B X1 X2 X3 Xa XB
X4 0 0 1 1 0
X, 1 0 1/5 0 3/5
X2 0 1 0 0 6/5
zi—¢ |0 0 1/5 0 18/5

Since all z; — ¢; = 0, the solution is optimum and is given by x; = 3/5,x, = 6/5, and
max z = — 18/5. Therefore min z = — max(— z) = 18/5. &

Example 4.3.3 Solve the LPP by the Big M method.

Maximize z = X1 +2X, + 3X3— X4
Subjectto: x; + 2%, + 3x3 =15
2%y + Xo +5%x3 =20
X1 +2Xo+X3+X4 =4
X1, X2 2 0

= Solution. Since the constraints are equations, introduce artificial variables A, A, = 0.
The reformulated problem is given as follows

Maximize z=X; +2X,+3X3— X4 — MA; — MA,
Subjectto: x; +2x, +3x3+A; =15

2X1 + X, +5X3+ A, = 20

X1 +2Xo+ X3+ X4 =4

X1, Xo 2 0

The Initial solution is given by A; = 15, A, = 20, and x4 = 10.
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Initial solution

B
A
Az
X4

Zj — Cj

X1 X2 X3 X4 A A, XB 7]
1 2 3 0 1 0 15 5
2 1 5 0 0 1 20 4—
1 2 1 1 0 0 10 10
-3M-2  -3M-4 -8M-4 0 0 0 -35M-10
!

Since z3 — 3 is most negative, X3 enters the basis and the basic variable A, leaves the basis.

First Iteration

B
Aq
X3
Xy

Zj — Cj

X1 X2 X3 ) Aq XB
-1/5 7/5 0 0 1 3
2/5 1/5 1 0 0 4
3/5 9/5 0 1 0 6
1/5M-2/5 -7/5M-16/5 0 0 0 -3M+4
!

15/7 —
20
30/9

Since z, — ¢, is most negative, x,enters the basis and the basic variable A, leaves the basis.

Second lteration

B
X2
X3
Xy

Zj — Cj

X1 X2 X3 ) XB
-1/7 1 0 0 15/7
3/7 0 1 0 25/7
6/7 0 0 1 15/7
-6/7 0 0 0 90/7

6

15/7 —
20
30/9

Since z; — ¢, is most negative, the current feasible solution is not optimum. Therefore, X,
enters the basis and the basis and the basic variable x4 leaves the basis
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Third Iteration

B X1 X2 X3 X4 XB
X, 0 1 0 /6 | 15/6
X5 0 0 1 3/6 | 15/6
X, 1 0 0 776 | 15/6
Zj — Cj 0 0 0 4 15

Since all z; — ¢; = 0, the solution is optimum and is given by X; = X, = X3 = 15/6 = 5/2
and max z = 15. &

4.3.2 The Two-Phase Simplex Method

The two-phase method is another method to solve a given LPP involving some artifical vari-
ables. The solution is obtained in two phases.

Phase |

In this phase, you have to construct an auxilliary LPP leading to a final simplex tableau con-
taining a basic feasible solution to the original problem.

Step 1 Assign a cost -1 to each artificial variable and a cost O to all other variables and get a
new objective function
Z>k :_Al_ Az—

where A; are artificial variables.

Step 2 Write down the auxiliary LPP in which the new objective function is to be maximized,
subject to the given set of constraints.

Step 3 Solve the auxiliary LPP by simplex method until either of the following three cases
arise:

() Max z* < 0 and at least one artificial variable appears in the optimum basis at
positive level.

(i) Maxz* = 0and at least one artificial variable appears in the optimum basis at zero
level.

(i) Maxz* = 0and no artificial variable appears in the optimum basis.

In case (i), given LPP does not possess any feasible solution. where asin cases (ii) and
(iif) you go to phase II.
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Phase 11

Use the optimum basic feasible solution of phase | as a starting solution for the solution for the
original LPP. Assign the actual costs to the variable in the objective function and a zero cost
to every artifical variable in the basis at zero level. Delete the artifical variable column that is
eliminated from the basis in phase 1 from the table. Apply simplex method to the modified
simplex table obtained at the end of phase 1 till an optimum basic feasible solution is obtained
ortill there is anindication of unbounded solution.

Example 4.3.4 Use two-phase simplex method to solve,

Maximize z = 5x; + 3X»
Subjectto 2x;+ X < 1
X1+ 4%, = 6
X1, X2 2 0.
= Solution. Convert the given problem into a standard form by adding slack, surplus and

artificial variables. You from the auxiliary LPP by assigning the cost -1 to the artifical variable
and O to all the other variables.

Phase 1
Maximize z* = 0xq + Ox, + OX3 + 0xs — 1A,
2X1 +X+X3=1
Xy +4Xo — X4 + Ay =6

X1, X2, X3, X4, A1 2 0

Initial basic feasible solution is given by x; = 1,A; = 6.

B X1 X2 X3 X4 A XB 7]

X5 2 1 1 0 0 1 1-

A 1 4 0 1 1 6 15
5i—¢ | 1 4T 0 1 0 6

B X1 X2 X3 ) Aq XB

X2 2 1 1 0 0 1

A 7 0 4 1 1 2
2 — G 7 0 4 1 0 2
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Since all z; — ¢; = 0, anoptimum feasible solution to the auxiliary LPP is obtained. But as
Max z* < 0, and an artifical variable A; isin the basis at a positive level, the original LPP does
not posses any feasible solution. &

Example 4.3.5 Solve by two phase simplex method

Maximize z = —4x;— 3%y —
9X3

Subjectto: 2x; +4x, + 6X3 = 15
6X; + X, +6X3 = 12
X1, X2, X3 = 0
= Solution. Convert the given LPP into standard form by introducing surplus variables
X3, X4 and artificial variables A1, A,. The initial solution is given by A; = 15, A, = 12.
Phase |

Construct an auxiliary LPP by assigning a cost O to all the variables and -1 to each artificial
variable subject to the given set of constraints, and it is given by

Maximize z* = 0x; + 0x, + Ox3 + Ox, + Ox5 — 1A; — 1A,

SUbjeCt to: 2X1 + 4x, + 6X3 +Xx3+A; =15

6X1+X2+6X3— X4 +A2:12

B X1 X2 X3 Xa X5 Aq A, XB 7]

A 2 4 6 -1 0 1 0 15 5/2

Az 6 1 6 0 -1 0 1 12 2—
-6 8 | 5 | 21 1 1 0 0 | -27

B X1 X2 X3 Xa X5 Aq A, XB 7]

A -4 3 0 -1 1 1 -1 3 1-—

X3 1 1/6 1 0 -1/6 0 1/6 2 12
zi-¢ | 4 | -3 0 1| 1 0 2 | 3

B X1 X2 X3 Xa X5 Aq A, XB 7]

X2 -4/3 1 0 -1/3 1/3 1/3 -1/3 1

X3 22/18 0 1 1/18 | -4/18 | -1/18 | 4/18 | 11/6
-G | 0 0 0 1 1 1 1 0

Since all z; — ¢; = 0, the current basic feasible solution is optimal. Since Maxz* =

and
no artificial variable appears in the basis, you will proceed to phase II.
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Phase 11

Consider the final simplex table of phase I; also consider the actual cost associated with the
original variables. Delete the artifical variables A;, A, column from the table as these variables

are eliminated fromthe basis in phase I.

solution is given by maxz = — 15,x; =3/2,x, = 3,x3 =0.

B X1 X2 X3 X4 Xs Xg 6
X2 -4/3 1 0 -1/3 1/3 1
X3 22/18 0 1 1/18 | -4/18 | 11/6
Zj - Cj 4 3 9 0 0 0
Recall that z = — 4x; — 3%, — 9%3. Thus multiply row 1 and row 2 in the above table by —
3
and — 9 respectively and add to row 3, to get
B X1 X2 X3 X4 Xg XB 6
X2 -4/3 1 0 -1/3 1/3 1 —
X3 22/18 0 1 1718 | -4/18 | 11/6 3/2—>
Zj — Cj -31 0 0 1/2 1 -39/2
B X1 X2 X3 X4 Xs Xg 0
Xo 0 1 12/11 | -3/11 -1/11 3
X1 1 0 18/22 | 1/22 | -4/22 3/2
Zj — G 0 0 |27/11 | 7/11 1 -15
Since all z; — ¢; = 0, the current basic feasible solution is optimal. Therefore the optimal

4.4 Conclusion

In this unit, you have considered LPP problems, methods of solving linear programmingnprob-
lem with >"type or = type constraint and positive right hand side. You have learnt how to

initialize your solution in such cases by introducing an artificial variable, and solving the prob-
lem using the big-M method or the two-phase method.

4.5 Summary

Having gone through this unit, you are now able to
(i) Initialize the solution of a linear programming problem with > -type constraint.

(i) Use the big-M and the phase Il method to solve some linear programming problems.
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4.6 Tutor Marked Assignments(TMAS)

Exercise 4.6.1

1. Minimize z = 12x; + 12X,
Subject to: 6x; +8x, = 100

X, + 12X2 > 120
X1, Xo 2 0
[Ans. x; = 15,x, =5/4, and minz = 205]

2. Maximize z = 2X; + X, + 3X3
SUbjeCt to: Xy +X, +2X3=2 5

2X1+3X2+4X3 =12
X1, X2, X3 2 0
[Ans. X; = 3,%X, = 2,Xx3 =0 and minz = 8]

3. Maximize z = 2X; + 4X, + X3
SUbjeCt t0: X1 — 2X,— X3 = 5

2X1— X2+2X3:2
—X1+2X2+2X32 1

X1, X2, X3 2 0

4. Minimize z = 4x; + 3X, + X3
Subjectto: Xx; + 2%, +4x3 = 12

3X1 + 2X2 + X3 2 12
X1, X2, X3 2 0
[Ans. x; = 0,%, =10/3,X3 = 4/3 and minz = 34/3]

5. Maximize z = 2x; + 3%, + 5X3
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Subjectto: 3x; + 10x, + 5x3 = 15
33X1 - 1OX2 + 9X3 < 33
X1+2X2+2X3 =>4

X1, X2, X3 2 0

Use the two phase method to solve the following LPP.

6. Maximize z = 2X; + X, + X3
Subjectto: 4x; +6X, +3X3 < 8

3X1— 6X2— 4x3 < 1
2X1+3X2— 53 = 4

X1, X2, X3 >0

[Ans. x; =9/7,x, = 10/21,x3 = 0 and maxz = 64/21]

7. Maximize z = 2X; + Xy + X3
Subjectto: 4x; +6X, +3x3 < 8

33Xy — 66X, — 4X3 < 1
2X1 +3X, — 5%X3 = 4
X1, X2, X3 = 0
[Ans. x; =9/7,x, = 10/21,x3 = 0 and maxz = 64/21]

8. Minimize z = —2X; — Xy
Subjectto: x; +Xx; = 2

X1 +X, £ 4
X1, Xo 2 0
[Ans. Xx; =4,%Xx, =0 and minz = — 8]

9. Maximize z = 5x; — 2X, + 3X3
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Subjectto: 2X; + 2X, — X3 =
2

3X1 — 4x, <
3 Xo + 3X3 <

5 X1, Xo, X3 =
[Ans. x; =23/3,X, =5,Xx3 =0 and maxz = — 8]
0

10. Maximize z = 2Xx; + 3%, + 5X3
Subjectto: 3x; + 10x, + 5x3 < 15

33X1 - 10X2 + 9X3 < 33
X, + 2X2 +X3 24

X1, X2, X3 >0
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UNIT 5

SIMPLEX ALGORITHM-
INITIALIZATION AND ITERATION

5.1 Introduction

In the last unit, you looked at solving linear programming problems using simplex algorithm
and you introduced artificial variable where necessary. You also indicated that the greater or
equalto (=) constraints, because it has algebraic negative slack, will try to introduce an artificial
variable in the simplex algorithm. And you also noted that you have to reduce the number of
artificial variable introduced in the problem because they don’t exist in the problem. There are
some other aspects of initialization in the problem you will see in this unit.

5.2 Objectives

At the end of this unit, you should be able to;

1. initialize various aspects of simplex algorithm.
2. perform different aspects of iteration.

3. terminate as at when due with respect to the Simplex algorithm.

5.3 Main Content

5.3.1 Initialization

Initialization deals with getting an initial basic feasible Solution for the given problem.
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Identifying a set of basic variables with an identity coefficient matrix is the outcome of the
initialization. You have to consider the following aspects of initialization (in the same order as
stated)

RHS values
Variables
Objective function

Constraints

Considering each of them in detall,

The right hand side (RHS) value of every constraint should be non-n_e?ative. It is usually
arational number. If it is'negative, you have to multiply the constraints by — 1 to make

the RHS non-negative. The sign of the inequality will change.

 The variables can be of three types > type, < type and unrestricted. Of the three, the >

type is desirable. If you have the < type variable, you replace it with another variable of
the > type asfollows

— If variable x, < 0, you replace it with variable x, = — X, and X, = 0. This
change is Incorporated in all the constraints as well as in the Objective function.

— If variable x, is unrestricted, you replace it with, say th — X!, and incorporate in all
the constraints as well as in the Objective function. With the additional condition
that x{, x{f > 0. If the unrestricted value be in the solution and has a positive value,
then x¢ will be in the solution and have a positive value. Whereas if x, be in the
solution and has a negative value, then x will be in the simplex table and will have
a positive value. If x, is not in the solution of the original problem then both x¢, and
xg¢ will not appear as basic variables in the simplex. This will be clearer when you
consider an example.

» The objective function can be either maximization or minimization. If it is minimization,

you multiply it with a — 1 and convert it to a maximization problem and solve. Constraints
are of three types namely > type, < type and equation. If a constraint is of < type, you
add slack variable and convert it to an equation. If it is of > type, you add a surplus
varifbl7e (negative slack) and convert it to an equation. For example, if you have x; +
X 2 [,

then you convert the inequality t0 equation by introducing asurplus variable x; and write
X1+ X2 — X3 = 7. Now this — x3 does not qualify to be an initial basic variable , therefore
you may need to add artificial variable If necessary you add artificial variables to identify

a Starting basic feasible solution. This is illustrated using some examples.
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Example 5.3.1
Maximize z = 7x; + 5%,

Subjectto 2x; +3x, =7
= 5x, + 2X2 > 11.

X1, X 2 0

Convert the second constraint into an equation by Adding a negative slack variable x4. The
equations Are
2X1 + 3X2 = 75X, + 2X2 - X3 =11

The constraint coefficient matrix is ( I
23 0

52 -1

You don't find variables with coefficients as in the Identity matrix. You have to add two artificial
variables a; and a, to get

2X1+3X2+a1: 5%, + 2X2— X3 +a; =11

You have to start the simplex table with a; and a, as basic variables and use either the big M
method. or the two phase method to solve this problem.

So thisis a case where you have an equation and an Inequality and you need to introduce
two artificial variables.

Here is another example

Example 5.3.2
Maximize z = 7X; + 5X, + 8X, + 6X4

SUbjeCt to: 2X; +3x,+ X3 =7
5x;, + 2X2 +Xx, 2 11
X1, X2, X3, X4 2 0

In this example, you will add the surplus variable xs to the second to convert it to an equation.
You get

2X1+3X2+X3:7

5X1+2X2+X4— X5 =11

Observe that variables x5 and x4 have coefficients of the identity matrix and you can start with
these as initial basic variables to have a basic feasible solution. You need not use artificial
variables in this case even though you have an equation and an inequality of the greater than or
equal to type the constraints.
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Soyou don't just blindly add an artificial variable, rather try to convert them to a set of
equation and check if there exist initial basic variable. If there are, you use them and if there are
not, you then add artificial variable. For instance, if the second constraint was 5x; +2X,+2X,4 =
11, you can write it as 5/2x; + X» + X4 = 11/2, and then add the surplus variable and choose
X4 asthe starting basic variable.

Thus the message here is that you do not necessarily have to add an artificial variable to
every > -type constraints but you absolutely need to add a negative slack(i.e., surplus) variable
to convert it to an equation. If you are able to identify initial basic variables from there, you can
use it, but if not, it is only then you will need to add an artificial variable. In the process, you
will minimize the number of artificial variables added to a problem.

The rules for adding artificial variables is summarized Below.

Adding artificial variables

1. Ensure that the RHS value of every constraint is Nonnegative.

2. If you have a < -constraint, you add a slack variable. This automatically qualifies to be an
initial basic variable.

3. If you have a > -constraint, you add a negative slack to convert it to an equation. This
negative slack cannot qualify to be an initial basic variable.

4. In the system of equations identify whether there exist variables with coefficients corre-
sponding to the column of the identity matrix. Such variables qualify to be basic variables.
Add minimum artificial variables otherwise to get a starting basic feasible solution.

5.3.2 lIteration-Degeneracy

During iteration, only one issue needs to be addressed called Degeneracy.

Definition 5.3.1 (Degeneracy) A phenomenon of obtaining a degenerate basic feasible solution
inaLPP is known asdegeneracy

Degeneracy in LPP may arise

(i) atthe initial stage

(i) atany subsequent iteration stage.

In the case of (i), at least one of the basic variables should be zero in the initial basic feasible
solution. Whereas in cas of (ii) at any iteration of the simplex method more than one variable is
elligible to leave the basis, and hence the next simplex iteration produces a degenerate solution
in which at least one basic variable is zero, i.e., the subsequent iteration may not produce im-
provements in the value of the objective function. As a result, it is possible to repeat the same
sequence of simplex iteration endlessly without improving the solution. The concept is known
ascycling (tie).
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5.3.3 Methods to Resolve Degeneracy
The following systematic procedure can be utilized to avoid cycling due to degeneracy in LPP.

Step 1 First find out the rows for which the minimum non-negative ratio is the same (tie);
suppose there is a tie between first and third row.

Step 2 Now rearrange the columns of the usual simplex table so that the columns forming the
original unit matrix come firstin proper order.

Step 3 Find the minimum of the ratio,

C

Elements of the first column of the unit matrix
Corresponding elements of key column

only for the tied rows, i.e., the first and third rows.
(i) If the third row has the minimum ratio then this row will be the key row and the
element can be determined by intersecting the key row with key column.
(ii) If this minimum is also not unique, then go to the next step.
Step 4 Now find the minimum of the ratio, only for the tied rows, If this minimum ratio is

unique for the first row, then this row will be the key row for determining the key element
by intersecting with key column.

Elements of the second column of the unit matrix
Corresponding elements of key column

If the minimum is also not unique, then go to the next step.

Step 5 Find the minimum of the ratio. The above step is repeated till the minimum ratio is
obtained so as to resolve the degeneracy. After the resolution of this tie, simplex method
is applied to obtain the optimum solution.

C

Elements of the second column of the unit matrix
Corresponding elements of key column

Example 5.3.3 Solve the following LPP.
Maximize z = 3x; + 9%,
Subjectto: x; + 4x, < 8
X1+ 2% < 4
X1, X2 2 0

< Solution. Introducing slack variables x3, X4 = 0, you have
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Maximize z = 3X; + 9X, + 0X3 + 0X4
SUbjeCt t0: X1+ 4%, + X3 = 8
X, + 2X2 + X, =4
X1, Xo 2 0
B X1 X2 X3 Xa XB 6= XB /X2
X3 1 4 1 0 8 8/4=2 .
Xy 1 2 0 1 4 4/2 =2
z-¢ | 3 | 91 0 0 0

Since the minimum of the ratio is not unique, the slack variables X3, X4 leave the basis. This
an indication for the existence of degeneracy in the given LPP. So you would apply the above
procedure to resolve this degeneracy (tie).

Rearrange the columns of the simplex table so that the initial identity matrix appears first.

B X3 X4 X1 X> XB B = X3/%X>
X3 1 0 1 4 8 1/4
X4 0 1 1 2 4 0—

Zj — G 0 0 -3 91 0

Using Step 3 of the procedures given for resolving degeneracy, you find

\
( Elements of first column — min (_1 0 _ 0
Corresponding elements of key column 42
Hence, x, leaves the basis and the key element is 2.
B X3 X4 X1 X2 XB
X3 1 -2 -1 0 0
X4 0 1/2 1/2 1 2
Zj — Cj 0 9/2 3/2 0 18

Since all z; — ¢; = 0, the solution is optimum. The optimal solution isx; = 0,x, = 2,and
£

max z = 18.

Example 5.3.4 Solve

10
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Maximize z = 2x; + X,

Subjectto 4x; +3x, < 12
41+ X, £ 8
4x1— X, < 8
X1, X2 2 0

= Solution. Introducing the slack variables X3, X4, Xs = 0, the given problem can be
reformulated as shown below:

Maximize 2z = 2X; + X, + 0Ox3 + 0x4 + 0X5
Subjectto: 4x; + 3X, + X3 =12

4, + Xo + X4 = 8

4X, — X, + X5 = 8

X1, X2, X3, X3, X5 >0

B X1 X> X3 X4 Xs XB 0 = xg /X,
X3 4 3 1 0 0 12 12/4 =3 \
X4 4 1 0 1 0 8 8/4=2 tie
X5 4 -1 0 0 1 8 4/2 =2

Zj - Cj -2 T -1 0 0 0 0

Since the minimum ratio is the same for 2nd and 3rd rows, it is an indication of degeneracy.
Rearrange the columns in such away that the identity matrix comes first.

B X3 X4 Xs X1 X> XB X3/Xq | XalXq

X3 1 0 0 4 3 12 — —

X4 0 1 0 4 1 8 0/4 174

Xs 0 0 1 4 -1 8 0/4 0/4 —
Zj — G 0 0 0 21 -1 0

Using the procedure of degeneracy, find

( Elements of first column of unit matrix
Corresponding elements of key column

for 2nd and 3rd rows, min{0/4,0/4} = 0 which is unique.
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So again compute,

Elements of first column of unit matrix
Corresponding elements of key column

for 2nd and 3rd rows. min{—,1/4,0/4} = 0, which occurs corresponding to the third row.
Hence, xs leaves the basis.

B X3 X4 Xs X1 X> XB Xg /X5
X3 1 0 -1 0 4 4 1
X4 0 1 -1 0 2 0 0—
X1 0 0 1/4 1 -1/4 2 -

Zj — Cj 0 0 1/2 0 -3/2 T 4
B X3 X4 Xs X1 X> XB Xg /X5
X3 1 -2 1 0 0 4 4—
X 0 1/2 -1/2 0 1 0 -
X1 0 1/8 1/8 1 0 2 16

Zj — Cj 0 3/4 -1/74 T 0 0 4
B X3 Xy Xs X1 Xo Xg
Xs 1 -2 1 0 0 4
X 1/2 -1/2 0 0 1 2
X1 -1/8 3/8 0 1 0 3/2

Zj - Cj 1/4 1/4 0 0 0 5

Since all z; — ¢; = 0, the solution is optimum and given by x; = 3/2,x, = 2,and max z = 5.

W)

Degeneracy
In summary,

» Degeneracy results in extra iterations that do not improve the objective function value.

— Since the tie for the leaving variable, leaves a variable with zero value in the next
iterations, you do not have anincrease in the objective function value

» Sometimes degeneracy can take place in the intermediate iterations.

— In such cases, if the optimum exists, the simplex algorithm will come out of degen-
eracy by itself and terminate at the optimum.

— In these case, the entering column will have a zero (or negative) value against the
leaving row and hence that the ratio is not computed, resulting in a positive value of
the minimum ratio.
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 There is no proven way to eliminate degeneracy or to avoid it. Sometimes a different tie
breaking rule can result in a non-degenerate solution.

— In this example if you had chosen to leave X3 instead of x4. In the first, iterations,
the algorithm terminates and gives the optimum after one iteration.

5.3.4 Termination

There are four aspects to be addressed while discussing termination conditions. These are

1. Alternate optimum
2. Unboundedness
3. infeasibility

4. Cycling

For better understanding, an example is given for each of them.

5.3.5 Alternate Optimum

Example 5.3.5 (Alternate Optimum)

Maximize z = 4x, + 3%,

Subjectto 8x; + 6%, < 25
3X1 +4x, < 15
X1, Xo 2 0

Adding slack variables x3 and x, you can start the simplex iteration with x3 and x, as basic
variables. This is shown table 5.1

B X, X, X3 X, Xg 2

Xq 6 1 0 25 25/84

X, 3 4 0 1 15 5
Z,~¢; 4 -3 0 0 0

B X, X3 X, Xg Xg 0

X, 1 Vs 1/8 0 25/8 2/54

X, 0 7/4 -3/8 1 45/8 10
Z;—C; 0 0 Y2 0 100/8

Table 5.1:
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Observe that in the last tableau, the non-basic variables are X, and X3z, and both of them do
not have a negative z; — c;, therefore there is no entering variable, so the algorithm terminates.

One important thing you could notice in this example, is that when the algorithm terminated,
the non-basic variable x, has the value 0 unlike in other ones where the non-basic variables have
apositive z; — cj-row entry when the algorithm terminates.

You know that if you enter a z; — c; value with a positive sign, it will bring down the value
of the objective function unlike when you enter a negative z; — ¢; which will increase the value
of the objective function.

Now the question is “can you enter this variable x, which has a zero z; — ¢; entry? And

what happens when you do so?” You can try to see what happens by entering the non-basic
variable x, which has a zero z; — c; value.

B X, X3 X, Xg Xg 0

X, Ya 1/8 0 25/8 25/6 .

X, -3/8 1 45/8 45/14
Z;,—C; 0t Y2 0 25/2

B X3 X, Xg Xg 0

X, 0 217 -3/7 5/7 2/5

X, 1 -3/14 4f7 45/14 10
z,—c; 0 Y 0 25/2

Table 5.2:

In this case you have the optimal solution
(Xl, X2, X3, X4) = (5/7, 45/14, 0, O)

Which gives a z-value of

7= —
2

You notice that in the last table, the same z; — c; entries are repeated with the only exception

that x4, now becomes a non-basic variable with a zero entry instead of x, as in the formal optimal
tableau, and wants to enter. Notwithstanding the value of the objective function z = 25/2 did
not improve. Now if you had entered the X, in 5.1 you will also need to enter x, in table 5.2.
If you do that, you will obtain exactly table 5.1. This tells you that if you apply the termination
condition strictly, you will succeed in getting an infinite loop.

This case the simplex algorithm terminates and yet you Still have a non-basic variable
with a zero entry is what you call an alternate optimum

Hence the termination condition has to be redefined to include the alternate optimum, that
is the iteration terminates when you have an alternate optimum.

10
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Observe that it is very necessary to compute other table in the case of an alternate optimum
because, if you had stopped in the last example with optimum solution of

(Xl, X2, X3, X3) = (25/8, 0, 0, 45/8),

then, since x; and x, are the decision variables, you must have produced 25/8 of one product
and you did not produce x,. Because the presence of the slack variable x4, in the basis indicates
that the resources are not properly utilized. So you still have the same number of resources
available with you andyou still made the same profit. While for the solution

(Xl, X2, X3, X3) = (5/7, 45/14, 0, O),

you produced both items and had the same profit with the resources properly utilized. So you
can make a choice on how to produce. From all indications, the first will be better, because you
will end up saving some resources.

Another question is “In the case of the alternate optimum, is there only one solution or
more?” You can answer this question by looking at the graphical solution of this problem. See
Figure (5.1)

y=x2
8x+6y=25

3x+4y=15

Figure 5.1:

In Figure 5.1, the objective function line is drawn for z = 12. As you can observe, this line is
parallel to the line representing the constraint equation 8x, + 6x, = 25 so that, as the objective

10
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function line moves, It will touch this line. Therefore, the alternate optimum does not only exist
at (5/7, 45/14) and (45/8, 0) but at infinitely many points on the line 8x; +6x, = 25, which lies
between these two points. But the simplex algorithm will not show these other points because
the simplex method only show corner points. The fact the simplex want to switch between these
two solutions indicates that every other points in between these two corner points is optimum.

5.3.6 Unboundedness (Or Unbounded Solution)

In some LPP, the solution space becomes unbounded, so that the value of the objective func-
tion also can be increased indefinitely without a limit. However, it is not necessary that an
unbounded feasible region should yield an unbounded value for the objective function. The
following example will illustrate these points.

Unboundedness is one of the aspects of termination which you proposed to consider. For a
better understanding, consider the following example.

Example 5.3.6 (Unboundedness)

Maximize 4x1 + 3%,

- 6X2 5
3X1 11
X1, Xo 2 0.

= Solution. By addition of the two slack variables x; and x, to the constraints you have
the following equivalent problem

Maximize 4x; + 3X»
X1 — BXo+X3=05
33X+ X4 =11
X1, X2, X3, Xg4 = 0.

With the initial basic feasible solution
(X1, X2, X3, Xg) = (0,0, 5,11)

and solving the problem using simplex algorithm, you have
In the second table, you observe that X3 with a negative z; — ¢; entry enters the basis. Now

trying to get the departing variable, you have to compute as usual the ratio of the b-column
and the entering column, and by doing so, you will observe thatno variable leaves because
(4/3)/(— 6) gives a negative value and so you do not compute it and the other one is undefined

because of division by zero. As aresult of these, the algorithm will terminate. Since no vanable
departs, despite the fact that you have an entering variable.

This phenomenon where the algorithm terminates because it was unable to find a departing
variable is called Unboundedness.

Two cases of unboundedness are obtainable, namely, Unbounded optimal solution and Un-
bounded feasible solution.

10
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B X, X, X, Xg

X3 1 -6 0 5

X4 @ 0 1 11 11/3
Z,—C; —4f£ -3 0 0

B X, X, X, Xg ?6

X3 0 -6 -1/3 4/3 -

X1 1 0 1/3 11/3 oo
ZJ.—CJ 0 —3f 4/3 44/3

Table 5.3: Unboundedness: (Unable to determine the leaving variable)

Example 5.3.7 (Unbounded optimal solution)

Maximize 2x; + X5

X1 — Xo < 10
2X1 — X £ 40
X1, Xo 2 0.

< Solution. By addition of the two slack variables x; and x, to the constraints you have
the following equivalent problem

Maximize 2X; + X, + 00Xz + 0X4
2X1 — X2 + X3 =10
2X1 — X + X4 =40
X1, X2, X3, X4 = 0.
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y=X2

30—

/10
10

20—
30
40—
Figure 5.2:
B X1 X2 X3 Xa XB XB /Xl
X3 1 -1 1 0 10 10—
X4 2 -1 0 1 40 20
Zj — Cj 21 -1 0 0 0
B X1 X2 X3 Xa XB XB /X2
X1 1 -1 1 0 10 —
X4 0 1 -2 1 20 20 —
Zj — Cj 0 -1 2 0 20
B X1 X2 X3 X4 XB
X1 1 0 -1 1 30
Xo 0 1 -2 1 20
Zy — Cj 0 0 -4 3 80
Since z3 — €3 = — 4 < 0, the solution is not optimum. But all the values in the key column

are negative which is the indication of unbounded solution.

The feasible region is unbounded since it has all x, negative. Hence z can be made ar-
bitrarily large and the problem has no finite maximum value of z. Therefore, the solution is
unbounded. £

Example 5.3.8 (Unbounded feasible region but bounded optimal solution.)

10
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Maximize z = 6x; + 2X,
Subjectto: 2x; — X2 £ 2
X1 <4
X1, X2 2 0

= Solution. By introducing slack variables X3, X4 the standard form of LPP is,

Maximize z = 6X; — 2X, + 0X3 + 0X4
Subject 0 2X1— Xo + X3 =2

X1+Xq4 =4

X1, X2, X3, Xg4 = 0

Initial solution is given by x3 = 2, x4 = 4.

B X1 X> X3 X4 XB Xg /X1
X3 2 -1 1 0 2 1—
X4 1 0 0 1 4 4
Zj — Cj -6 2 0 0 0
B X1 X> X3 X4 XB Xg /X5
X1 1 -1/2 1/2 0 1 —
X4 0 1/2 -1/2 1 6 6—
Zj — Cj 0 -1 3 0 6
B X1 X2 X3 X4 XB
X1 1 0 0 1 4
X 0 1 -1 2 6
Zj — G 0 0 2 2 12

Since all z; — ¢; = 0, the solution is optimum. The optimal solution is given by

X1 =4,X, =6 and maxz = 12.

It is now interesting to note from the table that the element of x, are negative or zero (-1,
and 0). This is an immediate indication that the feasible region is not bounded. From this you
will conclude that a problem may have unbounded feasible region but still the optimal solution
is bounded.

#

Difference between unbounded region and Unbounded solution

Suppose you draw the graph of the objective function, say for 4x; + 3x, = 12, and for 4x, +
3x, = 15 as you maximize, you will observe that the objective function will move in the upward
direction as shown because the region is unbounded. So both x; and x, can go up to infinity.

On the other hand, if the problem has been that of minimization then the objective function
will move in the downward direction and will terminate giving (X1, X») = (0, 0) as the optimum
solution and z = 0.

10
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2X—y=2

y=X2

3 _| feasible

x=4 | Tegio
2 —
1
ﬁ § x=x1

-2

Figure 5.3:

Hence there are two aspects to unboundedness, namely you can have an unbounded region
if the region is unbounded and an unbounded solution depending on the direction the objective
function is moving. In this example you have an unbounded feasible region and unbounded
solution.

Notwithstanding, depending on the objective function, a region that is unbounded may still
have a solution.
There is one more thing that you can do. Up till now, you have consistently entered the

anr-]basic variable with the smallest z; — c¢; entry (that is the z; — ¢; entry that has the
Ighest

negative entry), but now you have been able to understand that you can enter any non-basic
variable with a negative z; — c; entry can enter and will improve the . And by trying to apply

that to this problem, you will discover early that an attempt to enter X, with -3 as the z; — ¢;
entry instead of x; with — 4 asthe z; — ¢; entry, will indicate unboundedness rightin the very

first stage.

Summary

At the end of the first iteration, you observed that the variable x, with z, — ¢, = —3 can

enter the basis but you are unable to fix the leaving variable because all coefficients in the
entering
column are < 0. So the algorithm terminates because it is unable to find a leaving variable.

This phenomenon is called unboundedness, indicating that the variable x, can take any
value and still still none of the present basic variable would become infeasible.

11
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- By the nature of the first constraint, you can observe that x, can be increased to any value
and yet the constraints are feasible.

- The value of the objective function is infinity.

In all simplex iterations, you enter the variable with the greatest negative value of z; — ;.

Based on this_rule, you entered variable X, in the first iteration. Variable x, also with a negative
value of — 3is a candidate and if you had decided to enter X, in the first iteration you would

have realized the unboundedness at the firstiteration itself.

Though most of the times you enter a variable with smallest z; — c; entry, there is no
guarantee that this rule with minimum iterations. Any non-basic variable with a negative value
of z; — ¢; isacandidate to order.

Other rules for entering variable are

1. Largest increase rule. Here for every candidate for entering variable, the corresponding
minimum  @is found and the increaseé in the objective function i.e., the product of z; — ¢;

is found.

* The variable with the minimum increase (product) is chosen asentering variable.

2. First negative z; — ¢;

3. Random-A non basic variable is chosen randomly and the value of z; — c; is computed

* It becomes the entering variable if the z; — ¢; IS negative

» Otherwise another variable is chosen randomly. This is repeated till an entering
variable is found.

Coming back to unboundedness, you observe that unboundedness is caused when the fea-
sible region is not bounded. Sometimes, the nature of the objective function can be such that
even if the feasible region is unbounded, the problem may have an optimum solution. The un-
boundedness defined here means that there is no finite optimum solution and the problem is
unbounded.

Non Existing Feasible Solution

One more aspect to be considered is called infeasibility. In this case the feasible region is
found to be empty, which indicates that the problem does not have a feasible solution. In
simplex method, if there exists at least one artificial variable in the basis at positive level and
even though optimality conditions are satisfied, it is the indication of non-feasible solution.

Consider the following example.

Example 5.3.9 (Infeasibility)

Maximize z = 4x; + 3%,

Subjectto X3 +4x, < 3
3X1 + X 2 12
X1, Xo 2 0

11
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= Solution. Adding slack variables x3 and x4 (surplus) and artificial variable a; you can
start the simplex algorithm using the big M method with x3 and a; as basic variables you have
the following equivalent form.

Maximize z =4x; +3Xx, — Ma;

Subject to Xy +4x,+x3 =3
X1 +Xo — Xy +a1 =12
X1, X2, X3, X4, A1 >0

where M is avery large positive number. Thus solving by simplex method you have

B X, X, X3 X, A Xg ?6
X3 1 4 1 0 0 3
Ay 3 1 0 -1 1 12
z,—c; —4 -3 0 0 M 0
B X, X, Xq X, A Xg ?6

w><
G
N
=
o
o
w
w

A 3 1 0 -1 1 12 4
zj—cJ -3M-4¢ —M-=-3 0 M 0 —12M
B X, X, X3 X, A Xg ¢
X, 1 4 1 0 0 3
A 0 -11 -3 -1 1 3
zj—cj 0 11M =13 IM=z4 M 0 IM=z4
Table 5.4:

Because all z; — ¢; = O, the algorithm terminates, since there is no other entering

variable. But since the artificial variable is still left as a basic variable, then the problem does
not have an optimal solution because the artificial variable is not part of the original
problem. More general you would say that the problem has no feasible solution. Hence the
problem is said to
be infeasible.

To understand why the problem is infeasible, you can draw the graph of the constraints of
this problem Figure 5.4. You can observe that the constraints are moving away from each other,
hence there is no feasible region.

#

11



UNIT 5. SIMPLEX ALGORITHM- INITIALIZATION AND ITERATION

—\ 12

x=x1

X%JW

Figure 5.4:

So this is a situation where the simplex method is able to show that the linear programming
problem may not have an optimum solution at all. Of course if a problem does not have a
feasible region, obviously, it can not have a optimal solution. The simplex method is able to
detect this by allowing an artificial variable to remain in the basis even after the optimality
condition is met. Infeasibility is indicated by the presence of at least one artificial variable
after the optimum conditions is satisfied.

Another thing you can observe from this problem is that a; = 3. This indicates that the
second constraint should have the RHS value reduced by 3 to get a feasible solution with x; = 3.
Therefore, Simplex algorithm not only is capable of detecting infeasibility but also shows the
extent of infeasibility.

Termination Conditions (Maximization objective)

The termination conditions are summarized below as follows.

* All non-basic variables have positive z; — ¢; entry.

— Basic variables are either decision variable or slack(or surplus) variables. Algorithm
terminates indicating unique optimum solution.

» Basic variables are either decision variables or slack variables. All non-basic variable
have z; — ¢; =2 0

— At least one non-basic variable hasz; — ¢; = 0, indicates alternate optimum proceed
to find the other corner point and terminate.

» Basic variables are either decision variables or slack variables.

— This algorithm identifies an entering variable but is unable to identify leaving vari-
able, because all values in the entering column are < 0. Indicates unboundedness

and algorithm terminates.

11
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* All non-basic variables have z; — ¢; = 0. Artificial variable still exists in the basis.

— Indicates infeasibility. Algorithm terminates.

Cycling

If the simplex algorithm fails to terminate (based on the above conditions) then it cycles.

You have seen so far that every iteration is characterised by a set of unique basic variables.
So far, you have not gone back, in any of the simplex iterations, to a particular set of basic
variables. The only time you came very close to doing this was when you had an alternate
optimum. A phenomenon by which, in the middle of simplex iteration, you have a set of basic
variables and after about some iterations, you realise that you are back to the same set of basic
variables, without satisfying any of the termination conditions, is called Cycling.

Cycling is a very rare phenomenon in linear programming i.e., there are not many cases
of cycling in the simplex iterations. In fact, so far, there has not been a linear programming
problem formulated from a practical situation which cycles. There are few examples you can
find in books that shows the cycling phenomenon, notwithstanding it is not a very common
phenomenon. There are also some restrictions that says that for a problem to cycle, the problem
must have at least 3 constraints, 6 variables and so on. But in this book, you will not go deeper
into cycling. For further studies, you can visit some of the texts recommended at the end of this
section.

5.3.7 Special examples

In this section, you shall consider a few more things that simplex method can do. One of them
is that simplex method can be used to solve simultaneous linear equations of the solution has
non-negative values. Consider the following example.

Example 5.3.10 Solve
4x, + 3X2 =25

2X1 +X, =11

< Solution. Assume that this problem has a solution X, X, = 0 Add artificial variables a;
and a, and rewrite the equations as

4x, + 3X2 +a; = 25
2X 1+ X, +a, =11
Define the objective function (artificial objective function) as

Minimize a;+ a,

11
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so that the problem now becomes, by converting the minimization objective to a maximization
objective, alinear programming problem of

Maximize —a;— a,

Subjectto 4x; +3x,+a; =25
2X1+ X, +a, =11
X1, Xp,85,a, = 0

If the original equations have a non-negative solution, then you should have feasible basis with

X; and X havirg z=0 for the linear programming problems. The simplex iterations and are
sfiown in Table 5.5 2

B X, X, A A, Xg ?6

A 2 @ 1 0 6 2,

A, 4 6 0 1 12 2
z,—¢; —6 —9% 0 0 -18%

B Xy Xy A A Xg ¢

x
N
=
=
~
w
o
N
w

A, 0 0 2 1 0 -
z,—c; 0t 0 3 0 0
B X, X, A A Xg ¢
X 1 3/2 Y, 0 3
A, 0 0 2 1 0
ZJ_CJ O O '3 O
Table 5.5:

In the last table, all entries in the z; — c; row are non-negative, hence the algorithm termi-

nates. Notwithstanding an artificial variable a, still remains in the basis, but more importantly,
you observe that its value is zero (i.e. a, = 0). So when you solve a set of equations and the ar-
tificial variable remains in the basis, with value zero at optimum, then it means that the system
of equations are linearly dependent. Hence the simplex method is capable of also indicating
linear dependency among these equations.

So the simplex method among other things is able to

* detect if a linear programming problem has a feasible solution.

11
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* solve aset of linear equations if it has a unique solution.

* detect alinearly dependent systems of equations.

Unrestricted Variable.

Here is another example to illustrate an unrestricted variable.

Example 5.3.11
Maximize 4x; + 5X,
Subjectto: 2x; +3x, < 8
Xy +4X%, < 10
X1, unrestricted, x, = 0

< Solution. Replace variable x; by x3 — X4, and add slack variables xs and X to get

Maximize 4x; — 4X4+ 5%,

SUbJeCt to: 2X3 - 2X4 —+ 3X2 + X5 = 8
X3 — X4 +4X, + Xg = 10
X21 X31 X4, X5, XG 2 0

The simplex iterations are shown in the table 5.6
4

In the last table in table 5.6, you observe that all the entries in the z; — ¢; row are non-

negative. But value of the decision variable x, = 0 which can enter. But an attempt to enter this,
variable will reveal that there is no leaving variable. Now the question is, “Does this indicate
an alternate optimum because you have a zero which enters after the termination condition is
met?” “Does it indicate unboundedness because you are unable to find aleaving variable?”

This is what happens for problems that involves unrestricted variables. It neither signify
unboundedness nor alternate optimum rather it is signifies that the algorithm terminates for
problems that involves unrestricted variables one of the variables will always want to enter and
you should be aware of this.

11
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B X, X3 X, Xg Xg Xg 0

Xg 3 2 -2 1 0 8 8/3

X ) 1 -1 0 1 10 10/4.
z,—C; —5£ —4 4 0 0 0

B X, X3 X, Xg Xg Xg 0

Xg 0 -5/4 1 -V % 215,

X 1 Yy Yy 0 Yy 5/2 10
Z;—C; 0 —11/4¢ 11/4 0 5/4 25/2

B X, X3 X, Xg Xg Xg 0

X3 0 1 -1 4/5 —3/5 2/5

X, 1 0 0 ~1/5 @25) 12/5 6.
Z,—C; 0 0 0 11/3 —2/5 68/5

B X, X3 X, Xg Xg Xg 0

X3 3/2 1 -1 Yo 0 4

Xe 5/2 0 0 Ve 1 6
Z;—C; 1 0 0 2 0 16

Table 5.6:

5.4 Conclusion

In this section, you have considered the simplex algorithm - initialization, iteration and termi-
nation. And you have seen many conditions under which you can modify the initialization, the
iteration or and the termination conditions.

5.5 Summary

At the end of this unit,

1.
2.
3.
4.

You are able to resolve degeneracy if it occurs.

11

You are now able to initialize, iterate and terminate any LPP and state the optimal solution.

Degeneracy is a phenomenon of obtaining a degenerate basic feasible solution in an LPP.

The alternate optimum is indicated with the optimality or the termination condition been
satisfied, you have a non-basic variable with a zero value of the z; — ¢; row which would
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want to enter and entering will give the same value of the objective function but with a
different solution. You also need to perform the two iterations in other to maximize you
profit and save some resource.

5. you also know that there are infinitely many solutions in the alternate optimum case.
Simplex will indicate only two corner points on the line of the constraint equation which
is parallel to the objective function. But every other point between the corner points is
also optimum.

6. Unboundedness is a phenomenon where the algorithm terminates because it was unable
to find a departing variable.

7. A problem is said to be Infeasible if the problem has no feasible solution.

8. A phenomenon in LPP by which, in the middle of simplex iteration, you have a set of
basic variables and after about some iterations, you realize that you are back to the same
set of basic variables, without satisfying the termination condition is called Cycling

9. You are also able to solve problems involving unrestricted variables.

5.6 Tutor Marked Assignemts (TMAS)

Exercise 5.6.1

1. The simplex algorithm is able to indicate infeasibility

(a) by not having a feasible solution at at all.
(b) by having aslack variable asa basic variable.

(c) by the presence M in the z-value, after the optimum condition is met when using
the big-M method.

(d) bythe presence of an artificial variable after the optimum condition is met.

2. While solving a set of equations, it was found that an artifical variable remains in the
basis with value zero, at optimum. this indicates that the system of equation is
(a) linearly indpendent
(b) linearly dependent
(c) has no solution.
(d) has aunique solution.

3. Unboundedness is bes detected in the simplex algorithm if

(a) there is an entering variable but no departing variable.
(b) there is a decision variable with a zero entry in the z; — ¢;-row.
(c) all the entries in the z; — ¢; are nonpositive.

11
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(d) all the entries in the z; — c;-row are non-negative.
4. Alternate optimum is best detected in the simplex algorithm if

(a) there is an entering variable but no departing variable.
(b) there is a decision variable with a zero entry in the z; — ¢;-row.

(c) all the entries in the z; — ¢; are nonpositive.

(d) all the entries in the z; — c;-row are non-negative.

5. Solve the following problem by the two-phase simplex method.

Maximize 2X; — X» + X3
Subjectto Xx; +X, — 2x3 £ 8
4X1 — Xo + X3 = 2
2X1 +3X, — X3 =2 4
X1, X2, X3 =2 0
6. Consider the following linear programming problem.
Maximize Xx; + 2X»
Subjectto x; +x, = 1
—X1+X%X <3
Xo £ 5

X1, Xo 2 0

(a) Solve the problem geometrically.

(b) Solve the problem by the two-phase simplex method. Show that the points generated
by phase | correspond to basic solutions of the original system.

7. Solve the following problem by the two-phase simplex method.

Minimize X; + 3X; — X3
Subjectto X; +X, + X3 = 3

— X1+ 2%, = 2

— X1 +5X,+X%X3 £ 4

X1, X2, X3 >0

11
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8. Show how phase | of the simplex method can be used to solve n simultatneous linear
equations in n unknowns. Show how the following cases can be detected:

(a) Inconsistency of the system.
(b) Redundancy of the equations.
(c) Unique solution.

Also show how the inverse matrix corresponding to the system of the equations can be
found in (c). lllustrated by solving the following system.

X1+2X2+X3:4
— X1 — X2+2X3:3
X1 — X2+X3:2

9. Solve the following problem by the two-phase simplex method.

Minimize —X; — 2X5
Subjectto 3x; +4x, < 20
2X1 — Xo 2 2

X1, Xo 2 0

10. Solve the following problem by the two-phase method.

Maximize 5X; — 2X, + X3
SUbjeCt t0 X1 +4X, + X3 < 6
2X1 + Xy + 3X3 > 2

X1, Xo 2 0

X3 unrestricted

11. Solve the following problem by the two-phase simplex method.

Maximize 4x; + 5x, — 3X3
SUbjeCt to X1 +X, +X3 = 10
X1 — X 21
2X1 + 3X2 + X3 < 20

X1, X2, X3 2 0

12
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12. Use the big-M simplex method to solve the following problem.
Minimize — 2X1+ 2X, + X3 + X4

Subjectto X; +2X, + X3 + X4 < 2
X1 — Xo+X3+5x,2 4
2X1— X+ X3 < 2
X1, X2, X3,X4 = 0

13. Solve the following LPP.
Maximize z = 5x; — 2X, + 3X3

Subjectto 2x; +2X, — X3 = 2
33Xy — 4x, £ 4
Xo — 3X3< 5
X1, X2, X3 = 0

[Ans max z = 85/3,x; = 23/3,%, = 5,3 = 0]
14. Solve the following LPP.

Maximize z = 2X; + 3X, + 10X3
Subjectto x; +2x3=0
Xo +X3 =1

X1, X2, X3 = 0
[Ans maxz =3,x; =0,x, = 1,x3 = 0]
15. Solve the following LPP.

Maximize z = X; + 2Xs + X3

Subjectto 2x; + X, — X3 £ 2
—2X1+ X, — 5Xxz3 =2 —6
AX1+ X+ X3 £ 5

X1, X2, X3 2 0

[Ans maxz = 10,x; = 0,X, = 4,X3 = 2]

12
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UNIT 6

DUALITY IN LINEAR PROGRAMMING

6.1 Introduction

Every LPP (called the primal) is associated with another LPP (called its dual). Either problem
can be considered asprimal and the other one asdual.

The importance of the duality conceptis because of two main reasons:

1. If the primal contains a large number of constraints and a smaller number of variables, the
labour of computation can be considerably reduced by converting it into the dual problem
and then solving it.

2. The interpretation of the dual variables from the cost or economic point of view, proves
extremely useful in making future decisions in the activities being programmed.

6.2 Objective

At the end of this unit, you should be able to

(i) give the definition of a Dual problem.

(i) Formulate the dual of any primal problem.
(iif) Solve Dual problems.

(iv) Use the Dual-simplex algorithm.

(v) Perform Sensitivity Analysis.
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6.3 Main Content

6.3.1 Formulation of Dual Problems

For formulating a dual problem, first you have to bring the problem in the canonical form. The
following changes are used in formulating the dual problem.

(i) Change the objective function of maximization in the primal into minimization in the dual
and vice versa.

(i) The number of variables in the primal will be the number of constraints in the dual and
vice versa.

(iif) The cost coefficient ¢y, Cy, . .., C, in the objective function of the primal will be the RHS
constant of the constraints in the dual and vice versa.

(iv) In forming the constraints for the dual, you have to consider the transpose of the body
matrix of the primal problem.

(v) The variables in both problems are non-negative.

(vi) If avariable in the primal is unrestricted in sign, then the corresponding constraint in the
dual will be an equation and vice versa.

6.3.2 Definition of the Dual Problem

Let the primal problem be,

Maximize z = CyX; + -+ + CyXp
SUbjeCt to ap X +apX+r+agX, < b

Ap X1+ AxXp + -+ agX, < by

AmiX1 + amaXo + -+ amnXy < bm

X1, X2, ..., %X, 2 0
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Dual: The dual problem is defined as,

Minimize w = byy; +byy, -+ + bmYm

v

Subjectto ajiy;+ axyz+ -+ amym =

appyr+axpy,+ o+ anym 2 G

ainy1 +aony2 + -+ QmnYm 2 Cm

y11y21"'!ym 2 0

whereysy, ¥,, Vs, ..., Ym are called dual variables
Example 6.3.1 Write the dual of the following primal LP problem.
Maximize z = X; + 2X, + X3

Subjectto: 2X;+ X, — X3 £ 2
—2X1+X2 — bxz =2 —
6
AX, + X, + X35 6
X1, X2, X3 = 0.
= Solution. Since the problem is not in the canonical form, you have to interchange the

inequality of the second constraint,
Maximize z = X1 + 2X, + X3

Subjectto: 2X;+ X, — X3 £ 2
2X1— Xy +5X3 < 6
AX, + X, + X35 6
X1, X2, X3 = 0.

Dual Lety,, Yy, y3 be dual variables. Thus the dual problem is given by
Minimize w = 2y, + 6y, + 6y
Subjectto: 2y, +2y,+4y;> 1

Yyi— Yo +Yyz3 = 2
—y1+5y,+y; =1

Y1.¥2, Y3 = 0.

Example 6.3.2 Find the dual of the following LPP.
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Maximize z = 3X; — Xy + X3

Subjectto: 4x;, — x, £ 8
8X1 + Xy + 3X3 > 12
5x, — 6x3 £ 13
X1, X2, X3 = 0.

= Solution. Since the problem is not in the canonical form, you have to first of all
interchange the inequality of the second constraint.

Maximize z = 3X; — X + X3
Subjectto: 4x;, — x, £ 8
_8X1— Xo — 3X3 < —-12

5x; + OX2 - 6X3 < 13
X1, X2, X3 = 0.

In matrix formyou have
Maximize z =cx

Subjectto: Ax < b

x=0
[] [ [] U N []
X1 8 4 -1 0
Wherec=3 -1 1),x:§x2 %,b:%—lzﬁandA:%—S -1 —3%
X3 13 5 0 —6

Dual. Letyy, Vs, ..., Y3 bethe dual variables. The dual problem is thus given as
Minimize w = bty
Subjectto: Aty > ¢t

y=20
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U U
I
Minimize w=(8 — 1213)~ vy,
ll U
Y3
U D D D U U
— 8
Subject to: % -1 0%% Y2 % % —12E
ll HEN ll ll U
0 — 13
That is

Minimize w =8y, — 12y, + 13y;

Subjectto: 4y;— 8y,+5y;> 3
—Yy1— Yo+ 0yz = —
1
Oy:1— 3y, +6yz; =
y11y21y3 2 0

Example 6.3.3 Write the dual of the following LPP
Minimize 2z = 2X, +5Xx3

Subject to: Xp+Xo +0x3 = 2
—2X1— Xo — 6X3 > —6
X1 — Xo + 3X3 <1
X1 — X + 3X3 =14
X1, X2, X3 2 0

= Solution. Again on rearranging the constraints, you have
Minimize z = 0x; + 2%, + 5X3

SUbjeCt to: X+ X, +0x3 = 2
—2X1— Xo — 6X3 > —6
X1 — Xo + 3X3 =14
— X1+ Xy — 3X3 = —4
X1, X2,X3 2 0
Dual: Since there are four constraints in the primal, you have four dual variables namely

Y1, Y2, yg, ygt-
Maximize W = 2y;— 6y, + 4yl — 4yt

Subjectto: yi1— 2y,+y;— W< 0
— v, — vt it <
L
Oy: — 6Y2+3y — 3yf<
: >0
YLY212:?V3
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Letys =y5 — W'
Maximize w = 2y;— 6y,+ 4(y; — y)
Subjectto: y; — 2y,+ (i — W) < 0

yi—y2— (§ —yH) <2
Oy:1— 6y2+3(ys — ¥) < 5

Finally, you have
Maximize w = 2y; — 6y, + 4y;
Subjectto: y;— 2y,+y3 < 0

Yyi—Y2—Y3< 2
Oy, — 6y, +3y;< 5
Y1,Y2 = 0,ysis unrestricted.

Example 6.3.4 Give the dual of the following problem:

Maximize z=x+2y

Subjectto: 2x+3y > 4
3x+4y=5
x = 0andy unrestricted.

= Solution. Since the variable y is unrestricted, it can be expressed asy =yt — y&, yt, yt > 0.
On reformulating the given problem, you have

Maximize z = x+ 2yt — 2yt
Subjectto: —2x— 3(y! — y) < —

4
3x+4(y' — y*") <5
3x+4(y—y?H) =5
X, vyt >0

Since the problem is not in the canonical form, you have to rearrange the constraints.
Maximize z = x+ 2yt — 2yt
Subjectto: —2x— 3yt+yit < —

4
X+ 4yt — 4yt < 5
—3x— dy+ 4yt < -5
X, yLyt > 0

Dual Since there are three variables and three constraints in the primal, you have three variables,
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namely y1, y5, y&.
Minimize

Subject to:

w = —4y;+ 5w — 5w

—2y;+ 3y, - 3yft>1
—3y;+ 4yl — 4yt > 2
By1— 4ys +4yf > —2
Y15 Y52 0

Lety, =y, — v, sothat the dual variables y, is unrestricted in sign. Finally the dual is

Minimize

Subject to:

Or - - -
Minimize

Subject to:

or
Minimize

Subject to:

w = — 4y, + 5y,

—2y;+3y,2 1
-3y, +4y, > 2
3y1— 4y2 > —
2
y1 = 0, y, isunrestricted

W= —4y;+ 3y,

—2y;+3y,2 1

-3y, +4y, > 2
—3y;+4y, < 2
y1 = 0, y, isunrestricted

w = — 4y, + 5y,

—2y;+3y; 2 1
—3y1+4y,=2
y1 = 0, y, isunrestricted

Example 6.3.5 Write the dual of the following primal LPP.

6.3.3 Important Results in Duality

1. The dual of the dual is primal.

2. If one is a maximization problem,

the the other is of minimization.

3. The necessary and sufficient condition for any LPP and its dual to have an optimal solu-
tion is that both must have feasible solutions.

4. Fundamental duality theorem states, if either the primal or dual problem has a finite opti-
mal solution, then the other problem also has a finite optimal solution and also the optimal
values of the objective function is both the problems are the same, i.e., max z = min w.
The solution of the other problem can be read from z; — ¢; row below the columns of

slack or surplus variables.
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5. Existence theorems states that, if either problem hasan unbounded solution then the other
problem has no feasible solution.

6. Complementary slackness theorem states that:

(a) If aprimal variable is positive, then the corresponding dual constraint is an equation
at the optimum and vice versa.

(b) If a primal constraint is a strict inequality then the corresponding dual variable is
zero at the optimum and vice versa.

Example 6.3.6 Solve the following LPP.

Maximize z = 6x; + 8%,

Subjectto: 5x; +2x, < 20
X, + 2X2 < 10
X1, Xo 2 0
by solving its dual problem.

= Solution. Asthere are two constraints in the primal, you have two dual variables y; and
y2. Thus the dual of this problem is given as.

Minimize w = 20y; + 10y,

Subjectto: by;+vy, > 6
2y1+2y,2 8
y11y2 > 0

You can solve the dual problem using the Big-M method. Since this method involves artificial
variables, the problem is reformulated and you have,

Maximize w!= —20y; — 10y, +Oy;— Oy,— MA; — M
Az

Subjectto: 5y;+y,— y3;+A; =6
2y1+2y,— Y4+ A, =8
Y1,Y2,Y3: Vs, A1, A =2 0

130



UNIT 6. DUALITY IN LINEAR PROGRAMMING

B Y1 Y2 Y3 Ya Ay A, YB Ye/Y1
A, 5 1 -1 0 1 0 6 1.02—>
A, 2 2 0 -1 0 1 8 4
wj — ¢| -7M+20 | -3M-10 M M 0 0 -14M
!
B Y1 Y2 Y3 Ya Ay A, YB Ye/Y1
Vi 1 1/5 -1/5 0 — 0 6/5 6
A, 0 8/5 2/5 -1 — 1 28/5 25/8 —
wj—¢ O -%I\/TI+6 -EM +4 M — 0 M +24
B Y1 \Z Y3 Ya A Az YB
Vi 1 0 -1/5 1/8 — — 1/2
Yo 0 1 1/4 -5/8 — — 7/2
wi—¢l O 0 5/2 15/4 — — -45

Since all w; — ¢; = 0, the solution is optimum. Therefore, the optimal solution of dual is,

Hence minw = 45
The optimum solution of the primal problem is given by the value of w; — ¢; in the optimal

table corresponding to the column of surplus variables y; and y,. i.e.,

y1 = 1/2,y, = 7/2, maxw! = — 45

5

Xlzz,

Xo =

_ 15
4

5 15

maxz:6><—+8><Z:45

2

#

Example 6.3.7 Prove using duality theory that the following LPP has a feasible but not optimal

solution.

Minimize

Subject to:

= Solution. Given the primal LPP

Minimize

Subject to:

Z= X1 — Xo +X3

X1 — X3 =2 4
X1 — X2+2X32 3
X1, X2, X3 = 0

Z= X1 — Xo +X3
X1 — X3 =2 4

X1 — X2+2X32 3
X1, X2, X3 2 0
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Dual Since there are two constraints, there are two variables y, and y, in the dual, given by

Maximize w = 4y, + 3y,
Subjectto: y;+y, <1
Oy;—y2< —
1
—y1+2y;< 1
Y1,y = 0

To solve the dual problem Convert to standard form

Maximize w =4y, + 3y,

Subjectto: y;+y,+y; =1
Oyi+y,—ysa+A; =1
—y1+2y,+ys=1
Y1,y = 0

where ys, Y5 are slack variables, y, the surplus variable and A, the artificial variable.

B Y1 Y2 Y3 Ya A1 Ys Y8 ye/Y1
Vs 1 1 1 0 0 0 1 1
A, 0 1 0 -1 1 0 1 1
Vs -1 2 0 0 0 1 1 1/2 =

Wj — Cj -4 -M -3 0 M 0 0 -M
!

B Y1 Y2 Y3 Ya A1 Ys Y8 ye/Y1
Vs 3/2 0 1 0 0 -1/2 1/2 1/3 =
A, 1/2 0 0 -1 1 -1/2 1/2 1
Y, | -1/2 1 0 0 0 1/2 172 |-

wi— g -AM+5 0 0 M 0 IM+2 | -IM -3

Table 6.1: Page 80-1

Since all w; — ¢; = 0 and an artifical variable appears in the basis at positive level,

the dual problem has no optimal basic feasible solution. Therefore there exists no finite
optimum
solution to the given primal LPP (Unbounded solution) &4

6.3.4 Dual Simplex Method

The dual simplex method is very similar to the regular simplex method. The only difference
lies in the criterion used for selecting a variable to enter and leave the basis. In dual simplex
method, you first select the variable to leave the basis and then the variable to enter the basis.
This method yields an optimal solution to the given LPP in a finite number of steps, provided
no basis is repeated.

The dual simplex method is used to solve problems which start dual feasible (i.e., whose
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primal is optimal but infeasible). In this method the solution starts optimum, but infeasible
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and remains infeasible until the true optimum is reached, at which the solution becomes feasi-
ble. The advantage of this method liesin its avoiding the artificial variables introduced in the
constraints along with the surplus variables asall ¢ >t constraints are converted into! <! type.

Dual Simplex Algorithm
The iterative procedure for dual simplex method is listed below.

Step 1. Convert the problem to maximization formif it is initially in the minimizatioin form.

Step 2. Convert ¢ > type constraints if any to! <t type, by multiplying both sides by -1.

Step 3. Express the problem in standard form by introducing slack variables. Obtain the initial
basic solution, display this solution in the simplex table.

Step 4. Test the nature of z; — c; (optimal condition).

Casel. If allz; — ¢; = Oandall xg; = 0thenthe current solution is an optimum
feasible solution.

Case ll. If allz; — ¢; = Oand at least xg; < O then the current solution is not
optimum basic feasible solution. In this case go to te next step.

Case Ill. If any z; — c¢; < Othen the method fails.
Step 5. In this step you have to find the leaving variable, which is the basic variable corre-

sponding to the most negative value of Xg,. Let X, be the leaving variable, i.e., Xg, =
min{XBi VX < 0}

To find out the variable entering the basis, you would compute the ratio between z; — ¢;
row and the key row i.e. compute max{z; — cj/Ci, aix < 0} (Consider the ratios with
negative Dr alone). The entering variable is the one having the maximum ratio. If there
is no suchratio with negative Dr, then the problem does not have a feasible solution.

Step 6. Convert the following element to unity and all the other elements of key column to
zero, to get an improved solution.

Step 7. Repeat steps (4) and (5) until either an optimum basic feasible solution is attained or
an indication of no feasible solution is obtained.

Example 6.3.8 Use dual simplex method to solve the following LPP

Maximize z = 3X; — X»

Subjectto: x; +x, = 1
2X1 + 3X2 > 2
X1, Xo 2 0
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= Solution. Convert the given constraints into < type.

Maximize z = 3X; — X

Subjectto: —Xx; — X, £ —

1

—2X1— 3X2S -
2

X1, Xo 2 0

Introducing slack variables x3, X, = 0, you get

Maximize z = 3X; — X, + 0X3 + 00Xy

SUbjeCt fo: — X1 — Xo+Xz3=-1
—2X1— 3X2+X4 =-2
X1, X2, X3, X4 2 0
An initial basic (infeasible) solution of the modified LPPisx; = —1,x4 = — 2.
B Xy X, X3 X4 Xg
X3 -1 -1 1 0 -1
X4 -2 @ 0 1 2 —
z;—c; 3 1 0 0 0
T
Table 6.2
Table 6.2:

Since all z; — ¢; = 0 and all xg; < O, the current solution is not an optimum basic
feasible solution. Since xg, = — 2, the most negative, the corresponding basic variable X4
leaves the basis. Also since max{z; — ¢; /ajx, aix < 0}, where x, is the leaving variable,
max{3/— 2,1/ —

3} = —1/3 = z, — c,/a,, the non-basic variable x, enters the basis.

Drop x4 and introduce X.

First Iteration

Since all z; — ¢; = 0 and xg, = —1/3 < 0, the current solution is not optimum basic
feasible solution. Therefore xg, = — 1/3 the basic variable X3 leaves the basis. Also since
max{z; — cj/ai1, a1 < 0} = max{(1/3)/(—1/3),...,(1/3)/(—1/3)} = — 1 corresponds
to the non-
basic variable x4.
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Therefore drop X3 and introduce X,.
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B X4 X, X3 X, Xg
X3 -1/3 0 1 -1/3 : -1/3—
X, 2/3 1 0 1 2/3
z,—c; 713 0 0 1/3 -2/3
T
Table 6.3
Table 6.3:

Second Iteration

B X, X, X, X, Xg
1 0 -3 1 1
XA
1 1 -1 0 1
XZ
Z,—cC; 2 0 1 0 1
Table 6.4:

Since all z; — ¢; = and also Xg; = 0, an optimum basic feasible solution has been reached.
The optimal solution to the given LPP isx; = 0,X, = 1, Maximumz = — 1 &

Example 6.3.9 Solve by the dual simplex method the following LPP.
Minimize z = 5x; + 6X,

Subjectto: x; +Xx, = 2
4X1 + X5 =>4
X1, X 2 0

= Solution. The given LPP is
Maximize z = —5x; — 6%

Subjectto: —Xx; — X, £ —

2
—4X;1— X, £ —
4
X1, Xo 2 0
By introducing slack variables X3, X4 the standard form of LPP becomes,
Maximize z = —5Xx; — 6X, +0x3+ 0Xx4

SUbjeCt t0: — X — Xp+Xz3=—2
—4X1— Xo + X4 = —
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4
X1, X2, X3, X4 = 0
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Initial table
B X4 X, X3 X, Xg
X, 0 -3/4 1 0 -2
X4 -1 0 1 -4 —
T
Table 6.5:

Since all z; — ¢; = Oand xg; < O, the current solution is not an optimum basic
feasible solution. Therefore xg, = — 4, is most negative, the corresponding basic variable x4
leaves the
basis.

Also max{z; — cj/ajp, ai; < 0} = max{—5/4,6/ — 1,...} = —5/4 gives the non-
basic variable, x; enters into the basis.

First Iteration

B X4 X, X3 X, Xg
X, 0 -3/4 1 -1
X 1 Ya 0 -Ya 1 —
Z,—C; 0 19/4 0 5/4 5
/[\
Table 6.6:
Since all z; — ¢;j; = Oand also xg; = — 1 < 0, the current basic feasible solution is
not optimum. As xg, = — 1 < Otherefore, the basic variable x; leaves the basis.
\ \
Also sincemax 39 a. <0 = max ¢ 1974 574 _ 5 responds to the non
’ L —3/4—1/s 4P

. . di1
basic variable x,.

Therefore drop X3 and introduce X,.
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Second lteration

B X4 X, X3 X, Xg

X4 0 3 -4 1 4

X, 1 1 -1 0 2

Z,—C; 0 1 5 0 -10
Table 6.7:

Since all z; — ¢; = Oand also all xg; = 0, the current basic feasible solution is
optimum. The optimal solution is given by x; = 2,x, =0,max z = — 10, i.e,, minz = 10. 4

Example 6.3.10 Use dual simplex method to solve the LPP.

Maximize z = —3X; — 2X»

Subjectto: x; + Xo
X1 + Xo
Xy + 2%, = 10
X < 3
X1, X2 2 0

=1
<7

= Solution. Interchanging the > inequality of the constraints into <, the given LPP

becomes o
Maximize z = — 3x; — 2X,

Subjectto: —Xx; — X, £ —
1
X1 +X, £ 7
— X1 — 2X2 < -
10
OX]_ + X, < 3
By introducing the non-negative slack variables X3, X4, Xs, Xs, the standard form of the LPP

becomes,
Maximize z = — 3X; — 2Xy + OX3+ 0x4 + Ox5 + OXg

Subjectto: — Xy — Xo + X3 =—1
X1+ Xo+Xqg =7
— X1 — 2Xo+ X5 = —
10
OX1 + X2 + X5 =3
The initial solution is given by,
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X3:—1,X4:7,X5:—10,X6:3
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Initial table
B X4 X, X3 X, Xs X Xg
X 5 1 1 1 0 0 0 -1
X 4 1 1 0 1 0 0 7
Xs -1 2 0 0 1 0 -10 —=
Xg 0 1 0 0 0 1 3
z,-¢; 3 2T 0 0 0 0 0

Table 6.8:

Since all z; — ¢; = 0 and some Xg; < 0, the current solution is not a basic feasible
solution. Therefore xgz = — 10 being the most negative, the basic variable xg leaves the basis.

Also, max{z; — cj/ai,, ai, < 0} = max{3/ — 1,2/ — 2} = — 1, the non-basic variable x,
enters the basis.

First Iteration

B X4 X, X3 X, Xs X Xg

X 5 -1/2 0 1 0 -1/2 0 4

X 4 1/2 0 0 1 1/2 0 2

X, 1/2 1 0 0 -1/2 0 5

Xs 12 0 0 0 1/2 1 2—=
z,—c; 2? 0 0 0 1 0 -10

Table 6.9:
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Second iteration.

Drop Xg and introduce x;. Therefore xg4 = — 2 < 0, Xg leaves the basis.
\ \
max(zj_cja-<0 —max(—2 e =4
ai H —-1/2

Hence, X; enters the basis.

B X4 X, X3 X, Xs X Xg

X 5 0 0 1 0 -1 -1 2

X 4 0 0 0 1 1 1 0

X, 0 1 0 0 -0 1 3

X, 1 0 0 0 -1 -2 4

z,-¢; 0 0 0 0 3 4 -18
Table 6.10:

Since all z; — ¢; = Oand all xg; = O, the current solution is an optimum basic
feasible solution. Therefore optimum solution is, max z = — 18, x; = 4, %, = 3. “
6.3.5 SENSITIVITY ANALYSIS

The optimal values of the dual variables in alinear program can, be interpreted asprices. In this
section this interpretation is explored in further detail.

Consider the following problem.
minimize c'x
subjectto Ax = Db (6.1)

x=20

Suppose that the simplex method produced an optimal basis B. How to make use of the opti-
mality conditions (primal-dual relationships) in order to find the new optimal solution, if some
of the problem data change, without resolving the problem from scratch. In particular, the
following variations in the problem will be considered.

1. Change in the cost vector c.
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2. Change in the right-hand side vector b.
3. Change in the constraint matrix A.
4. Addition of a new activity.

5. Addition of a new constraint.

Change in the Cost Vector

Given an optimal basic feasible solution, suppose that the cost coefficient of one (or more) of
the variables is changed from ¢, to ctk. The effect of this change on the final tableau will occur

in the cost row; that is, dual feasibility may be lost. Consider the following two cases.
Case I: X, is non-basic

In this case cg is not affected, and hence z; = cBB‘laj is not changed for any j. Thus z, — ¢k
isreplaced by z, — ¢t. Note that z, — ¢, < Osince the current point was an optimal solution of

the original problem. If z, — ¢ = (zx — cx) + (ck — ¢ ) is positive, then x, must be
introduced

into the basis and the (primal) simplex method is continued asusual. Otherwise the old solution

is still optimal with respect to the new problem.

X IS basic, say Xk = Xg,

Here cg, is replaced by cf, . Letthe new value of z; be zj. Then z§ — ; is calculated as follows:

Zg - Cj = CtBB_laj - Cj = (cBB‘laj - Cj) + (0, o,..., dBt — Cgy» o,..., O)yj
= (7 — ¢) + (¢, — ce)yy forallj
In particular for j =k, zc — ¢, = 0,and yy = 1, and hence z. — ¢, = ¢ — cx. Asyou
would expect, z, — ¢, is still equal to zero. Therefore the cost row can be updated by adding
the net change in the cost of xg, = Xy times the current t row of the final tableau, to the

original cost row. Then z{ — cxis updated to z{, — ¢ = 0. Of course the new objective value
kB b =ceB b+ (c5, — Ca,)b Will be obtained in the process.

Example 6.3.11 Consider the following problem.

minimize —2X;+ X, — X3

subjectto X; +X, +X3 < 6
— X1 +2%, < 4
X1, X2, X3 = 0
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B X4 X, X3 X, Xs Xg

X, 1 1 1 1 0 6

Xs 0 3 1 1 1 10

Z,—C; 0 -1 -1 -2 0 -12
Table 6.11:

The optimal tableau is given by the following. The subsequent tableaux are not shown. Next
suppose that c; = — 2 Is replaced by zero. Since X, is basic, then the new cost row, except

z, — C, is obtained by multiplying the row of x; by the net change in c, [thatis, 0 — (— 2) = 2]
and adding to the old cost row. The new z; — ¢, remains zero. Note that the new z; — c3 is now
positive and so X3 enters the basis.

B X4 X, X3 X, Xs Xg
X, 1 1 @ 1 0 6 —=
Xs 0 3 1 1 1 10
Z,—C; 0 -1 1 0 0 0
[

Table 6.12:
And so on (The subsequent tableaux are not shown.)

Change in the Right-Hand-Side.

If the right-hand-side vector b is replaced by b, then B~ b will be replaced by B~ !bt. The
new right-hand side can be calculated without explicitly evaluating B~ *b!. This is evident by
noting that B~ bt = B~ b + B~ 1(b! — b). If the first m columns originally form the
identity, _
thenB~*(b'—b) = T y;j(bj—bj) andhence B~ *b* =b+ T, (bj — bj). Since zj — ¢; < 0
for all non-basic variables (for a minimum problem), the only possible violation of optimality
is that the new vector B~ b, may have some negative entries. if B~1b! > 0, then the same
basis remains optimal, and the values of the basic variables are B~ !b! and the objective has
value cg B~ !bt. Otherwise the dual simplex method is used to find the new optimal solution by
restoring feasibility.

C_\
Example 6.3.12 Suppose that the right-hand side of example (6.3.11) is replaced by
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(1OI (1OI(3I (3\
-1 = —1pt = = —1lpt >
Note that B 11 and hence B~ b 11 4 - .ThenB~*b"* > 0
and hence the new optimal solution isX; =3,X5 = 7,X, = X3 = X4 =0.

Change in the Constraint Matrix

On the effect of changing some of the entries of the constraint matrix A. Two cases are possible,
namely, changesinvolving non-basic columns, and changesinvolving basic columns.

Case I: Changes in Activity Vectors for Non-basic Columns

Suppose that the non-basic column a; is modified to afj. Then the new updated column is B‘la’-‘j
and 2, — ¢; = ¢t BT g'— ¢;.1 fz — ¢; < 0, then the old solution is optimal; otherwise the
simplex method is continued, after column j of the tableau is updated, by introducing the non-
basic variable X;.

Case Il: Changes in Activity Vectors for Basic Columns

Suppose that the non-basic column a; is modified to a This case can cause considerable trou-
ble. It is possible that the current set of basic vectors no longer form a basis after the change.
Even if this does not occur, a change in the activity vector for a single basic column will change
B~ and thus the entries in every column.

Assume that the basic columns are ordered from 1 to m. Let the activity vector for basic
column j change from a; to aj. Compute y; = B7'g where B™* is the current basis inverse.
There are two possibilities. If y = 0, the current set of basic vectors no longer forms a basis.
In this case it is probably best to add an artificial variable to take the place of x; in the basis and
resort to the two-phase method or the big-M method. However, If y /= 0, youmay replace
column j, which is currently a unit vector, by y* ; and pivoton y The current basis continues
to be a basis. However, upon pivoting you may have destroyed both primal and dual feasibility
and, if so, must resort to one of the artificial variable (primal and dual) techniques.

C N C_\
Example 6.3.13 Suppose that in example 6.3.11, a, is changed from ; to é . Then
\ \ \
’-‘—B‘laf—(lo (2 (2
Y2282 %= 11 5 T 7
C_\
csB 'ab— ¢ =(—1,0) 3 -1=-5
Thus the current optimal tableau remains optimal V\éith colgmn éz repl%:ed by (-5,2, 7).
Next suppose that column a; is changed from _1 to _2 . Then
\ \ \
_B_lat_(lo ¢ 0 _( 0
e T N
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tR 1.t — = (- ¢ O\— —2)=
Bl - u=(-20 0 - (-2)=2

Here the entry in the x; row of y! is zero, and so the current basic columns no longer span the
space. Replacing column x; by (2,0, — 1)! and adding the artificial variable A; to replace x; in

the basis, you get the following tableau.

B X, X, X, X, Xs A Xg
X 0 1 1 1 0 (1) 6 —
Xs -1 3 1 1 1 0 10
z,—c, 2 3 -1 -2 0 —%I 12
Table 6.13:

After preliminary pivoting at row Xg and column A; to get zg — ¢¢ = O, that is, to get the
tableau in basic form, you may proceed with the big-M method.
C \ C_\

Finally, suppose that column a; is changed from 1 to 2 . Then
\ \ \
t _ —1t_(10 (3 _(3
yi=Brai= 17 s T g9
C _\
tp~ 1.t — 3 —
gB "a—-c=(—-20) 9 - (-2)=-4

In this case the entry in the x, row of y', is nonzero and so you should replace column x; by
(—4,3,9), pivotin the x; column and x; row, and proceed.

B X4 X, X3 X, Xs Xg
X, @ 1 1 1 0 6 —=
Xs 9 3 1 1 1 10
Z;,—cC; -4T -3 -1 -2 0 -12
Table 6.14:

The subsequent tableaux are not shown.
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Adding a New Activity

Suppose that a new activity X,+1 with unit cost ¢,.1 and consumption column a,.; is consid-

ered for possible production. Without resolving the problem, you can easily determine whether
producing X,+1 IS worthwhile. First calculate z,+1 — Cn+1. If Zni1 — Cher < 0 (for a mini-
mization problem), then x7,,,; = 0 and the current solution is optimal. On the other hand, if

Zn+1 — Cn+1r > 0, then X,41 is introduced into the basis and the simplex method continues to

find the new optimal solution.

Example 6.3.14 Consider Example 6.3.11. Yeur wisq is to find the new optimal solution if a

new activity X = Owithcg = 1,and ag = is introduced. First, you will calculate

2
Zg— Cg:
( \
Ze— Cg=w'ag — cg = (- 2,0) _21 —1=1
yGZB_l%:(l OI(—llz(—ll
11 2 1

Therefore Xg IS introduced in the basis by pivoting at the x5 row and the xs column. The

B X, X, X3 X, Xg Xg Xg

Xy 1 1 1 1 0 -1 6

Xs 0 3 1 1 1 (1) 10—
Z;=C; 0 -3 -1 -2 0 1 -12

Table 6.15:

subsequent tableaux are not shown.

Adding a New Constraint

Suppose that a new constraint is added to the problem. If the optimal solution to the original
problem satisfies the added constraint, it is then obvious that the point is also an optimal solution
of the new problem. If, on the other hand, the point does not satisfy the new constraint, that is,
if the constraint “cuts away” the optimal point, you can use the dual simplex method to find the
new optimal solution.

Suppose that B is the optimal basis before the constraint a™x < by is added. The

corresponding tableau is shown below.
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z+ (B 'N -6 )% = ctB'b
(6.2)
Xg + B_lNXN = B_lb

m+1 m+1

The constraint a™!x < bm+1 is rewritten as ag' ™ xg +ay XN + Xn+1 = bm+1, Wwhere @™ is
decomposed into (arn+l ™*1) and Xn+1 is anon-negative slack variable. Multiplying Equation
(6.2) by a”1+l and subtracting fromthe new constraint gives the following system:

z+ (5B N — g)xn = cgB~ b
Xg + B_lNXN = B~ b

( m+1 d‘g+l B—lN)XN + Xn+l - bm+1 — aB+l B lb

These equations give us a basic solution of the new system. The only possible violation of
8pt|mallty of the new problem is the sign of b1 — a™*B~*b. Soif b1 — a"”lB b >

B
then the current solution is optimal. Otherwise, if b1 — +lB b <0, then the dual simplex
method is used to restore feasibility.

Example 6.3.15

Consider Example 6.3.11 with the added restriction that — x; + 2x3 = 2. Clearly the optimal
point (X1, X2, X3) = (6, 0, 0) does not satisfy this constraint. The constraint — x; + 2x3 = 2is

rewritten as X; — 2X3 + Xg = — 1, where Xg is a non-negative slack variable. This row is
added

to the optimal simplex tableau of Example 6.3.11 to obtain the following tableau.

B X, X, X3 X, Xg Xg Xg
Xy 1 1 1 1 0 0 6
Xg 0 3 1 1 1 0 10
Xg 0 -1 3D -1 0 1 8 —=
z;=c; 0 -3 ]T -2 0 0 -12
Table 6.16:

Multiply row 1 by -1 and add to row 3 in order to restor the column X; to a unitvector. The
dual simplex method can then be applied to the resulting tableau below.
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B X, X, X3 X, Xg Xg Xg
Xy 1 1 1 1 0 0 6
Xg 0 3 1 1 1 0 10
Xe 0 -1 &), -1 0 1 -8 —=
Z J_CJ '3 'Jr '2 O '12
Table 6.17:

Subsequent tableaux are not shown. Note that adding a new constraint in the primal problem
is equivalent to adding a new variable in the dual problem and vice versa.

6.4 Conclusion

In this unit, you considered the Dual problem, the dual simplex method and sensitivity analysis.

6.5 Summary

Having gone through this unit, you are now able to

(i) Formulate the dual of any problem.
(i) Solve LPP problems using the dual simplex method/algorithm.

(iif) Perform sensitivity analysis of LPP using the dual simplex method.

((iv) You also know that the value of the slack/surplus variables in the z; — ¢; row atthe optimal

tableau of the simplex method for the dual problem gives you the value of the decision
variable of the primal problem.

6.6 Tutor Marked Assignments(TMAS)

Exercise 6.6.1
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1. Consider the following problem

Maximize — Xy + 2X5

Subjectto 3x; +4x, < 12
2X1— Xo = 2
X1, X2 2 0

(a) Solve the problem graphically.

(b) State the dual and solve it graphically. Utilize the theorem of duality to obtain the
values of all the primal variables fromthe optimal dual solution.

2. Consider the following problem.

Minimize 2X1 + 3Xy + 5X3 + 6X4

Subject to X1 +2X, +3X3+ X4 = 2

—2X1+ Xy — X3+ 3% < —3
X1, X2, X3, X4 = 0

(a) Give the dual linear program.

(b) Solve the dual geometrically.

(c) Utilize information about the dual linear program and the theorems of duality to
solve the primal problem.

3. Solve the following linear program by a graphical method.
Maximize 3Xq + Xo + 4X3
Subjectto 6x; + 3x, +5x3 < 25

3X1 + 4X2 + 5X3 < 20

X1, X2, X3 = 0
(Hint. Utilize the dual problem.)
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4. Give the dual of the following problem.

Minimize 2x; + 3X, — 5X3
Subjectto X; +X, — X3 +X4 2 5
2X1+X3 < 4
Xo +X3+X4 =6
X1 <0
X2,X3 2 0

X4, unrestricted

5. Consider the following problem.

Maximize 10x; + 24X, + 20x3+ 20x, + 25X5

SUbjeCt to X1 + Xy + 2X3 + 3X4 +5x5 < 19
2X1 + 4, + 3X3 + 2X4 + X5 < 57

X1, X2, X3, X3, X5 >0

(a) Write the dual problem and verify that (wy, w,) = (4,5) is a feasible solution.

(b) Use the information in part (a) to derive an optimal solution to both the primal and
dual problems.

6. Consider the following linear program.

P :Minimize 6X1 + 2X5
Subject to Xy + 2%, = 3
Xo 2 0

X1 unrestricted
(a) State the dual of P.
(b) Draw the set of feasible solution for the dual of part (a).

(c) Convert P to canonical form by replacing x; by x; — X with xt,x* > 0. Give the
dual of this converted problem.

(d) Draw the set of feasible solutions of the dual of part (c).

(e) Compare parts (b) and (d). What did the transformation of part (c) do to the dual of
part (a)?
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7. The following simplex tableau shows the optimal solution of a linear programming prob-
lem. It is known that x, and xg are the slack variables in the first and second constraints
of the original problem. the constraints are of < type.

B X, X, X3 X, Xg Xg

X3 0 % 1 1 0 5/2

Xy 1 -4 0 -1/6 1/3 5/2

Z;—¢C, 0 -4 0 -4 -2 -40
Table 6.18:

(a) Write the original problem.
(b) What is the dual of the original problem?
(c) Obtain the optimal solution of the dual fromthe above tableau.

8. Consider the following linear programming problem.
Maximize 2Xq + 3X, + 6X3

SUbjeCt to X1 +2X,+ X3 < 10
X1 — 2X2 + 3X3 <6
X1, X2, X3 2 0

(a) Write the dual problem.

(b) Solve the foregoing problem by the simplex method. At each iteration, identify the
dual variables, and show which dual constraints are violated.

(c) At eachiteration, identify the dual basis that goes with the simplex iteration. Identify
the dual basic and non-basic variables.

(d) Show that at eachiteration of the simplex method, the dual objective is “worsened.”

(e) Verify that at termination, feasible solutions of both problems are at hand, with equal
objectives, and with complementary slackness.

9. Consider the problem:
Minimize ctx

Subjectto Ax =b

x=20
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where x is an n-vector, b is anm-vector and A isann X m matrix.
Suppose that there exist an X such that Axq = b, under which of the following condi-
tions for m and n, b and c, and A is X is anoptimal point.
@m=nA=A1landc=Db
(b) m=n,A =Atandc = bt
(©m<nA=A1andc = Dbt
(d m<n A=A'andc=b

10. The following are the initial and current tableaux of the linear programming problem.

B X4 X, X3 X, Xs Xg X4 Xg
Xg 5 -4 13 b 1 1 0 20
X, 1 -1 5 C 1 0 1 8

Z,=¢; 1 6 -7 a 5 0 0 0
B X, X, X3 X, Xs Xg X4 Xg
X4 -1/7 0 1 =217 317 -1/7 4f7 12/7
X, -12/7 1 0 -3/7 8/7 -5/7 13/7 4f7

Z;=C; 727 0 0 11/7 817 2317 -50/7 60/7

Table 6.19:

(a) Find a, b, and c.

(b) Find B~ 1.

(c) Find 9x,/90xs.

(d) Find dxs/obh,.

(e) Find 9z/9xs.

() Find the compelementary dual solution.

11. The following is an optimal simplex tableau (maximization andall < constraints).
(a) Give the optimal solution.
(b) Give the optimal dual solution.

(c) Find 9z/oh;. Interpret this number.
(d) Find 9x,/9xg. Interpret this number.
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B X4 X, X3 X, Xs Xg Xg

X, 1 1 0 2 0 1 2

X, 0 0 1 1 0 4 3/2

Xs 0 -2 0 1 1 6 1

Z,C, 0 0 0 4 0 9 5
Table 6.20:

(e) If you could buy anadditional unit of the first resource for a cost of 52would you do
this? Why?

(f) Another firm wishes to purchase one unit of the third resource from you. How much
is such a unitworth to you? Why?

(g) Arethere any alternate optimal solutions? If not, why not? If so, give one.

12. Solve the following problem by the dual simplex method.

Maximize — 4x; — 6%, — 18x3
Subject to Xy +3X3 = 3
Xo +2X3 = 5
X1, X2, X3 = 0

Give the optimal values of the primal and dual variables. Demonstrate that complemen-
tary slackness holds.

13. Consider the following linear programming problem.
Maximize 2%y — 3%,
Subjectto  x; +X, = 3
3X1 + X, < 6
X1, Xo 2 0
You are told that the optimal solution is x; = 32 and x, = % Verify this statement by
duality. Describe two procedures for modifying the problem in such a way that the dual

simplex method can be used. Use one of thes procedures for solving the problem by the
dual simplex method.
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14. Solve the following linear program by the dual simplex method.

Minimize 2X1 + 3Xy + 5X3 + 6X4

Subject to X1 +2X, +3X3+ X4 = 2
—2X1+ Xy — X3 +3X < —3

X1, X2, X3, X4 = 0

15. Consider the following problem.
Minimize 3Xy + 5X, — X3 + 2X4 — 4Xs

SUbjeCt to X1 + Xo + X3 +3X4+X5 <6
— X1 — X2+2X3+X4— X5 = 3
X1, X2, X3, X4, X5 = 0

(a) Give the dual problem.
(b) Solve the dual problem using the artificial constraint technique.
(c) Find the primal solution fromthe dual solution.

16. Apply the primal-dual method to the following problem.

Minimize 9X; + 7X5 + 4X3 + 2X4 + 6X5 + 10Xg
SUbjeCt to X1+ Xo + X3 = 8

X4+ X5+ Xg =5

X1+X4:6
Xo + X5 =4
X3+X6:3

X1, X2, X3, X4, X5, Xg = 0

17. Solve the following problem by the primal-dual algorithm.
Minimize X1+ 2X3— X4

SUbjeCt to X1+ X+ X3+ X4 < 6
2X1 — Xo +3X3— 3X4 2 5

X1, X2, X3, X4 = 0
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18. Apply the primal-dual algorithm to the following problem.
Maximize TX1 + 2%y + X3 + 4X4 + 6X5
Subjectto 3x; + 5%, — 6X3 + 2X4 + 4X5 = 27
X1+ 2%, +3X3 — 7X4 +6X5 = 2
9%y — 4X, + 2X3 + 5%4 — 2X5 = 16

X1, X2, X3, X3, X5 >0

19. You have shown that the primal-dual algorithm converges in a finite number of stepsin the
absence of degeneracy. What happens in the degenerate case? How can you guarantee fi-
nite convergence? (Hint. Consider applying the lexicographic simplex or the perturbation
method to the restricted primal problem.)

20. Consider the following linear programming problem and its optimal final tableau shown

below.
Maximize 2X1 + X2 — X3
SUbjeCt to X, + 2X2 + X3 < 8
— X1+ X, — 2X3 <4
X1, X2, X3 2 0
Final Tableau
B X4 X, X3 X, Xs Xg Xg
X, 1 2 1 1 0 1 12
Xg 0 3 -1 1 1 6 8
Z,=C; 0 3 3 2 0 9 16

Table 6.21:

(a) Write the dual problem and find the optimal dual variables from the foregoing
tableau.

(b) Using sensitivity analysis, find the new optimal solution if the coefficient of x, in
the objective function is changed from 1to 5.
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(c) Suppose that the coefficient of x3 in the second constraint is changed from-2to 1.
Using sensitivity, find the new optimal solution.

(d) Suppose that the following constraint is added to the problem: x, + x3 = 2. Using
sensitivity, find the new optimal solution.

(e) If you were to choose between increasing the right-hand side of the first and second
constraints, which one would you choose? Why? What is the effect of this increase
on the optimal value of the objective function?

(f) Suppose that a new activity Xe is proposed with unit return 4 and consumption vec-
tor ag = (1, 2)t. Find the new optimal solution.

21. consider the following optimal tableau of the minimization problem where the constraint
are of the < type.

B X4 X, X3 X, Xs Xg X4 Xg Xg

X, 1 0 0 -1 0 Yo 1/5 -1 3

X, 0 1 0 2 1 -1 0 Yo 1

X3 0 0 1 -1 -2 5 3/10 2 7

Z;=C; 0 0 0 2 0 Yo 1710 2 17
Table 6.22:

where Xg, X7 and Xg are slack variables.
(a) Would the solution be altered if a new activity xg with coefficients (2, 0, 3)' in the
constraints, and price of 5, were added to the problem?
(b) How large canxg; (the first constraint resource) be made without violating feasibil-
ity?
22. Consider the tableau of exercise 21. Suppose that you add the constraint x; — X, +2x3 <
10 to the problem. Is the solution still optimal? If not, find the new optimal solution.
23. Consider the problem: Maximize cx subjectto Ax = b, x = 0. Letz; — ¢, Vij, and by

be the updated entries at some iteration of the simplex algorithm. Indicate whether each
of the following statements is true or false. Discuss.

- _ 3XBi

(@) yij = ax;
_ oz
(b) 7z — g T ox

(c) Dual feasibility is the same as primal optimality.
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(d) Performing row operations on inequality systemsyields equivalent systems.

(e) Adding artificial variables to the primal serves to restrict variables that are really
unrestricted in the dual.

(f) Linear programming by the simplex method is essentially a gradient search.

(9) A linear problem can be solved by the two-phase method if it can be solved by the
big-M method.

(h) There is aduality gap (difference in optimal objective values) when both the primal
and the dual programs have no feasible solutions.

(i) Converting a maximization problem toa minimization problem changes the sign of
the dual variables.

() If w; isadual variable, then
W = — 0z
ohi
(k) A linear program with some variables required to be greater than or equal to zero
can always be converted into one where all variables are unrestricted, without adding
any new constraints.
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UNIT 7

TRANSPORTATION PROBLEM

7.1 Introduction

The transportation problem is one of the subcalsses of LPPs. Here the objective is to transport
various quantities of a single homogeneous commaodity that are initially stored at various origins
to different destinations in such a way that the transportation cost is minimum. To achieve this
you must know the amount and location of available supplies and the quantities demanded. In
addition, you must know the costs that result from transporting one unit of commodity from
various origins to various destinations.

7.2 Objective

At the end of this unit, you should be able to;

(i) Give amathematical formulation of a transportation problem.
(i) Determine the initial solution of a transportation problem using any of

(a) the North-West Corner Rule (NWCR)
(b) Least Cost Method or Matrix Minima Method.
(c) Vogel's Approximation Method (VAM)

(iir) Perform optimality teston the initial solution use the MODI Method.

(iv) Resolve Degeneracy in transportation problem.
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7.3 Transportation Problem

7.3.1 Mathematical Formulation (The Model)

Consider a transportation problem with m origins (rows) and n-destinations (columns). Let c;;
be tht cost of transporting one unit of the product from the ith origin to jth destination, a; the
quantities of commodity available at origin i, b; the quantity of commodity needed at destination
J, Xij is the quantity transported from ith origin to jth destination. The above transportation
problem can be stated in the tabular form.

Destination
1 2 3 n Capacity
1 C11 C12 Cl3 Cln a
X1 X 1 X13 X1n
2 Cau Cy Co Con a;
X2 X22 X23 X2n
£ 3 Cy Cyp Cay Csn a3
=2
o) X31 X32 X1 X3n
le sz Cm3 Cmn am
m Xml Xm2 Xm3 an
Demand b, b, by b,
m n
2 4= b,
i=1 =1
Table 7.1:

The Linear programming model representing the transportation problem is given by

m n
Minimize z= Cij Xij
i=1 j=1
n
Subject to: Xij=a, (=12...,n), (RowSum)
j=1
m
Xij=bj, 0=12,...,n) (Column Sum)

Xjj = 0 foralliandj
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The given transportation problem is said to be balanced if

l.e., if the total supply is equal to the total demand.

7.3.2 Definitions

Definition 7.3.1 Feasible Solution: Any set of non-negative allocations (x;; > 0) which satis-
fies the row and column sum (rim requirement) is called a feasible solution.

Definition 7.3.2 Basic feasible solution A feasible solution is called a basic feasible solution
if the number of non-negative allocations is equalto m +n — 1, where m is the number of rows
and n the number of columns in a transportation table.

Definition 7.3.3 Non-degenerate basic feasible solution: Any feasible solution is to a trans-
portation problem containing m origins and n destinations is said to be non-degenerate if it
contains m +n — 1 occupied cells and each allocation is in an independent position.

The allocations are said to be in independent positions, if it is impossible to form a closed
path.

A path which is formed by allowing horizontal and vertical lines and all the corner cells of
which are occupied is called a closed path.

The allocations in the following tables are not in independent positions.

Table 7.2:

The allocations in the following table s are in independent positions.

Definition 7.3.4 Degenerate basic feasible solution: If a basic feasible solution contains less
than m + n — 1 non-negative allocations, it is said to be ’degenerate’
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Table 7.3:

7.3.3 Optimal Solution

Optimal solution is a feasible solution (not necessary basic), which minimizes the total cost.

The solution iof a transportation problem can be obtained in two stages, namely initial and
optimum solution.

Initial solution can be obtained by using any one of the three methods, viz.,

1. North-West Corner Rule (NWCR)
2. Least Cost Method or Matrix Minima Method,

3. Vogel’'s Approximation Method (VAM).

VAM is preferred over the other two methods, since the initial basic feasible solution ob-
tained by this method is either optimal or very close to the optimal solution.

The cells om the transportation table can be classified as occupied and unoccupied cells.
The allocated cells in the tranportation table are called occupied cells and the empty ones are
called unoccupied cells.

The improved solution of the intial basic feasible solution is called 'optimal solution’, which
isis the second stage of solution and can be obtained by MODI (modified distribution method).

7.3.4 North-West Corner Rule

Step 1. Starting with the cell at the upper left corner (north-west) of the transportation matrix,
you allocate as much as possible so that either the capacity of the first row is exhausted
or the destination requirement of the first column is satisfied i.e., X;1 = min(ag, by).

Step 2. If b; > a;, you move down vertically to the second row and make the second allocation
of magnltuée X2 = min(a,, by — X11) inthe cell (2, 1).

If b; < a,, move right harizontally to the second column and make the second allocation
of magnitude x1» = min(ay, X;1 — by) inthe cell (1, 2).
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If b, = ay, there is a tie for the second allocation. You make the second allocation of
magnitude
X1 = min(a; — a, b)) =0 incell (1, 2).
or
Xo1 = min(ay, by — by) =0 inthe cell (2,1)

Step 3 Repeat steps 1 and 2, moving down toward the lower right corner of the transportation
table until all the rim requirements are satisfied.

Example 7.3.1 Obtain the inital basic feasible solution of the transportation problem whose
cost and rim requirement table is given below.

Origin/Destination | D, D, D3 Supply
O, 2 7 4 5
(O 3 3 1 8
O3 5 4 7 7
O, 1 6 2 14
Demand 7 9 18 34
Table 7.4:
< Solution. Since a; =34 =  bj, there exists a feasible solution to the transportation

problem. You obtain initial feasible solution asfollows.

The first allocation is made in the cell (1, 1), the magnitude being x;; = min(5,7) = 5.
The second allocation is made in the cell (2, 1) and the magnitude of the allocation is given by
Xo1 = min(8, 71— 5) = 2.

D, D, D, SUpp'y
O, © ‘o
° > . s 6 o
s s 4o
3 @
o 6 “ o
Demand 7 9 18 34
2 3 14
0 0 0
Table 7.5:
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The third allocation is made in the cell (2, 2), the magnitude being x,, = min(8 — 2,9) = 6.
The magnitude of fourth allocation is made in the cell (3, 2) given by X3, = min(7, 9 — 6) = 3.
The fifth allocation is made in the cell (3, 3) with magnitude x33 = min(7 — 3,14) = 4.

The final allocation is made in the cell (4, 3) with maginitude x43 = min(14, 18 — 4) = 14.
Hence you get the initial basic feasible solution to the given T.P. which is given by,

X11 = 5;Xo1 = 2, Xpp = 6;X3p = 3; X3z = 4, X43 = 14

Totalcost = 2X5+3X2+3X6+3X4+4Xx7+2x%x14

= 10+6+18+ 12+ 28+ 28 = $102

7.3.5 Least Cost or Matrix Minima Method

Step 1 Determine the smallest cost in the cost matrix of the transportation table. Let it be c;;.
Allocate x;; = min(a;, b;) in the cell (i, j).

Step 2 If x;; = a;j, cross of the ith row of the transportation table and decrease b; by a;. Then
go to step 3.

If x;; = bj, cross off the jth column of the transportation table and decrease a; by b;. Go
to step 3.

If x;; = a; = bj, cross off either the ith row and the jth column but not both.

Step 3 Repeat steps 1 and 2 for the resulting reduced transportation table until all the rim re-
quirements are satisfied. Whenever the minimum cost is not unique, make an arbitrary
choice among the minima

Example 7.3.2 Obtain an initial feasible solution to the following TP using the matrix minima
method.

D, D, D3 Dy Supply
0O, 1 2 3 4 6
0O, 4 3 2 0 8
O3 0 2 2 1 10
Demand 4 6 8 6 24
Table 7.6:
< Solution. Since g = bj = 24, there exists a feasible solution to the TP. Using the

steps in the least cost method, the first allocation is made in the cell (3, 1) the magnitude being
X31 = 4. It satisfies the demand at the destination D; and you will delete this column from the

table asit is exhausted.
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1 2 3 4 Capacity
1 . -
2 B
2> 6>
3 o |
4> 6> 06
Demand 4 6 8 6 24
0 0 2 0 0

Table 7.7:

The second allocation is made in the cell (2, 4) with magnitude x4 = min(6, 8) = 6. Since
it satisfies the demand at the destination D,, it is deleted from the table. From the reduced table
the third allocation in made in the cell (3, 3) with magnitude X33 = min(8, 6) = 6. The next
allocation is made in the cell (2, 3) with magnitude x,3 of min(2, 2) = 2. Finally the allocation
is made in the cell (1, 2) with magnitude x;, = min(6, 6) = 6. Now all the rim requiremnts
have been satisfied and hence, initial feasible solution is obtained.

The solution is given by
X12 = 6;Xo3 = 2, X4 = 6;X31 = 4; X33 = 6.

Since the total number of occupied cells =5 < m + n — 1 = 6. You get a degenerate solution.

O6X2+2X24+6X0+4X0+06X%X2

Total cost

= 12+ 4+ 12 = $28.
4

Example 7.3.3 Determine an initial basic feasible soltuion for the following TP, using least
cost method.

D, D, Ds Dy Supply
0O, 6 4 1 5 14
(o7} 8 9 2 7 16
O; 4 3 6 2 5
Demand 6 10 15 4 35
Table 7.8:
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< Solution. Since a = bj, there exists a basic feasible solution. Using the
steps in least cost method, make the first allocation to the cell (1, 3) with magnitude X33 =
min(14, 15) = 14 (as it is the cell having the least cost).

This allocation exhausts the first row supply. Hence, the first row is deleted. From the
reduced table the next allocation is made in the next least cost cell (2, 3) which is chosen arbi-
trarily with magnitude x,3 = min(1, 16) = 1, which exhausts the 3rd column destination.

From the reduced table, the next least cost cell is (3, 4) to which allocation is made with
magnitude min(4, 5) = 4. This exausts the destination D4 requirement, deleting the fourth
column from the table. The next allocation is made in the cell (3, 2) with magnitude X3, =
min(1, 10) = 1, which exhausts the 3rd origin capacity. Hence, the 3rd row is exhausted.
From the reduced table the next allocation is given to the cell (2, 1) with magnitude x,; =
min(6, 15) = 6. This exhausts the first column requirement. Hence, it is deleted from the table.

Finally the allocation is made to the cell (2, 2) with magnitude x,, = min(9, 9) = 9, which
satisfies the rim requirement. The following table gives the initial basic feasible solution.

D, D, D, D, Capacity
o L
14
° KN y
6O 9o )
% KN 6
) 4o 5
Demand 6 10 15 4 35

Table 7.9:
Solution is given by,
X13 = 14;Xo1 = 6, X0 = 95 X3 = 1;X3 = 1;X34 = 4

Transportation cost =14 X 1+6X 8+9x 9+ 1X2+3x 1+4 x 2=3$156.

7.3.6 Vogel's Approximation Method (VAM)
The stepsinvolved in this method for finding the initial solution are as follows.

Step 1 Find the penalty cost, namely the difference between the smallest and next smallest costs
in each row and column.

Step 2 Among the penalties as found in step (1), choose the maximum penalty. If this maximum
penalty is more than one (i.e., if there is a tie), choose any one arbitrarily.
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Step 3 In the selected row or column as by step (2), find out the cell having the least cost.
Allocate to this cell as much as possible, depending on the capacity and requirements.

Step 4 Delete the row or column that is fully exhausted. Again compute the column and row
penalties for the reduced transportation table and then go to step (2). Repeat procedure
until all the rim requirements are satisfied.

Note If the column is exhausted, then there is a change in row penalty, and vice versa.

Example 7.3.4 Find the initial basic feasible solution for the following transportation problem
by VAM.

Destination
D, D, D3 D4 Supply
0O, 11 13 17 14 250
Origin O, 16 18 14 10 300
O3 21 24 13 10 400
Demand 200 225 275 250 950
Table 7.10:
< Solution. Since a; = bj = 950, the problem is balanced and there exists a feasible

solution to the problem.

First you find the row and column penalty P, as the difference between the least and
next least cost. The maximum penalty is 5. Choose the column arbitrarily. In this column
choose the cell having the least cost (1, 1). Allocate to this cell with minimum magnitude (i.e.,
min(250, 200) = 200). This exhausts the first column. Delete this column. Since the column
is deleted, there is a change in row penalty P,, and column penalty P,, remains the same.
Continuing in this manner you get the remaining allocations asgiven in the table below.
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table.

166

| allocation
D, D, D, D, |[capacit| P, IV allocation
y D, D, Capacity P
0, 11 13 17 14 2 0
EE] INEYI ET] 250 2 14 0] 4
° > 125) 0 %
0, 16 18 14 10 4
0
o o ] [0 A N PP B P ;
400
400 125
Deman | 200 | 225 | 275 | 250 P, 1 0
d 0
P, 5¢ 5 3 0
11 allocation V allocation
D, D, D, Capacity P, -
D, D, Capacity P,
o 13 17 14 1
' @ 50 0, 13 10 3
. 0 275 400
5 " 125
2 18 14 10 300 Demand 275 125
0
O, 24 13 10 3 P, 13£ 10
400
Demand 225 275 250
175
P, 5% 1 0
111 allocation V1 allocation
D, D, D, Capacity P D, Capacity Py
0, 18 14 10 200 4 0O, 10 10
400
@ 125 @ 125 &
0O, 24 13 10 3 Demand 125
400 0
Demand | 175 275 250 Pu 10
0
P 6£ 1 0
Table 7.11:

Finally, you arrive at the initial basic feasible solution, which is shown in the following




UNIT 7. TRANSPORTATION PROBLEM

D, D, D, D, Capacity

0, -11 -13 -17 -14

250
° IR .
0 21 24 13 10
3 w ] G Te] el

Demand 200 225 275 250
Table 7.12:

There are 6 positive independent allocations which areequaltom+n— 1=3+4— 1. This
ensures that the solution is a non-degenerate basic feasible solution.

Therefore

transportation cost = 11 X200+ 13 x50+ 18 X 175+10 X 125+ 13 X 275+ 10 x 125 = $12075

4
Example 7.3.5 Find the initial solution to the following TP using VAM.
Destination
D, D, D3 Dy Supply
Fq 3 3 4 1 100
Factory F, 4 2 4 2 125
F 1 5 3 2 75
Demand 120 80 75 25 300
Table 7.13:
< Solution. Since a; = b, the problem is a balanced TP. So there exists a feasible
solution.
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D, D, D, D, Supply P, Py P Py Py Py
Fi 2 2 0 1 4 4
45> (300 250 100 s %
P2 2 2 2 0 4 ~
(so>  [45> 125 s s
Fy (O
(750 75
Demand 120 80 75 25
P, 2£ 1 1 1
Py 1 1 0 1
P 1 1 0
P 1 0
Py 0
Py - - 4%
Table 7.14:

Finally you have the initial basic feasible solution asgiven in the following table.

D, D, D, D, Supply
=
1 o
~ .
Demand 120 80 75 25

Table 7.15:

There are 6 independent non-negative allocations equaltom+n—1=3+4— 1=6. This
ensures that the solution is non-degenerate basic feasible. Therefore

The transportation cost = 3 X 45+4Xx 30+1x25+2x 80+ 4 X 45+ 1 X 75.

= 135+ 120 + 25 + 160 + 180 + 75 = $695.
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7.3.7 Optimality Test

Once the initial basic feasible solution has been computed, the next step in the problem is to
determine whether the solution obtained is optimum or not.

Optimality test can be conducted on any initial basic feasible solution of TP provided such
an allocation has exactly m+n-1, non-negative allocations. Where m is the number of origins
and nis the number of destinations. Also these allocations must be in independent positions.

To perfom this optimality test, you shall be introduced to the modified distribution method
(MODI). The various steps involved in MODI method for performing the optimality test are
given below.

7.3.8 MODI Method

Step 1 Find the initial basic feasible solution of a TP by using any one of the three methods.

Step 2 Find out a set of numbers u; and v; for each row and column satisfying u; + v; = ¢;; for
each occupied cell. To start with, you assign a number '0’ to any row or column having
maximimum number of allocations. If this maximum number of allocations is more than
one, choose any one arbitrarily.

Step 3 For each empty (unoccupied) cell, you have to find the sum u; and v; written in the
bottom left corner of that cell.

Step 4 Find out for each empty cell the net evaluation value Aj; = ¢j; — (Ui + Vj), which'is
written at the bottom right corner of that cell. This step gives the optimality conclusion.

(i) If all Aj;j > 0 (i.e., all the netevaluation value), the solution is optimum and a
unigue solution exists.

(i) If Aj; = 0, then the solution is optimum, but an alternate solution exists.

(iii) If at least one Aj; < 0, the solution is not optimum. In this case you have to go to
the next step, to improve the total transportation cost.

Step 5 Select the empty cell having the most negative value of A;;. From this cell you draw
a closed path by drawing horizontal and vertical lines with the corner cells occupied.
Assign sign + and — alternatively and find the minimum allocation fromthe cell having
negative sign. This allocation should be added to the allocation having positive sign and
subtracted from the allocation having the negative sign.

Step 6 The above step yeilds a better solution by making on (or more) occupied cell as empty
and one empty cell as occupied. For this new set of basic feasible allocations repeat from
step (2) onwards, till an optimum basic feasible solution is obtained.

Example 7.3.6 Solve the following transportation problem.

< Solution. First find the initial basic feasible solution by using VAM. Since a; = by,
the given TP is a balanced one. Therefore, there exists a feasible solution.
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Destination
P Q R S Supply
A 21 16 25 13 11
Origin B 17 18 14 23 13
C 32 17 18 41 19
Demand 6 10 12 15 43
Table 7.16:
P Q R S Supply P, Pu P P Py Pu
(300 (25 n
(25> 13 P
C 1 1 1 1 1 17
(75> 19
Demand 6 10 12 15
P, 4 1 4 10£
Py 15 1 4 18£
P 15 1 4¢ -P
W 1 4¢ P
v - 17 18£
Py - 17£
Table 7.17:
P Q R S Supply
A
1D 11
2
6 3> 4> 13
c
Q> 19
Demand 6 10 12 15 43

Table 7.18:

Finally you have the initial basic feasible solution as given in the followinig table.

From this table you see that the nuber of non-negative independent allocation is 6=m+n-
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1=3+4-1. Hence the solution is non-degenerate basic feasible.
Therefore

The initial transportation cost = 11 X 13+3 X 14+4x23+6Xx 17+17x10+18x 9= $711

To find the Optimal solution
You will apply MODI method in order to determine the optimum solution. Determine the set of
numbers u; and v; for each row and column, with u; + v; = ¢;; for each occupied cell. To start
with, give u, = 0 asthe 2nd row hasthe maximum number of allocation.
Chr=U+Vvi=17T=0+Vv,=17T=v, =17
Ca=U+Vz3=14=0+v;=14=v3=14
Cuu=U,+Vv;,=23=0+Vv,=23=Vv, =23
Cyu=U +Vvy,=13=u; +23=13=u; = —10

Ci3=Us+Vv3=18=u3+14=18=u; =4

Co=Us+ Vo = 17T=4+Vv, =17V, = 4

Now you find the sum u; and v; for each empty cell and enter it at the bottom right corner of
that cell.

P Q R S U,
g
6> 3D Ca> u=0
C
9> us=4
v, v,=17 v,=13 v,=14 v,=23
Table 7.19:

Next you find the net evaluation A;j; = Cj; — (u; + v;) for each unoccupied cell and enter it
at the bottom right corner of that cell.

Since all Aj; = 0, the solution is optimal and unique. The optimum solution is given by

X14 = 11,Xo1 = 6,X23 = 3, Xo4 = 4,X32 = 10,X33 =9
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The min. transportationcost = 11X 13+ 17X 6+3X 14+4Xx23+10%x 17+9x 18
= $711

Degeneracy in transportation problem.

In a TP, if the number of non-negative independent allocations is less than m+n-1, where m
is the number of origins (rows) and n is the number of destinations (columns), there exists a
degeneracy. This may occur either at the initial stage or at subsequent iteration.

To resolve this degeneracy, you will adopt the following steps:

1. Among the empty cells, you will choose an empty cell having the least cost, which is of
anindependent position. If such cells are more than one, choose any one arbitrarily.

2. Tothe cell as chosen in step (1), you will allocate a small positive quantity € > O.

You will treat the cell containing ¢ are treated like other occupied cells and degeneracy is
removed by adding one (or more) accordingly. For this modified solution, you will adopt the
stepsinvolved in MODI method till an optimum solution is obtained.

Example 7.3.7 Solve the transportation problem for minimization.

Destination
1 2 3 Capacity

1 2 2 3 10

Sources 2 4 1 2 15
3 1 3 1 40

Demand 20 15 30 65

Table 7.20:
< Solution. Since a = bj, the problem is a balanced TP. Hence, there exists a

feasible solution. You found the initial solution by north-west corner rule asgiven below.
Since the number of occupied cells=5 = m + n — 1 and all the allocations areindpendent,
you got an initial basic feasible solution.

The initial transportation cost =10x 2+ 4 x 10+5Xx 1+ 10 x 3+ 1 x 30 = $125.
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1 2 3 Capacity
! 10
o)

2
@ 15

3
40

Demand 20 15 30
Table 7.21:

To find the optimal solutions (MODI METHOD)

You used the above table to apply MODI method. You have found out a set of numbers u; and
vj for which u; + v; = ¢;;, only for occupied cells. To start with, as the maximum number of
allocations is 2 in more than one row and column. You chose arbitrarily column 1, and assign a
number O to this column, i.e., v = 0. The remaining numbers can be obtained as follows.

Cu=uU +vi=2=u;+0=2
Chr=U+Vi=4=u,=4-0=4
Cr=U+V,=1=Vv,=1-Uu;=1-4=-3
Cxr=U3+VvV,=3=U3=3-Vv,=3- (—3)=
6Cx=U3+Vz=1=Vvg=1l—uz3=1—6=—

5

Initial table

Find net evaluation Aj; = ¢;; — (u; + V;) for each empty cell and enter it atthe bottom right
corner of the cell. The solution is not optimum as the cell (3, 1) has a negetive Aj; value. The
allocation is improved by making this cell namely (3, 1) as an allocated cell. Draw a closed

path from this cell and assign + and — signs alternately. From the cell having negative sign you
find the minimum allocation given by min(10, 10) = 10. Hence, you get two occupied cells
(2, 1)(3, 2) that become empty and the cell (3, 1) is occupied, resulting in a degenerate solution.
(Degeneracy in subsequent iteration).

Find the sum of u; and v; for each empty cell and write it at the bottom left corner of that cell.

Number of allocated cell=4<m+n— 1=5.

You get a degeneracy and to resolve it, you add the empty cell (1,2) and allocate € > 0.
This cell namely (1, 2) is added as it satisfies the two steps for resolving the degeneracy. You
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1 2 3 Ui
L =2
(10) -1 3|3 6
2 4 1 2
. L. 5
3 1
6+ 1s="
v, v,=0 v,=—3 v,=—5
Table 7.22:

will assignanumber 0 to the first row, namely u; = 0, to get the remaining numbers as follows.
Ccu=wm+vi=2=v=2-uy=2-0=2
Co=W+VvV,=2=Vv,=2-u;=2-0=2
Ci=Uz3+VvVi=1=uz3=1-v;=1-2=—

1

Cx3=Uz3+VvVyz=1=v3=1—uz3=1- (—1):2
Chr=U,+Vo,=1=u,=1-v,=1-2=-1

Next, find the sum of u; and v; for the empty cell and enter it atthe bottom left corner of the
cell and also the net evaluation Ajj = cij — (ui +v;) for each empty cell and enter it at the

bottom right corner of the cell.

| Iteration table

1 2 3 U
1 ;
@ 2] o 2] : 1.
2 4 1 2
1 3 u (15) u 1 1 u -1
3
1
v, 2 2 2
Table 7.23:
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The modified solution is givenin the following table. This solution is also optimal and
unique as it satifies the optimality conditon that all Aj; > 0.

1 2 3 Supply
1 10
(10) ) 1
z . N
3
40
Demand 15 65
Table 7.24:
X711 = 10; X2 = 15; X33 = 30.
X12 = §&; X1 = 10.
Totalcost = 10X 2+2XE+15x1+10x1+30x1

= 75+ 2e=$75.
&

Example 7.3.8 Solve the following transportation problem whose cost matrix is given below.

7.4 Conclusion

In this unit, you studied the transportation problem, you saw different methods of obtaining the
initial solution, learnt how to optimize the solution of a transportation problem using the MODI
method and also learnt how to resolve degeneracy in a transportation problem.

7.5 Summary

Having gone through this unit, you

(i) cannow give the mathematical formulation of a transportation problem.

(if) Any set of non-negative allocations (xj; > 0) which satisfies the row and column sum
(rim requirement) is called a feasible solution.
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(iif) A feasible solution is called basic feasible solution of the number of non-negative alloca-
tions is equal to m+n-1, where m is the number of rows and n is the number of columns
in atransportation table.

(iv) Any feasible solution in a transportion problem containing m origins and n destinatio is
said to be non-degenerate if it contains m+n-1 occupied cells and each allocation is in an
independent position.

(v) cannow obtain initial solution of a transportation problem using any of

(a) the North-West Corner Method (NWCR).
(b) the Least Cost method (LCM)
(c) the Vogel's Approximation Method (VAM)

(vi) canoptimize the solution of a transportation problem using the MODI Method.

(vi) can resolve degeneracy in a transportation problem.

7.6 Tutor Marked Assignments
Exercise 7.6.1

1. What do you understand by transportation model?

2. Define feasible solution, basic solution, non-degenerate solution and optimal solution in
a transportation problem.

3. Explain the following briefly with examples:

(i) North-West Corner Rule.
(i) Least Cost Method.
(i) Vogel's Approximation Method.

4. Explain degeneracy in a TP and how to resolve it.

5. What do you mean by an unbalanced TP. Explain how you would convert an unbalanced
TP into a balanced one.

6. Give the mathematical formulation of a TP.

7. Explain an algorithm to solving a transportation problem.

8. Obtain the initial solution for the following TP using (i) NWCR (ii) Least cost method
(i) VAM.

[Ans.
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Destination
A B C Supply
1 2 7 4 5
Source 2 3 3 L 8
3 5 4 7 7
4 1 6 2 14
Demand 7 9 18 34

(i) X1 =5,Xo1 =3, X0 =6,X30 = 3,X33 = 4, X43 = 14 and the transportation

cost is $102.
(i) Xy =3, X3 =3, X3 =8, X3 =7,X41 =7,X43 = 7 and transportation cost is
$83

(i) Xyp = 5,Xo3 =8, X3 = 7,X41 = 2,X40 = 2,X43 = 10 and the transportation
cost is $80.]

9. Solve the following TP where the cell entries denote the unit transportation costs (using
the least cost method).

Destination
A B C D Supply
P 5 4 2 6 20
Origin Q 8 3 5 7 30
R 5 9 4 6 50
Demand 10 40 20 30 100

[AnS X = 10,X13 = 10,XZ2 = 30, X3 = 10, X33 = 10, X3g = 30 and The Optimum
transportation cost is $420.]

10. Solve the following TP (using the least cost method).

Destination
1 2 3 Capacity
1 2 2 3 10
Source 2 4 1 2 15
3 1 3 1 40
Demand 20 15 30

[Ans X1o =10, X553 = 15, X3; = 20, X33 = 15, X3, = 5. and The transportation cost is
$100.]

11. Find the minimum transportation cost (NWCR & MODI).

[AnS X1t =5, Xy =2, X0 =2, X053 =7, X30 = 6,X34 = 12 and The minimum
transportation cost is $743.]
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Warehouse
D, D, Ds D4 Su pply
F. 19 30 50 10 7
Factory F» 70 30 40 60 9
Fs 40 8 70 20 18
Demand 5 8 7 14
12. Solve the following TP.
Destination
A B C D Supply
1 1 2 3 4 6
Source 2 4 3 2 0 8
3 0 2 2 1 10
Demand 4 6 8 6

[Ans X2 = 6,X23 = 2, X4 = 6,X31 = 4, X3z
transportation cost is $28.]

13. Solve the following TP.

= g, X33 = 6 and The minimum

Destination
A B C D Supply
1 11 20 7 8 50
Source 2 21 16 20 12 40
3 8 12 8 9 70
Demand 30 25 35 40

[AnS Xi3 = 35,X14 = 15Xy, = 10,XZ5 = 30,X31 = 30,X32 = 25,X34:15 and The

minimum transportation costis $1, 160.]

14. Solve the following TP to maximize the profit.

Destination
A B C D Supply
1 40 25 22 33 100
Source 2 44 35 30 30 30
3 38 38 28 30 70
Demand 40 20 60 30

[AnS X1 = 20,X14 = 30, X5 = 50, Xy = 20, Xoz = 10,X32 = 20, X33 = 50 and The

optimum profitis $5, 130.]
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UNIT 8

INTEGER PROGRAMMING

8.1 Introduction

In your study of linear programming problem, you allowed the decision variables to take non-
negative real values as it is quite possible and appropriate that you can have fractional values
in many situations. There are several frequent occuring circumstances in business and industry
that lead to planning models involving integer-valued variables. For example, in production,
manufacturing is frequently scheduled in terms of batches, lots or runs. In allocation of goods,
a shipment must involve a discrete number of trucks or aircrafts. In such cases fractional values
of variables may be meaningless in the context of the actual decision problem. In this section,
you will consider this special class of linear programming, whose decision variables are not
only non-negative, but are also integers. This type of linear programming problem is what you
would call integer programming.

8.2 Objectives

At the end of this unit, you should be able to;

(i) Define an IPP problem.

(i) Differentiate between Pure integer programming problem and Mixed integer program-
ming.

(iif) solve IPP using any of

(a) Gomory’s Cutting plane Method.
(b) Branch and Bound Method (Search Method)

(iv) Solve Mixed Integer Programming problems.
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8.3 Integer Programmining Model

Definition 8.3.1 (Integer Programming Model) A linear programming problem in which all or
some of the decision variables are constrained to assume non-negative values is called Integer
Programming Problem(IPP) Mathematically, the model of an Integer Programming Problem
IS given as

max z = CX

Subjectto: Ax < b

X = 0 andsome orall variables are integers

In a linear programming problem, if all variables are required to take integral values then
it is called Pure (all) Integer Programming problem (Pure IPP). If all variable in the optimal
solution of a LPP are restricted to assume non-negative integer values while the remaining vari-
ables are free to take any non-negative values, then it is called a Mixed Integer Programming
(Mixed IPP). Further, if all the variables in the optimal solution are allowed to take values O or
1, then the problem is called 0-1 Programming Problem or Standard Discrete Programming
Problem

Integer programming is applied in business and industry. All assignment and transporta-
tion problems are integer programming problems, capital budgetting and production scheduling
problems, and allocation problems involving the allocation of men or machines are examples of
integer programming problems.

8.3.1 Methods of Solving Integer Programming Problem

There are two methods you can use to solve IPP, these are

(i) Gomory’s Cutting Plane Method.
(i) Branch and Bound Method (Search Method).

8.3.2 Gomory’s Fractional Cut Algorithm or Cutting Plane Method for
Pure (All) IPP

This method consists of first solving the IPP as an ordinary LPP by ignoring the restriction of
integer values and then introducing a new constraint to the problem such that the new set of
feasible solution includes all the original feasible integer solutions, but does not include the
optimum non-integer solution initially found. This new constraint is called “Fractional cut”
or “Gomorian constant”. Then the revised problem is solved using the simplex method, till
an optimum integer solution is obtained. The steps involved in solving integer programming
problems using the Cutting plane method are outlined below.
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Step 1

Step 2

Step 3

Step 4

Step 5

Step 6

Step 7

Step 8

Convert the minimization IPP into an equivalent maximization IPP, Ignore the integrality
condition.

Introduce slack and/or surplus variables if necessary, to convert the given LPP in its stan-
dard form and obtain the optimum solution of the given LPP by using simplex method.

Test the integrality of the optimum solution.
(i) If all the xg;j = 0and are integers, an optimum integer solution is obtained.

(i) If all the xg; = 0 and at least one Xg; iS not an integer, then go to the next step.

Rewrite each Xg; as X il +f where [Xgi] is the integral part of xg; and f; is the
positive fractional par’[3 ofx 8 fi<l1

Choose the largest fraction of xg;’s, i.e., Choose max(f;), if there is atie, select arbitrary.
Let max(f;) = fk, corresponding to Xgk (the K th row s called the ’source row’).

Express each negative fraction, if any, in the source row of the optimum simplex table as
the sum of a negative and a non-negative fraction.

Find the fractional cut constraint (Gomorian Constraint)
n
From the source row &jXj = Xgi
i=1
i.e.,

([axj] + fij)X; = [Xek] + f
j=1

in the form

or

fijj + Gl = —fK
j=1
where, G, is the Gomorian slack.

Add the fractional cut constraint obtained in step (6) at the bottom of the simplex table
obtained in step (2). Find the new feasible optimum solution using dual simplex method.

Go to step (3) and repeat the procedure until an optimum integer solution is obtained.
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Example 8.3.1 Find the optimum integer solution to the following LPP.
Max Z=X1+ X
Subjectto: 3x;+2x, < 5
Xy £ 2

X1, X2 = 0 and are integers.

= Solution. Introducing the non-negative basic slack variable xs, x4, = 0, the standard
form of the LPP becomes,

Max Z =Xy + Xy +0x3+ 0x4
5Subject to: 3x; + 2%, + X3 =5
Xo +Xq4 =2
X1, X2, X3, X4 = 0 and are integers.

Ignoring the integrality condition, solve the problem by simplex method. The initial basic
feasible solution is given by,

X3 =5 and x, = 2.

B X, X, X3 X, Xg 0
X3 @ 2 1 0 5 5/3 .
X, 0 1 0 1 2 -
Z;—C; —-1f -1 0 0 0
B X, X, X3 X, Xg 0
X, 1 2 1/3 0 5/3 5/2
X, 0 @ 0 1 2 2
Z;—C; 0 —1/3£ 1/3 0 5/3
B X, X, X3 X, Xg 0
X, 1 0 1/3 -2/3 1/3
X, 0 1 0 0 2
Z;—C; 0 0 1/3 1/3 7/3

Table 8.1:

182



UNIT 8. INTEGER PROGRAMMING

Since all z; — ¢; = Oanoptimum solution is obtained, given by
maxz =7/3, X; =1/3, X, =2.

To obtain an optimum integer solution, you have to add a fractional cut constraint in the opti-
mum simplex table.
Since xg = 1/3, the source row is the first row. Expressing the negative fraction —2/3 asa

sum of negative integer and positive fraction, you get
-2/3=-1+1/3

Since X, is the source row, you have
1/3 = X, + 1/3X3 - 2/3X4

ie.,
1/3 = X1 +1/3X3 + (—1+ 1/3)X4

The fractional cut (Gomorian) constraint is given by

1/3x3 + 1/3x, = 1/3

that is
_1/3X3 - 1/3X2 < -

which implies 1/3
—1/3X3 - 1/3X2 +Gl =-1/3

where, G; is the Gomorian slack. Add this fractional cut constraint at the bottom of the above
optimal simplex table to obtain

B X, X, X3 X, G, Xg
X, 1 0 1/3 -2/3 1/3
X, 0 1 0 0 0 2
G, 0 0 @ -1/3 1 1/3,
z,—C; 0 0 1/3¢ 1/3 0 7/3
Table 8.2:

Applying the dual simplex method. Since G; = —1/3, G, leaves the basis. To find the

entering variable you find

C \ C

’,aik <0 =max

max Aik - 1/3’m

Choose x3 asthe entering variabe arbitrarily.
183

\
Zj — G 1/3 1/3

=max{—-1,-1}=-1




UNIT 8. INTEGER PROGRAMMING

B X, X, X3 X, G, Xg

X, 1 0 0 1 1 0

X, 0 1 0 1 1 2

X, 0 0 1 1 3 1

z,=c, 0 0 0 0 1 2
Table 8.3:

Since all zj— ¢; = Oandall xg, = 0, you have obtained the optimal feasible integer
solution. Therefore the optimal integer solution is

maxz =2, X; =0, X, =2

Here is another example for you.

Example 8.3.2 Solve the following integer programming problem.

maximize z = 2x; +20x, — 10x3
SUbjeCt to: 2Xx; +20%x,+4x3 < 15
6X1 + 20x, + 4%x3 = 20
X1, X2, X3 = 0, and are integers.

< Solution. Introducing slack variable x, = 0 and an artificial variable a; > 0, the initial
basic feasible solution is x4, = 15, a; = 20. Ignoring the integer condition, solve the problem

maximize z = 2X; + 20x, — 10x3+ 0x, + Oa;
Subject to: 2X1 + 20X, + 4X3 + X4 = 15

6X1 + 20X2 +4x;+a; = 20

X1, X2, X3, X4,a1 = 0

by simplex method. The optimal simplex tableu is given by
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B X, X, Xq X, Xg

X, 1 1/5 3/40 5/8

X, 0 0 Y Ya

z,7¢, 0 14 1 15
Table 8.4:
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Therefore the non-integer optimum solution is given by,
X1 =5/4, X, =5/8, X3 =0, maxz=15
To obtain an integer optimum solution, you proceed as follows.
max{f,, f,} = max{5/8,1/4} = 5/8.
Therefore the source row is the first row, namely, X, row. From this source row you have
5/8 = 0xy + 1x, + (1/5)x3 + (3/40)X,.

The fractional cut constraint is given by,

(1/5)x3 + (3/40)x, = 5/8

(= 1/5)x3 — (3/40)x4 < —5/8,i.e., (—1/5)x3 — (3/40)x, + G; = —5/8

where G, is Gomorian slack.
Adding the additional constraint in the optimum simplex table, the new table is given below.

Apply the dual simplex method. Since G; = — 5/8 leaves the basis. Also

C

= max

gives the non-basic variable x4, this enters the basis.

185

L4 1
—1/5' = 3/40

B Xq X, Xg
X, 1/5 3/40 —5/8
X, 0 Yy 5/4
— —5/8
G, 1/5 /8
z,—¢C; 14 1£ 15
Table 8.5:
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B X, X, X, G, Xg
X, 0 1 0 1 0
X, 1 0 2/3 -10/3 10/3
X, 0 0 8/3 1 -40/3 25/3
z,-¢c; 0 0 34/3 0 40/3 20/3
Table 8.6:

Again since the solution is non-integer, you add one more fractional cut constraint.

max{f;} = max{0, 1/3,1/3}

Since the max fraction is same for both the rows x; and x4, you choose x, arbitrarily. Therefore
fromthe source row you have,

25/3 = OX]_ + OX2 + (8/3)X3 + 1x, — (40/3)61

Expressing the negative fraction asthe sum of negative integer and positive fraction you have
(8+1/3) =0xy + Oxp + (2 + 2/3)X3 + 1x4 + (— 14 + 2/3)G,
The corresponding fractional cut is given by,

—2/3X3 - 2/361 +Gz =-1/3.

Add this second Gomorian constraint atthe bottom of the above simplex table and apply dual
simplex method.

B X, X, Xq X, G, G, Xg
X, 0 1 0 0 1 0 0
X, 1 0 213 -10/3 10/3
X, 0 0 8/3 -40/3 25/3
G, 0 0 (213) -213 —2/3,

z,—c; 0 0 34/3% 40/3 20/3

Table 8.7:
Since G; = — 1/3, G, leaves the basis, Also,
\
max(zj ~ % <0 —max /B 4B gy

dik

gives the non-basic variable x5 which enters the basis. Using the dual simplex method, introduce

X3 and drop G..
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B X, X, Xq X, G, G, Xg

X, 0 1 0 0 1 0

X, 1 0 0 0 -4 1 3

Xy 0 0 0 1 16 4 7

Xq 0 0 1 0 1 -3/2 Y%

z,7¢, 0 0 0 0 2 13 1
Table 8.8:

Since the solution is still a non-integer, athird fractional cut isrequired. It is given from the
source row (X3 row) as,
—-1/2=-1/2G, + G3

Insert this additional constraint atthe bottom of the table, the modified simplex tableau is
show below.

B X, X, Xg X, G, G, G, Xg
X, 0 1 0 0 1 0 0 0
X, 1 0 0 0 -4 1 0 3
X 4 0 0 0 1 16 4 0 7
X3 0 0 1 0 1 -3/2 0 Y
G, 0 0 0 0 0 @ 1 1/2
z,—¢C; 0 0 0 0 2 17¢ 0 1

Table 8.9:

Using dual simplex method, you drop Gz and introduce G,.

B X, X, Xg X, G, G, G, Xg
X, 0 1 0 0 0 0 0 0
X, 1 0 0 0 -4 0 2 2
X 4 0 0 0 1 -16 0 8 3
Xq 0 0 1 0 -1 0 -3 2
G, 0 0 0 0 6 1 -2 1
z,-¢C, 0 0 0 0 2 0 34 -16

Table 8.10:
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Since all z; — ¢; = 0 and also the variables are integers, the optimum integer solution is
obtained and given by

X1 =2,X=0,x3=2 and maxz=—16

8.3.3 Mixed Integer Programming Problem

In the mixed IPP only some of the variables are restricted to integer values, while the other
variables may take integer or other real values.

Mixed Integer Cutting Plane Procedure

The iterative procedure for the solution of mixed integer programming problem is as follows.

Step 1. Reformulate the given LPP into a standard maximization form and then determine an
optimum solution using simplex method.

Step 2. Testthe integrality of the optimum solution.

@) If all xgj = O(i =1,2,...,m) and are integers, then the current solution is an opti-
mum one.
(i) If all xg;j = O(i = 1,2,...,m) butthe integer restricted variables are notintegers,
then go to the next step.
Step 3 Choose the largest fraction among those Xg;, which are restricted to integers. Let it be
Xk = Ty (@assume)
Step 4. Find the fractional cut constraints from the source row, namely K th row.
From the source row,

aj = Xk
j=1
ie.,
n
([agj] + Fiidrj = [xex] + T«
i=1
in the form .
T
ieit
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Ce N
k
fijxj + —— fiix; = +f
- fi-1 -
J1€] Jj€j
Ce N
. — k Ve
kaXJ f_ kaXJ < fk
jej+ k=1 jei-
\
- kaXJ - K fijj + Gk = —fk
jei* k=1 jej~

where, Gy is Gomorian slack
iT=0/fG =2 0

1~ =0/%f; <0]

Step 5 Add this cutting plane generated in step K at the bottom of the optimum simplex table
obtained in step 1. Find the new optimum solution using dual simplex method.

Step 6 Go to step 2 and repeat the procedure until all xg; = 0(i = 1,2,..., m) and all restricted
variables are integers.

Here is an example for you
Example 8.3.3 Solve the problem

Maximize z = 4x;+ 6X, + 2X3
Subjectto. 4x; — 4x, £ 5
— X1+ 6X2 <5
—X1+X +X3 <5
X1, X2, X3 = 0, and Xy, X3 are integers

< Solution. Introducing slack variables x4, X5, Xg = 0, the standard form of LPP, is

Maximize z = 4xq + 6X5 + 2X3 + 0X4 + OX5 + OXg
Subject to. 4X1 — 44X, +Xx4 =5

— Xy +6X,+ X5 =5

— X1 +X, +Xz3+Xg =5

X1, X2, X3, X4, X5, Xg = 0,

The initial basic feasible solution is given by x4, = 5,Xs = 5, X¢ = 5. Ignoring the integer

condition, the optimum solution of given LPP is obtained by the simplex method from the
optimal simplex tableau

189



UNIT 8.

INTEGER PROGRAMMING

B X, X, Xq X, Xg Xg
X, 1 0 0 3/10 1/5 5/2
X, 0 1 0 1/20 1/5 5/4
X, 0 0 1 Ya 0 25/4
z,c, 0 0 0 1 1 35/2
Table 8.11: Page 194
But the integer constrained variables x; and X5 are non-integer.
X1 =5/2=2+1/2
X, =25/4 =6+ 1/4
max{fy, f3} = max{1/2,1/4} = 1/2.
From the first row you have,
(2+ 1/2) = X4 + 0%y + Ox3 + (3/10)x4 + (1/5)Xs5
The Gomorian constraint is given by,
3/10x4 + 1/5%5 = 1/2 or — 3/10x4 — 1/5%x5 < —
1/2
i.e., —3/10x, — 1/5x5 + G; = —1/2, where G, is the Gomorian slack. Introduce this
new constraint at the bottom of the above simplex table.
B Xy X, X3 X4 Xg Xg
X, 1 0 0 3/10 1/5 5/2
X, 0 1 0 1/20 1/5 5/4
X, 0 0 1 Ya 0 25/5
G, 0 0 0 -1/5 12
z,-¢, 0 0 0 2% 2 30
Table 8.12:
Using dual simplex method, since G, = —1/2 < 0, G, leaves the basis. Also,
\ g 5 \
(z,-—c,- P 2 —20
max ,ak<0 =max —,— =max —,—10 = —
Aik =3 —1g 3 3
10 S
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B Xq X, X5 X, Xg Xg Gl Xg
X, 1 0 0 0 0 0 1 2
X, 0 1 0 0 1/6 0 1/6 716
X3 0 0 1 0 -1/6 1 5/6 35/6
Xy 0 0 0 1 2/3 0 —10/3 5/3
z;—c 0 0 0 0 2/3 2 20/3 80/3
Table 8.13:

corresponding to X4. Therefore, the non-basic variable x, enters the basics. Drop G, and intro-
duce X,.

#

Since all z; — ¢; = 0, the solution is optimum and also the integer restricted variable x; =
35/6 is not an integer, therefore, you add another Gomorian constraint

X3 = 35/6 =5+ 5/6

The source row s the third row. From this row you have,

5} 1 5
5+6:OX1+OX2+X3+OX4_6X5+X6+€Gl

The Gomorian constraint is given by,

DSD
= N 5 5
_6 - +2G.> >
%§_1 5 Xs 6Gl—6
6
5 5 5 5 5 5
— — _|e,__ —_ = ——
6755125 5 TgC1 G2 = T

where G, is the Gomorian slack. Add this second cutting plane constraint at the bottom of the
above optimum simplex table gives you,

191



UNIT 8. INTEGER PROGRAMMING

B Xy X, X3 Xy Xg Xg G, G, Xg
X, 1 0 0 0 0 0 1 2
X, 0 1 0 0 1/6 0 1/6 0 7/6
X, 0 0 1 0 -1/6 1 5/6 0 35/6
X, 0 0 0 1 2/3 0 —-10/3 0 5/3
G, 0 0 0 0 0 -5/6 1 —5/6 .
z,-c; 0 0 0 2/3 2/3£ 2 20/3 0 80/3
Table 8.14:
Use dual simplex method, since G, = —5/6 < 0, G, leaves the basics. Also,
N [
2 20
« _. \ 87 .8 C, N
) ) — _ —
max yvak< 0 =max =2, = =max —,—8 = —=
aik I =5 22 5 5

which corresponds to xs. Drop G, and introduce xs. Since all z; — ¢; = 0 and also all
the restricted variables x; and x3, an optimum integer solution is obtained.

B X, X, X3 X4 Xg X G, G, Xg
X, 1 0 0 0 0 0 1 0 2
X, 0 1 0 0 0 0 0 1/5 1
X, 0 0 1 0 0 1 1 -1/5 6
X, 0 0 0 1 0 0 -4 45 1
Xg 0 0 0 0 1 0 1 -6/5 1
Z;=C; 0 0 0 0 0 2 20/3 4/5 26
Table 8.15:

The optimum integer solution is,

X1 =2,X, =1,X3 =6, and maxz = 26

8.3.4 Branch And Bound Method

This method is applicable to both, pure as well as mixed IPP. Sometimes a few or all the vari-
ables of an IPP are constrained by their upper or lower bounds. The most general method for
the solution of such constrained optimization problem is called 'Branch and Bound method’.

192



UNIT 8. INTEGER PROGRAMMING

This method first divides the feasible region into smaller subsets and then examines each
of them successively, until a feasible solution gives an optimal value of objective function is
obtained.

Consider the IPP

Maximize z = cx

Subjectto Ax < b (8.1)

X = 0 are integers
In this method, you will first solve the problem by ignoring the integrality condition.

(i) If the solution is in integers, the current solution is optimum for the IPP (8.1).

(ii) If the solution is notin integers, say one of the variable X, is notan integer, then x*r <

X, < X* wherex®,x areconsecutive non-negative integers.
r+1 r r+l

Hence, any feasible integer value of X, must satisfy one of the two conditions.
Xy £ X, OF X7q.

These two conditions are mutually exclusive (both cannot be true simultaneously). By adding
thes two conditions separately to the given LPP, we form different sub-problems.

Sub-problem 1 Sub-problem 2
Maximize z = cx Maximize z = cx
Subjectto: Ax < b Subjectto: Ax < b
X < X* X = X'
x> 0. X 2 O.r+1

Thus, you have brached or partitioned the original problem into two sub-problems. Each of
these sub-problems is then solved separately as LPP.

If any sub-problem yields an optimum integer solution, it is not further branched. But if any
sub-problem yields a non-integer solution, it is further branched into two sub-problems. This
branching process is continued until each problem terminates with either an integer optimal
solution or there is an evidence that it cannot yield a better solution. The integer-valued solution
among all the sub-problems, which gives the most optimal value of the objective function is then
selected asthe optimum solution.

Note: For minimization problem, the procedure is the same except that upper bounds are
used. The sub-problem is said to be fathomed and is dropped from further consideration if it
yields a value of the objective function lower than that of the best available integer solution and
it is useless to explore the problem any further.

Example 8.3.4 Use the branch and bound technique to solve the following:

Maximize z = X; +4X,
Subjectto 2x; +4x, < 7
5x; +3x, £ 15
X1, X2 = 0 and are integers.
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= Solution. Ignoring the integrality condition you solve the LPP,

Maximize z = x; +4x,

Subjectto 2x; +4x, < 7
5x; +3x, £ 15
X1, Xo 2 0

Introducing slack variables x3, X4 = 0, the standard form of LPP becomes,

Maximize z = X; + 4x, + 0x3 + 0X,
Subjectto 2x; +4x, + X3 =7

5x; + 3X2 + OX4 =15

X1, X2, X3, X4 >0

B X, X, Xq X, Xg 0
Xg 2 D) 1 0 7 714
X, 5 3 0 1 15 5

z,-c 1 —4% 0 0 0
B X4 X, X3 Xy Xg 0
X, 1/2 1 Vs 0 7/4
X, 712 0 3/4 1 4

z;-C; 1 0 1 0 7

Table 8.16:

Since z; — ¢; = 0, anoptimum solution is obtained,
X1 =0,X, =7/4 and maxz=7
Since X, = % this problem should be branched into two sub-problems. For
7
Xy = Z'1<X2 <2X < 1,x =22

Applying these two conditions separately in the given LPP you get two sub problems.

Sub-problem 1 Sub-problem 2
Maximize z = x; +4X, Maximize z = X; +4X,
Subjectto: 2x; +4x, < 7 Subjectto: 2x; +4x, < 7
5x, + 3X2 < 15 5x, + 3X2 < 15
X <1 Xo = 2
X1, Xo 2 0. X1, Xo 2 0.
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Sub-Problem (1)

B X4 X, X3 Xy X Xg 0
X3 2 4 1 0 0 7 774
X, 5 3 0 1 0 15 5
X, 0 (1) 0 0 1 1 1
z,-c, 1 —4£ 0 0 0 0
B Xq X, X3 Xy Xg Xg 0
X3 @ 0 1 0 -4 3 3/2.,
X, 5 0 0 1 -3 12 12/5
X, 0 1 0 0 1 1
z2,-¢; —1f 0 0 0 4 4
B X4 X, X3 Xy Xg Xg 0
X, 1 0 Y 0 2 312
X, 0 0 -5/2 1 7 9/2
X, 0 1 0 0 1 1
z;—c; 0 0 Y 0 2 11/2
Table 8.17:

Since all z; — ¢; = 0, the solution is optimum, given by x; = 3/2, X, = 1,andmax z =
11/2. Since x; = 3/2 is not an integer, this sub-problem is branched again.

Sub-Problem (2)

Maximize

Z= X1 +4x,

Subjectto: 2x; +4x, < 7

5X1+3X2 < 15
Xy 2 2
X1, Xo 2 0.

In Table 8.18, since all z; — ¢; = 0, and an artificial variable a, is in the basis at positive
level, there exist no feasible solution. Hence, this sub-problem is dropped.

In sub problem (1) Since, x; = 3/2,you have,1 < x; < 2,andsox; £ 1,x; = 2

Applying these two conditions separately in the sub-problem (1), you gettwo sub-problems.

195



UNIT 8. INTEGER PROGRAMMING

B Xq X, X5 X4 Xg A, Xg 0
Xg 2 < 1 0 0 0 7 74
X, 5 3 0 1 0 0 15 15/3
A, 0 1 0 0 -1 1 1 2
z,-c; -1 —M-4% 0 0 M —2M
B Xq X, X5 X4 Xg A, Xg 0
X, Y% <€D Ya 0 0 0 74
X, 712 0 Y 1 0 0 39/4
A, Y 0 Y 0 -1 1 Ya
LirCi 5zl 0 % z1 0 M 0 7—%
Table 8.18:
Sub-problem (3) Sub-problem (4)
Maximize z = x; + 4X, Maximize z = X; +4X,
Subjectto: 2x; +4x, < 7 Subjectto: 2x; +4x, < 7
5x, + 3X2 < 15 5x, + 3X2 < 15
X, <1 Xy < 2
X1 <1 X1 > 2
X1, Xo 2 0. X1, Xo 2 0.
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Sub-Problem(3)

B X4 X, X3 Xy X Xg Xg 0
X 3 2 4 1 0 0 0 7 714
X4 5 3 0 1 0 0 15 15/3
Xs 0 (1) 0 0 1 0 1 1
Xg 1 0 0 0 0 1 1 -
¢, -1 —4£ 0 0 0 0 0
B X4 X, X3 Xy Xg Xg Xg 0
X3 2 0 1 0 -4 0 3 3/2
X4 5 0 0 1 -3 0 12 12/5
X, 0 1 0 0 1 0 1 -
Xe > 0 0 0 0 1 1 1
z2,-¢; ~1£ 0 0 0 4 0 4
B X4 X, X3 Xy Xg Xg Xg 0
X 3 0 0 1 0 -4 -2 1
X4 0 0 0 1 -3 -5 7
X, 0 1 0 0 1 0 1
Xy 1 0 0 0 0 1 1
z;-c; 0 0 0 0 4 1 5
Table 8.19:

Since all z; — c¢;j, an optimum solution is obtained. It is given by, x; = 1,x, = 1 and

max z = 5. Since this solution is integer-valued this sub-problem cannot be branched further.
The lower bound of the objective function is 5.
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Sup-Problem (4)

B X4 X, X3 Xy Xg Xg A, Xg 0
X 3 2 4 1 0 0 0 0 7 772
X4 5 3 0 1 0 0 0 15 3
X5 0 1 0 0 1 0 0 1 -
A (1 0 0 0 0 -1 1 2 2
z-¢; |-M-1£| -4 0 0 0 M 0 —2M
B X4 X, X3 Xy Xg Xg A, Xg 0
X3 0 @ 1 0 0 2 -2 3 Ya
X4 0 3 0 1 0 5 -5 5 5/3
X 0 1 0 0 1 0 0 1 1
Xy 1 0 0 0 0 -1 1 2 -
Z;=Cj 0 -4£ 0 0 0 —2 1zM 2
B X4 X, X3 Xy Xg Xg A, Xg 0
X, 0 1 Ya 0 0 Vs - Y
X, 0 0 Y 1 0 712 - 11/4
X, 0 0 Ya 0 1 Y - Ya
X 1 0 0 0 0 -1 - 2
1
z;-c; 0 0 1 0 0 1 - 5
Table 8.20:

Since all z; — ¢; = 0, the optimum solution is given by,
X1 = 2, Xo = 3/4

Since X =3/4,0< X, < 1,
thus X, £0,0rx; =21

Applying these two conditions in the sub-problem (4), you get two sub-problems.

Sub-problem (5) Sub-problem (6)
Maximize z = x; +4X, Maximize z = X; +4X,

Subjectto: 2x; +4x, < 7 Subjectto: 2x; +4x, < 7
5x, + 3X2 < 15 5x, + 3X2 < 15
X <1 Xy < 2
X =21 X1 2 2
X2 <0 X2 =1
X1, Xo 2 0. X1, Xo 2 0.
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Sub-Problem (5)

B Xy X, Xg X, Xg Xg A X, Xg 0
Xy 2 4 1 0 0 0 0 0 7 72
X4 5 3 0 1 0 0 0 0 15 3
Xg 0 1 0 0 1 0 0 0 1 -
A @ 0 0 0 0 -1 1 0 2 2
X, 0 1 0 0 0 0 0 1 0 -
z,—C; | —M-1¢ —4 0 0 0 M 0 0 —2M
B Xy X, Xg X, Xg Xg A X, Xg 0
Xg 0 4 1 0 0 2 - 0 3 2
X4 0 3 0 1 0 5 - 0 5 5/3
Xg 0 1 0 0 1 0 - 0 1 1
Xy 1 0 0 0 0 -1 - 0 1 -
X; 0 @ 0 0 0 0 - 1 0 0
z,—¢, 0 -4£ 0 0 0 -2 - 0 2
B Xy X, Xg X, Xg Xg A X, Xg 0
Xy 0 0 1 0 0 2 - 0 3 32
X, 0 0 0 1 0 5| - 0 5 1
Xg 0 0 0 0 1 0 - -1 1 -
Xg 1 0 0 0 0 -1 - 0 2 -
X, 0 1 0 0 0 0 - 1 0 -
Z,—C; 0 0 0 0 0 —1£ - 0 2
B Xy X, Xg X, Xg Xg A X, Xg 0
Xy 0 0 1 -2/5 0 0 - 0 1
Xq 0 0 0 1/5 0 1 - 0 1
Xg 0 0 0 0 1 0 - 0 1
Xg 1 0 0 1/5 0 0 - 0 3
X, 0 1 0 0 0 0 - 1 0
z,—¢, 0 0 0 3/5 0 0 - 4 3

Table 8.21:

Since all z; — ¢; = 0, the solution is optimum and s given by x; = 3,X, = 0andmax z = 3.
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This sub-problem yields an optimum integer solution. Hence, this sub-problem is dropped.

Sub-problem (6)

Maximize z = X; +4X,
Subjectto: 2x; +4x, < 7
5x;, + 3X2 < 15
X, £ 2 This sub-problem has no feasible solution. Hence, this problem
X1 2 2
X =21
X1, Xo 2 0.
is also fathomed.

Original Problem
max z=X,e 4X,

Subjectto: 2x,e 4x,<7
5x,e.3X ,=1
X1 X, =0

Max z=7, x,=0, x,=7/4

X, = 2 \ X, =1
Sub-Problem(1) Sub-problem(2)
Max z=11/2 Infeasible
X;=3/2, X,=1 Solution
fathomed
x=1 / X,=2

Sub-Problem(3) Sub-Problem(4)
Max 7=5 Max z =5
X, =3, X,=1 X;=2, X,=3/4
fathomed x,<0 x,=1
| |
Sub-problem(5) Sub-Problem(6)
Max z=3 Infeasible
x1f=ti, Xzzo Solution
athome Fathomed
Table 8.22:
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Among the available integer-valued solutions, the best integer solution is given by sub-
problem (3). Therefore the optimum integer solution is,

maxz =5x;, =1, and x, = 1.
The best available integer optimal solution is

maxz=>5, x; =1,and x, = 1.

8.4 Conclusion

In this unit, you were introduced to a special class of Linear Programming problem called
Integer programming Problem (IPP). You looked at two examples of IPP namely Pure IPP and
Mixed IPP. You also solve IPP problems using any of these two methods Gomory’s Cutting
plane Method or what you may call the fractional cut algorithm and The Branch and bound
Method also known as the Search Method.

8.5 Summary

Having gone through this unit, You are now able to

(i) Give the correct definition of a Integer Programming Model.
(i) Differentiate between Pure IPP and Mixed IPP.
(iif) Solve IPP using the Gomory’s Cutting plane Method.

(iv) Solve IPP using the Branch and Bound Method.
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8.6 Tutor Marked Assignments(TMAS)

Exercise 8.6.1

Find the optimum integer solution of the following pure integer programming problems in prob-
lem 1-4.

1. Maximizez = 4x; + 3%,

Subjectto: x; +2x, < 4
2X1 + X < 6
X1, Xo = 0, and are integers.

[Ans. x; =3,X, =0 and maxz = 12]

2. Maximizez = 3x; + 4X,

Subjectto: 3x; +2x, < 8
Xy +4X% 2 10
X1, Xo = 0, and are integers.

[Ans. X, =0,X, =4 and maxz = 16]
3. Maximizez = 3x; — 2X, + 5X3
Subjectto: 4x; + 5%, + 5x3 < 30

5x, + 2X2 + /X3 < 28
X1, X2, X3 = 0, and are integers.

[Ans. X; =X, =0,%X3 =4 and max z = 20]

4. Minimizez = — 2X; — 3Xy
Subjectto: 2x; +2x, £ 7
X1 < 2
Xy < 2
X1, Xo = 0, and are integers.
[Ans. x31 =1,x2 =2 and minz = — §]

Solve the following mixed integer programming problems using Gomory’s cutting plane
method.

5. Maximizez = 7x; + 9%,
Subjectto: —x; +3x, < 6
X1+ X, £ 35
X1, Xo = 0, and x, is an integers.

[Ans. X, =3,X, =2 and maxz =50rx; =4,X, =1, max z = 5]

6. Maximizez = 3x; + X, + 3X3
Subjectto: —Xx; +2x, +Xx3 < 4
4%, — 3X3 <2
X1 — 3X2+2X3 <3
X1, X2, X3 = 0, where x; and x5 are integers.
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10.

11.

12.

[Ans. X, =5,x, = 11/4,x3 = 3 and maxz = 107/4]

. Maximizez = x; + X5

Subjectto: 2x; +5x, < 16
6X1 +5x, < 30
X1, Xo = 0, and x, is anintegers.

[Ans. X, =4,x, =6/5 and maxz = 26/5]

. Minimizez = 10x; + 9x,

Subjectto: x; < 8
X < 10
5x, + 3X2 < 45
X1, Xo = 0, and are integers.

[Ans. X, =8,x, =5/3 and minz = 95]

Use branch and bound method to solve the following problems:

. Maximizez = 3x; + 4X,

Subjectto: 7x; + 16x, < 52
3X1 - 2X2 < 18
X1, Xo = 0, and are integers.

[Ans. X, =5,x, =1 and maxz = 19]

Maximizez = 2x; + 2X,

Subjectto: 5x; +3x, < 8
X, + 2X2 <4
X1, Xo = 0, and are integers.

[Ans. maxz =4,x, =1,X, =1, or Xy =0,%, = 2]
Maximizez = 2x; + 20x, — 10xX3

Subject to: 2Xx1+20x,+4x3 < 15
6X1 + 20X, + 4x3 = 20
X1, X2, X3 = 0, and are integers.

[Ans. x1 =2,x2 = 0,x3 =2 and maxz = — 16]

Maximizez = 3x; + 4%,

SUbjeCt to: 3X;— Xo + X3 =12
3X1 + 11X+ X4 = 66
X1, X2, X3, X4 = 0, and are integers.

[Ans. X, =5,x, =4, and maxz = 31]
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UNIT 9

BASIC CONCEPTS OF RN

9.1 Introduction

In this unit and subsequent units, you shall be considering another aspect of optimization prob-
lems, different from the linear programming problem you have seen in previous units. The
theorems you shall develop here are more general to any given mathematical programming in
which the objective function f : S ¢ R" — R defined on a subset S of R" is nonlinear. Also the
constraints may or may not be linear in the decision variables and the non-negativity condition
is also relaxed.

For a better understanding of optimization in R", you shall, in this unit, be introduced to
some basic concepts and notions of the space R" (also known as the real n-space). These no-
tions, can also be referred to as the topology of R". Thus, you shall be considering notions like,
Continuous functions, differentiability, partial derivatives, directional derivatives and higher or-
der derivatives. You will also consider quadratic forms: definite and semidefinite matrices and
also see some results.

9.2 Objectives

At the end of this unit, you should be able to

(i) Define continuous functions, differentiability and continuous differentiable function in
R".

(i) Define and use the concept of partial derivatives and directional derivatives.
(iif) Find Higher order Derivatives of a function defined on a subset S of R".

(iv) Define quadratic forms and Definiteness.
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(v) Identify definiteness and semidefiniteness.

9.3 Functions

Let S, T be subsets of R" and R', respectively. A function f from Sto T denotedby f : S— T,

is a rule that associates with each element of S, one and only one element of T. The setS is
called the domain of the function f, and the set T is range.

9.3.1 Continuous Functions

Definition 9.3.1 Let f : S— T, where S ¢ R"and T ¢ R'. Then, f is said to be continuous
atx € Sif forall E> 0, there exists a d > 0 such thaty € S and d(x,y) < & implies that
d(f(x), f(y)) <E.(Notethat d(x, y) is the distance between x and y in R", while d(f(x), f(y))
is the distance in R')

Another way you can define continuous function is by using sequences.

Definition 9.3.2 The function f : S — T is continuous atx € Sif for all sequences {x,} such
that x, € Sforall k, and lim x, = x, then lim f(x,) = £(x).
k—o0

k—>co

Intuitively, T is continuous at x if the value of T at any point y that is “close” to x is a good
approximation of the value of T at x.

Definition 9.3.3 (Discontinuous Function) f : S — T iscalled discontinousatx € Sif it is
not continuous at x.

Example 9.3.1 (Continuous function) The identity function f(x) = x for all x € R is contin-
uous ateachx € R

Example 9.3.2 The function f : R = R given by

0, x<0

f =
(x) q

1, x>0
is continuous everywhere except at x = 0. At x = 0, every open ball B(x, d) with center x
and radius 6 > 0 contains at least one point y > 0. At all such points, f(y) = 1> 0= f(x),
and this approximation does not get better, no matter how close y gets to x (i.e., no matter how
small you take o to be).

Definition 9.3.4 Afunction f : S — T is said to be continuous on S if it is continuous at each
pointin S.

Observe that if ¥ :c R" — R!, then f consists of | “component functions” (f,..., "),
i.e., there are functions f' : S — R,i = 1,...,1, such that for each x € S, you have f(x) =

FLx), ..., F'(x).
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Proposition 9.3.1 f is continuous atx € S (resp. f is continuous on S) if and only if each f!
is continuous at x (resp. if and only if each f' is continuous on S).

Theorem 9.3.1 Afunction f : S ¢ R" — R is continuous at a point x € S if and only if for
all open setV ¢ R' such that f (x) € V, there is an open set U ¢ R" such that x € U,
and f(z) e Vforallze Un S.

Proof. Suppose f is continuous at x, and V is an open setin R' containing f (x). Suppose,
by contradiction, that the theorem was false, so for any open set U containing x, there is'y €

U n Ssuchthat f(y) /e V.Letk € {1,2,3,...}, let Uy be the open ball with center x
and radius 1/k. Let y, € U,n S be such that f (yx) /€ V. The sequence {yy } is clearly well
defined, and since y, € Uy for all k, you have d(X, yx) < 1/k for each k, soy, = xask — oo,
Since T is continuous at x by hypothesis, you also have f (y,) = f(x) as k = oo. However f
(yx) /€ V for any k, and since V is open, V ¢ is closed, so f(x) = lim f(yx) € V¢ which
contradicts
f(x) € V.

~ Conversely, suppose that for each open set V containing f (x), there is an open set U con-
taining x such that f(y) € V forally € U n S. You will show that f is continuous at x. Let

E > 0 be given. Define V to be the open ball in R' with center f (x) and radius E.Then, there
exists an open set U containing x such that f(y) € V forally € U n S. Pickany 6 > 0

so that B(x, §) € U . Then, by construction, it is true thaty € S and d(x,y) < ¢ implies
f(y) € V,ie, thatd(f(x), f(y)) <E.Since E > Ois arbitrary, you have shown precisely that

T is continuous at X. ]

k—>co

As an immediate corollary, you have the following statement, which is usually abbreviated
as: “a function is continuous if and only if the inverse image of every open setis open.”

Corollary 9.3.1 Afunction f : S ¢ R" = R! is continuous on S if and only if for each open

setV c R!, there is an open setU c R" suchthat f~*(V) = U n Swhere (V) is
defined

by

f (V) =1{x € S|f(x) € V}

In particular, if S is anopen setin R", f is continuous on S if and only if £~1(V) is an open
setin R" for each open setV in R’

Finally, some observation. Note that continuity of a function f ata point x is alocal prop-
erty, i.e., it relates to the behaviour of ¥ near x. but tells you nothing about the behaviou of £
elsewhere. In particular, the continuity of f at x has no implicatioin even for the continuity of
T at points “close” to x. Indeed, it is easy to construct functions that are continuous at a given
point x, but that are discontinous at every neighbourhood of x. It is also important to note that,
in general, functions need not be continuous at even a single pointin their domain. Consider
f: R, = R, given by f(x) = 1,if x isarational number, and f(x) = 0, otherwise. This
function is discontinuous everywhere on Rx..

9.3.2 Differentiable and Continuously Differentiable Functions

Throughout this subsection, S will denote an open setin R"
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Definition 9.3.5 (Differentiability) A function f : S — R™ is said to be differentiable at a
point X € S if there exists an m X n matrix A such that for all E > 0, there is § > 0 such that
ye Sand x —y <¢implies

f(x) —f(y) —Ax —y) <Ex-y

Equivalently, T is differentiable atx € S if

\
“m( fy) - f0 -Aly-x _

y—X y—X

0

(The notation “y — x” is shorthand for “ for all sequences {yy} such that y, — x.”)

The matrix A in this case is called derivative of f at x and is denoted Df(x). Figure 9.1
provides a graphical illustration of the derivative. In keeping with standard practice, you shall,
in the sequel, denote Df(x) by f{(x) whenever n = m = 1, i.e., whenever S ¢ R and
f:S—R.

Figure 9.1: The Derivative

Remark 9.3.1 The definition of the derivative Df may be motivated as follows. An affine func-
tion from R" to R™ is a function g is of the form

a(y) = Ay +b,
where A is anm X n matrix,andb € R™. (When b = 0, thefunction g is called linear.)
Intuitively, the derivative of f at a point x € S is the best affine approximation to f atx, i.e.,
the best approximation of ¥ around the point x by an affine function g. Here, “best” means that
the ratio

\
Cty) - o)

y — X
goes to zero as y — X. Since the values of f and g must coincide at x (otherwise g would

be hardly be a good approximation to f at x), you must have g(x) = Ax + b = f(x), or
b = f(x) — Ax. Thus, you may write this approximating function g as

g(y) = Ay — Ax+T(x) = Ay — x) + f(x).

Given this value for g(y), the task of identifying the best affine approximation to f at x now
amounts to identifying a matrix A such that

\ \
Sﬂﬂ;%ﬂ_:(ﬂw—mw—mw¢m

y—X y—X
This is precisely the definition of the derivative you have given.

—>0asy—>x
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If T is differentiable at all points in S, then T is said to be differentiable on S. When f is
differentiable on S, the derivative Df itself forms a function from S to R™". If Df : S —

R™" js a continuous function, then f is said to be continuously differentiable on S, and you
write f is C1.

The following observations are immediate from the definitions. A functionf : S ¢ R" —
R™ is differentiable at x € S if and only if each of the m componet functions f' : S — R of f
is differentiable at x, in which case you have Df(x) = (DfY(x), ..., Df™(x)). Moreover, f is
C!on Sif and onlyif each f' isC* on S.

The difference between differentiability and continuous differentiability is non-trivial. The
following example shows that a function may be differentiable everywhere, but may still not be
continuously differentiable.

Example 9.3.3 Letf : R — R be given by

L

H0, if x=0
f(x) =
x*sin " L° if x /= 0.
For x /=0, you
have \
t _ . ( 1 \ 2 ( 1
f(x)—2xsm — —_Cc0S —
X2 X X2

Since |sin(-)| £ land|cos(")| < 1, but (2/x) = oo asx — 0, it is clear that the limit as x — 0
of f{(x) is not well defined. However, £(0) does exist! Indeed,

C \
£(0) = lim 1)~ T0O)

x—0 X —

\

) ) ( 1

=limxsin —
Xx—0 X2

Since | sin(1/x?)| < 1, you have |x sin(1/x?)| < |x], so x sin(1/x?) = 0 asx — 0. This means

f{(0) = 0. Thus, fisnot Cton R, .

This example notwithstanding, it is true that the derivative of everywhere differentiable
function ¥ must possess a minimal amount of continuity. This you shall see in the intermediate
value theorem later in this unit.

~ You shall close this subsection with a statement of two important properties of the derivative.
First, given two functions f : R" = R™ and g : R" = R™, define their sum (f + g) to be the

function fromR" to R™ whose value atany x € R" is f(x) + g(x).

Theorem 9.3.11f f : R" > R™ and g : R" = R™ are both differentiable ata point x € R",
sois (f + g) and, in fact,
D(f +g)(x) = Df(x) + Dg(x).

Proof. Obvious from the definition of differentiability. [ ]

Next, given functions ¥ : R" — R™ and h : R = R", define, their composition f ° h to
be the function from R¥ to R™ whose value at any x € RX is given by f(h(x)), that is, by the
value of T evaluated at h(x).
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Theorem 9.3.2 Letf : R" = R™ and h : RK = R". Letx € RX. If h is differentiable at x,
and T is differintiable at h(x), the T » h is itself differetiable at x, and its derivative may be
obtained throughout the “chain rule” as:

D(f « h)(x) = Df(h(x))Dh(x).

Proof. SeeRudin (1976, theorem 9.15, p.214). [ ]

Theorems 9.3.1 and 9.3.2 are only one-way implications. For instance, while the differen-
tiability of f and g at x implies the differentiability of (f + g) at x, (f + g) can be differentiable
everywhere (even C1) without f and g being differentiable anywhere. For an example, let
f : R = Rbegiven by f(x) = 1if x isrational, and f(x) = O otherwise, andletg : R = R
be given by g(x) = Oif x isrational, and g(x) = 1 otherwise. Then, f and g are discontinuous
everywhere, so are certainly not differentiable anywhere. However, (f +g)(x) = 1 for all x, so
(f +9)!(x) = 0atall x, meaning (f + g) is C*. Similarly, the differeintiability of f « h has no
implications for the differentiability of  at h(x) or the differentiability of h at x.

9.3.3 Partial Derivatives and Differentiability

Definition 9.3.6 Let f : S — R, where S ¢ R" isan open set. Let e; denote the vector in R"
thathas a 1 in the j — th place and zeros elsewhere (J = 1,...,n). Then the j — th partial
derivative of f is said to exist at a point X if there is a number df (x)/0x; such that

\
“m(f(x +e) = F(x) ~ _ of

t—0 t 3Xj

()

Among the more pleasant facts of life are the following:

Theorem 9.3.3Letf : S— R, where S ¢ R" is open.

1. If T is differentiable at x, then all partials 9f (x)/0x; exist atx, and
Df(x) = [0f(X)/0Xq,...,0F(X)/OXn]

2. If all the partials of (x)/0x; exist and are continuous at x, then Df(x) exists and
Df(x) = [0f(X)/0Xq,...,0F(X)/OX,]

3. fisClon Sif and only if all partial derivatives of f exist and are continuous on S.

Proof. See Rudin (1976, Theorem 9.21, p219). [ ]

Thus, to check if £ is C1, you only need figure out if (a) the partial derivatives exist on S,
and (b) if they are all continuous on S. On the other hand, the requirement that the partials not
only exist but be continuous at x is very important for the coincidence of the vector of partials
with DT (x). In the absence of this condition, all partials could exist at some point without the
function itself being differentiable at that point. Consider the following example:
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Example 9.3.4 Let f : R? = R be given by f(0,0) = 0, and for (x, y) /= (0, 0)

Xy
fxy) =—¢——.
Xs+y

You will show that f has all partial derivatives everywhere (including at (0, 0)), but that these
partials are not continuous at (0, 0). Then you have to show that f is differentiable at (0, 0).

= Solution. Since f(x, 0) = 0for any x /= 0, it isimmediate that for all x /= 0,

f(x,y) — f(x, 0) — lim X

—=1.
§—0 X2 _|_y2

of :
a—y(X, 0)=lim

Similarly, at all points of the form (0, y) fory /= 0, you have 0f(0, y)/0x = 1. However, note
that

:O,

o 0.0) = lim {* =00 _, 0-0
oX x—0 X

X—0 X

so 91 (0, 0)/ox exists at (0, 0), but is not the limit of 9F(0, y)/dx asy — 0. Similarly, you also
have 9f(0,0)/oy=0=1= !jgnoaf(x, 0)/oy.

Suppose T were differentiable at (0, 0). Then, the derivatives DT (0, 0) must conicide with
the vector of partials at (0, 0) so you must have DT (0, 0) = (0, 0). However, from the definition
of the derivative, you must also have

lim f(x,y) — (0,0) — Df(0,0) (x,Yy) ~0
(y)—(0,0) x,y) = (0,0)

but this is impossible if Df (0, 0) = 0. To see this, take any point (x, y) of the form (a, a) for
some a > 0, and note that every neighbourhood of (0, 0) contains at least one such point. Since

f(0,0) =0,Df(0,0) =(0,0),and (x,y) = x2+y?, it follows that
f(a,a) — £(0,0) — Df(0,0)-(a,a) _ a_z_ }
(a,a) — (0,0) az 2

so the limit of this fraction asa — O cannot be zero. &

Intuitively, the feature that drives this example is that in looking at the partial derivative of
T with respect to (say) x at a point (X, y), you are moving along only the line through (X, y)
parallel to the x-axis (see the line denoted I, in Figure 9.2). Similarly, the partial with derivative
with respect to y involves holding the x variable fixed, and moving only on the line through
(%, y) parallel to the y-axis (see the line denoted I, in Figure 9.2). On the other hand, in looking
at the derivative DT, both the x and y variables are allowed to vary simultaneously (for instance,
along the dotted curve in Figure 9.2).

Lastly, it is worth stressing that although a function must be continuous in order to be dif-
ferentiable (this is easy to see from the definitions), there is no implication in the other direction
whatsoever. Extreme examples exist of functions which are continuous on all of R, but fail to be
differentiable at even a single point. Such functions are by no means pathological; they play, for
instance, a central role in the study of Brownian motion in probability theory (with probability
one, a Brownian motion path is everywhere continuous and nowhere differentiable).
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Figure 9.2: Partial Derivatives and Differentiability

9.3.4 Directional Derivatives and Differentiability

Letf: S— R,where S ¢ R"is open. Let x beany point in S, andlet h € R". The directional
derivative of T at x in the direction h is defined as

(f(x +th) — f(x)\
lim

t—0+ t

when this limit exists, and is denoted Df(x; h). (The notation t = 0+ is shorthand for t > 0,
t—0.)

When the condition t — O+ is replaced with t — 0, you obtain what is sometimes called
the “two-sided directional derivative.” Observe that partial derivatives are a special case of two-

sided directional derivatives: when h = ¢; for some i, the two-sided directional derivative at X
is precisely the partial derivative o (x)/9x;.

In the privious subsection, it was pointed out that the existence of all partial derivatives at
a point x is not sufficient to ensure that T is differentiable at x. It is actually true that no even
the existence of all two-sided directional derivatives at x implies that T is differentiable at x.
However, the following relationship in the reverse direction is easy to show.

Theorem 9.3.4 Suppose T is differentiable at x € S. Then, for any h € R", the (one-sided)
directional derivative Df(x; h) of f at x in the direction h exists, and, in fact, you have
Df(x; h) = Df(x) - h.

An immediate corollary is

Corollary 9.3.2 If Df(x) exists, then Df(x; h) = — Df(x; — h).

Remark 9.3.2 What is the relationship between Df(x) and the two-sided directional deriva-
tive of f at x in an arbitrary direction h?

9.3.5 Higher Order Derivatives

Let ¥ be a function from S c R" to R, where S is an open set. Throughout this sub-

section, you will assume that f is differentiable on all of S, so that the derivative Df =
[0F/0X4,...,0F/0x%,] itself defines a function from S to R".

Suppose now that there is x € S such that the derivative Df is itself differentiable at x, i.e.,
such that for each i, the function 9f/9x; : S — R is differentiable at x. Denote the partial of
of 19x; in the direction ¢; at x by 92f (x)/ox; dxi, if i /= j, and 02F (x)/ox?, if i = j.
Then,
you say that f is twice-differentiable at x, with second derivative D?f(x), where
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[ [
o*f(x) ... 0*f(x)
E oX2 0X10%n
D?f(x) = E ,
o 2% (x) 2°f(x) -
OXn0X1 ox2

Once again, you shall follow standard practice and denote D?f(x) by f%(x) whenever n = 1
(e, if S c R).

If T is twice-differentiable at each x in S, you say that f is twice-differentiable on S. When
T is twice-differentiable on S, and for each i, j = 1,..., n the cross-partial 32f/axi3xj isa
continuous function from S to R, you say that T is twice continuously differentiable on S, and
you write f is C2.

When f is C?, the second-derivative D2, which is also called the matrix of cross-partials
(or the hessian of f at x), has the following useful property:

Theorem 9.3.5If f : D = R" is a C? function, D?f is a symmetric matrix, i.e., you have

o*f o°f

3Xi3Xj (X) - 3Xi3Xj (X)
foralli,j =1,...,nandforall x € D.
Proof. See Rudin (1976, Corollary to Theorem 9.41, p.236). [ ]

For an example where the symmetry of D?f fails because the fails to be continuous, see the
Tutor Marked Assignemts(TMAS).

The condition that the partials should be continuous for D?f to be a symmetric matrix can
be weakened a little. In particular, for

2f . 9f
3Xj3Xk(y) B 3Xk3Xj (y)

to hold, it suffices just that (a) the partials 9f /0x; and of /ox exist everywhere on D and
(b) that one of the cross-partials 9*f /9x;dx or 9°f /9x,dx; exist everywhere on D and be
continuous aty.

Still higher derivatives (third, fourth, etc.) may be defined for a function f : R" — R.

The underlying idea is simple: for instance, a function is thrice-differentiable at a point x if
all the component functions of its second-derivative D2f (i.e., if all the cross-partial functions
o*f /0x;0x;) are themselves differentiable at x; it is C 3 if all these component functions are
continuously differentiable, etc. On the other hand, the notation becomes quite complex unless
n=1(.e, f:R—R),andyou do not have any use in this book for derivatives beyond the
second, so you will not attempt formal definitions here.
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9.4 Quadratic Forms: Definite and Semidefinite Matrices

9.4.1 Quadratic Forms and Definiteness

Definition 9.4.1 A quadratic form on R" is a function g, on R" of the form

n
— i —
ga(X) = xX'Ax = aijXiXj
i,j=1

where A = (a;j) is any symmetric n X n matrix.

Since the quadratic form g, is completely specified by the matrix A, you henceforth refer to A
itself as the quadratic form. your interest in quadratic forms arises from the fact that if ¥ isaC?
function, and z is a point in the domain of f, then the matrix of second partials D?f (z) defines
a quadratic form (this follows from Theorem 9.3.5 on the symmetry property of D?f for a C2
function f).

Definition 9.4.2 A quadratic form A is said to be

1. positive definite if you have x*Ax > Ofor all x € R", x /= 0.
2. positive semidefinite if you have xX*Ax > Oforall x € R", x /=0.
3. negative definite if you have x!tAx < Oforall x € R",x /= 0.

4. negative semidefinite if you have x*Ax < Oforallx € R",x /=0

The terms “non-negative definite” and “nonpositive definite” are often used in place of “positive
semidefinite” and “negative semidefinite” respectively.

For instance, the quadratic form A defined by

_(1 0!

A_01

is positive definite, since for any x = (x1, Xo) € R?,you have X! Ax = X3 +x3, and this quantity
is positive whenever x /= 0. On the other hand, consider the quadratic form
|
A= ( 10
00

Forany x = (X1, X2) € R2, youhave x!Ax = x2, so x'Ax can be zero even if x /= 0. (For

example, x'Ax = 0ifx = (0,1).) Thus, A is not positive definite. On the other hand, it is
certainly true that you always have x!Ax = 0, so A Is positive semidefinite.

Observe that there exist matrices A which are neither positive semidefinite nor negative
semidefinite, and that do not, therefore, fit into any of the four categories you have identified.
Such matrices are called indefinite quadratic forms. As an example of an indefinite quadratic
formA, consider
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o1

10
For x = (1,1),x'Ax = 2> 0, s0 A is not negative semidefinite. Butfor x = (— 1, 1), x'Ax =

— 2 < 0, so A is positive semidefinite
either.

A=

Given a quadratic form A and any t € R, you have (tx)A(tx) = t>x'Ax, so the quadratic
form has the same sign along lines through the origin. Thus, in particular, A is positive definite

ﬁqesp._negative definite) if and only if it satisfies X*Ax > 0 (resp. xX'Ax < 0) for all x in
the unit sphere C = {u € R"| u = 1}. You will use this observation to show that if A is a

positive definite (or negative definite) n X n matrix, sois any other quadratic form B which is
sufficiently closeto A.

Theorem 9.4.1 Let A be a positive definite n X n matrix. Then there is y > 0 such that if B
is any symmetric n X n matrix with |bjx — ajx| < y forall j,k € {1,...,n}, thenB is
also

positive definite. A similar statement holds for negative definite matrices A.

Proof. You will make use of the Weierstrass Theorem, which will be proved later. The
Weierstrass Theorem states that if K ¢ R" is compact, and f : K — R is a continuous function,

then f has both maximum and minimum on K, i.e., there exist points k! and k* in K such that
f(k) > f(k) = f(k*)forallk € K.

Now, the unit sphere C is clearly compact, and the quadratic form A is continuous on this
set. Therefore, by the Weierstrass Theorem, there is z € C such that for any x € C, you have

2'Az < x'AX.

If A is positive definite, then z*Az must be strictly positive, so there must exists E > 0 such that
xtAx > E>Oforallx € C.

Define y = E/2n?> 0. Let B be any symmetric nxn matrix, which is suchthat [bjx — aji| <
yforall j,k =1,...,n. Thenforany x € C,

X'(B — A)x| = (bji — AKX Xk
jk=1

n
< bji — il X X«
k=1

< Y feen X
< yn?=E/2.

Therefore, for any x € C,

Xx'Bx = x'Ax+ x'(B— A)x = E— E2=E/2

so B is positive definite, and the desired resultzifsestablised. |
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A particular implication of this result, which you will use in the study of unconstrained
optimization problems, is the following:

Corollary 9.4.1 If f is a C? function such that at some pointx, D?f(x) is a positive definite
matrix, then there is a neighbourhood B(x, r) of x such that for ally € B(x, r), D?f(y) is also

a positive definite matrix. A similar statement holds if D?f(x) is instead, a negative definite
matrix.

Finally, it is important to point out that Theorem 9.4.1 is no longer true if “positive definite”
is replaced with “positive semidefinite.” Consider, as a counter example, the matrix A defined
by

|
A= ( 10
00

You have seen above that A is positive semidefinite (but not positive definite). Pick any y > 0.
Then, for E = y/2, the matrix

satisfies |aij — bij| < y for alli, j. However, B is not positive semidefinite: for x = (x1, x2), you

have X'Bx = x5 — ExZ, and this quantity can be negative (for instance, if x; = 0 and x, /= 0).
Thus, there is no neighbourhood of A such that all quadratic forms in that neighbourhood are

also positive semidefinite.

9.4.2 Identifying Definiteness and Semidefiniteness

From a practical standpoint, it is of interest to ask: what restrictions on the structure of A
are imposed by the requirement that A be a positive (or negative) definite quadratic from? The
answers to this questions is provided in this section. These results are, in fact, equivalence state-
ments; that is, quadratic forms possess the required definiteness or semidefiniteness property if
and only if they meet the condition outlined.

The first result deals with positive and negative definiteness. Given an n X n symmetric
matrix A, let A, denote the k X k submatrix of A that is obtained when only the first k rows and
columns are retained, i.e., let

[] [
= S E R = V1%
[
: .U
A1 Tt Akk

Ak:E

You will refer to A asthe k-th natural ordered principal minor of A.

Theorem 9.4.2 An n X n symmetric matrix A is

1. negative definite if and only if (— 1)¥|A| > Oforallk € {1,...,n}.
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2. positive definite if and only if |[Ax| > Oforallk € {1,...,n}.

Moreover, a positive semidefinite quadratic form A is positive definite if and onlyif |A| /=0
while a negative semidefinite quadratic form is negative definite if and only if |A| # O.

Proof. See Debreu (1952, Theorem 2, p.296). [ ]

A natural conjecture is that this theorem would continue to hold if the words “negative defi-
nite” and “positive definite” were replaced with “negative semidefinite” and “positive semidef-
inite,” respectively, provided the strict inequalities were replaced with weak ones. This conjec-
ture is false. Consider the following example.

Example 9.4.1 Let ( I ( I
A= 00 and B = 0 0
01 0 -1
| = |Az] = |B4| = [B2| = 0,
so if the conjecture were true, both A and B would pass the test for positive semldeflnlteness
as well as the test for negative semidefiniteness. However, for any x € R?, x'!Ax = x? and

X'Bx = — xZ. Therefore, A is positive semidefinite but not negative seimidefinite, while’B is
negative semidefinite, but not positive semidefinite.

Roughly speaking, the feature driving this counterexample is that, in both the matrices A
and B, the zero entries in all but the (2, 2)-place of the matrix make the determinants of order
1 and 2 both zero. In particular, no play is given to the sign of the entry in the (2, 2)-place,
which is positive in one case, and negative in the other. On the other hand, an examination
of the expression X' Ax and x'Bx reveals that in both cases, the sign of the quadratic form is
determined precisely by the sign of the (2, 2)-entry.

This problem points to the need to expand the set of submatrices that you are considering, if
you are to obtain an analog of Theorem 9.4.2 for positive and negative semidefiniteness. Let an
n X n symmetric matrix A be given, and let m = (..., 1m,) be a permutation of the integers
{1,...,n}. Denote by A™ the symmetric n X n matrix obtained by applying the permutation
to both the rows and columns of A :

arﬁ_ m faa aTT]_TTn

(Lo O

>

3

Il
O O

annn e annnn
1

Fork € {1,...,n}, let A7 denote the k X k symmetric submatrix of A” obtained by retaining
onlythe firstk rows and columns:

[]

@

aTE m o aTTlan

>
~3
Il
o R

am r o Ame
kIT1 KTk
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Finally, let I denote the set of all possible permutations of {1,...,n}

Theorem 9.4.3 A symmetric n X n matrix A is

1. positive semidefinite if and only if |A’|§| > Oforallk € {1,...,n} andforall m € .

2. negative semidefinite if and only if (— 1)"|Af| > Oforallk € {1,...,n} andfor all
me I

Proof. See Debreu (1952, Theorem 7, p298). [ ]

One final remark is important. The symmetry assumptions is crucial to the validity of these
results. If it fails, a matrix A might pass all the tests for (say) positive semidefiniteness without
actually being positive semidefinite. Here are two examples:

Example 9.4.2 Let ( I
A= 1 -3

0 1
Note that |A;| = 1, and |A;] = (1)(1) — (= 3)(0) = 1, so A passes the test for positive
definiteness. However, A is nota symmetric matrix, and is not, in fact, positive definite: you
have X! Ax = x4 + x5 — 3X1X2 which is negative for x = (1, 1).

Example 9.4.3 Let ( I
A= 01

00
There are only two possible permutations of the set {1,2}, namely, {1,2} itself, and {2, 1}.

This gives rise to four different submatrices, whose determinants you have to consider:
| ( |
a;; a a;; a
11 12 and 11 12

ady1], [A22], )
[a11], [az2] ax an ax am

You can easily check that the determinants of all four of these are non-negative, so A passes the
test for positive semidefiniteness. However, A is not positive semidefinite: you have x!Ax =
X1Xo, Which could be positive or negative.

9.5 Some Important Results

This section brings together some results of importance for the study of optimization theory.
These are, the separation theorems for convex sets in R", consequences of assuming continu-
ity and/or differentiability of real-valued functions defined on R" and two fundamental results
known asthe Inverse Function Theorem and the Implicit Function Theorem.
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9.5.1 Separation Theorems

Letp/=0beavector in R", andleta € R. The set H defined by

H={xe R"p-x=a}

is called a hyperplane in R", and will be denoted H(p, a).
A hyperplane in R?, for example, is simply a straight line: if p € R?anda € R, the

hyperplane H (p, a) is simply the set of points (X, X,) that satisfy p;X; + p>X, = a. Similary, a
hyperplane in R® is a plane.

A set D in R" is said to be bounded by a hyperplane H (p, a) if D lies entirely on one side
of H(p, a), i.e., if either

p-x<a, forall xe D
or
p-x=a, forall xe D

If D is bounded by H(p,a) and D n H(p,a) /= @, then H(p, a) is said to be a
supporting hyperplane for D.

Example 9.5.1 LetD = {(x,y) € Ri Xy = 1}. Letpbe the vector (1,1), and leta = 2. Then
the hyperplane )
H(p,a) = {(x,y) € RTlx+y =2}
bounds D :if xy = landx,y = O,then youmust have (x +y) = (X +x~1) > 2.In

fact,
H(p, @) is a supporting hyperplane for D since H(p, a) and D have the point (x,y) = (1,1) in
common.

Two sets D and E in R" are said to be separated by the hyperplane H(p, a) in R" if D and
E lie on opposite sides of H(p, a), i.e., if you have

p-y<a, forallye D
p-z>a, forall ye D

If D and E are separated by H(p, a) and one of the sets (say, £) consists of just a single point X,
you will indulge in a slight abuse of terminology and say that H(p, a) separates the set D and
the point x.

A final definition is required before you would state the main results of this section. Given
aset X ¢ R", the closure of X', denoted X , is defined to be the intersection of all closed sets
containing X, i.e., if

AX)={YCc R"|XC Y}

then N
X = Y.

Ye A(X)
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Intuitively, the closure of X is the “smallest” closed set that contains X . Since the arbitrary
intersection of closed sets is closed, X ' is closed for any set X ". Note that X * = X if and only
if X isitself closed.

The following results deal with the separation of convex sets by hyperplanes. They play a
significant role in the study of inequality-constrained optimization problems under convexity
restriction.

Theorem 9.5.1 Let D be anonempty convex setin R", and let x* be a pointin R" that is not in
D. Then, there is a hyperplane H (p, a) in R" with p /= 0 which separates D and x* . You may,
if

you desire choose p to also satisfy p = 1.

Proof. See Sundaram (1999, Theorem 1.67, p56) |

Theorem 9.5.2 Let D and E be convex sets in R" such thatD n E = @. Then, there exists a
hyperplane H(p, a) in R" which separates D and E. You may, if you desire, choose p to also

satisfy p = 1.
Proof. LetF = D + (= E), where, in obvious notation, — E is the set
{ye R"|—ye E}

Since D and E are convex sets, F is also convex. You can claimthat O /e F . Forif you had

0 € F, then there would exist points x € D andy € E such that x — y = 0. But this
implies
X =Yy,s0x € Dn E,which contradicts the assumptionthat D n E is empty. Therefore, 0 /€ F

By 9.5.1, there exists p € R" such that
p-0<p-z, ze F.

This is the same thing as
py<p-x, xeD, yeE

It followsthat supp -y < in,'; p-x. If a€ {sup,cep-y, infxepp-x}, the hyperplane H(p, a)
Xe

yeE
separates D and E.

That p can also be chosen to satisfy p = lisestablished in the sameway asin9.5.1 m

9.5.2 Thelntermediate and Mean Value Theorems

The Intermediate Value Theorem asserts that a continuous real function on an interval assumes
all intermediate values on the interval. Figure 9.3 illustrates the result.

Figure 9.3:

Theorem 9.5.3 (Intermediate Value Theorem) Let D = [a, bﬂ be an interval in R and let
f : D — R be continuous function. If f(a) < f(b), and if c is a real number such that
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f(a) < c < f(b), then there exists x € (a, b) such that f(x) = c. A similar statement holds if
f(a) > f(b).
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Proof. See Rudin (1976, Theorem 4.23, p.93). [ ]

Remark 9.5.1 It might appear at first glance that the intermediate value property actually char-
acterizes continuous functions is and only if for any two points x; < X, and for any real number
c lying between f(x;) and f(x2), there isx € (X1, X2) such that f(x) = c. The Intermediate
Value Theorem shows that the “only if”” part is true. You can show that the converse, namely
the “if” part, is actually false.

You have seen in Example 9.3.3 that a function may be differentiable everywhere, but may
fail to be continuously differentiable. The following result (which may be regarded as an In-
termediate Value Theorem for the derivative) states, however, that the derivative must still have
some minimal continuity properties, viz., that the derivative must assume all intermediate val-
ues. In particular, it shows thatthe derivative f! of an everywhere differentiable function f
cannot have jump discontinuities.

Theorem 9.5.4 (Intermediate Value Theorem for the Derivative) Let D = [a, b] be an interval
in R, and let f : D — R be a function that is differentiable everywhere on D. If f{(a) < fi(b),

and if ¢ is a real number such that f{(a) < ¢ < f{(b), then there is a point x € (a, b) such that
fi{(x) = c. Asimilar statement holds if f{(a) > fi(b).

Proof. See Rudin (1976, Theorem 5.12, p.108) [ ]

It is very important to emphasize that Theorem 9.5.4 does not assume that f is a C?! func-
tion. Indeed, if  were C?, the result would be a trivial consequence of the Intermediate Value
Theorem, since the derivative ¢ would then be a continuous function on D.

The next result, the Mean Value Theorem, provides another property that the derivative must
satisfy. A graphical representation of this result is provided in Figure 9.4. As with theorem
9.5.4, it is assumed only that T is everywhere differentiable on its domain D, and not that it is
cL

Figure 9.4:

Theorem 9.5.5 (Mean Value Theorem) Let D = [a,b]be aninterval inR,andletf : D — R
be a continuous function. Suppose T is differentiable on (a, b). Then there exists x € (a, b) such
that

f(b) — f(a) = (b — a)f'(x).

Proof. See Rudin (1976, Theorem 5.10, p.108) [ ]

The following generalizatioin of the Mean Value Theorem is known as the Taylor’s Theo-
rem. It may be regarded as showing that a many-times differentiable function can be approx-
imated by a polynomial. The notation f ®(z) is used in the statement of Taylor's Theorem
to denote the k-th derivative of f evaluated at the point z. When k = 0. f®(x) should be
interpreted simply as f(x).

Theorem 9.5.6 Taylor’s Theorem Letf : D — R bea C™ function, where D is an open
interval in R, and m > 0is a non-negative integer. Suppose also that f (M*1)(z) exists for every
pointz € D. Then, for any x,y € D, thereisz € (x, y) such that
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\
" Cerpgry xS Ry —x)m
f(y) = 5 + ,
. (m + 1)!
Proof. See Rudin (1976, Theorem 5.15, p.110) [ ]

Each of the results you have stated in this subsection, with the obvious exception of the
Intermediate Value Theorem for the Derivative, also has an n-dimensional version. These ver-
sions you will state here, deriving their proofs as consequences of the corresponding result in
R.

Theorem 9.5.7 (The Intermediate Value Theorem in R") Let D ¢ R" be a convex set, and let
f : D — R be continuous on D. Suppose that a and b are points in D such that f(a) < f (b).
Then for any c such that f(a) < ¢ < f(b), there isA e (0, 1) such that £((1 — A)a + Ab) =c.

Proof. You could derive this result as a consequence of the intermediate Value Theorem in
R.Let g : [0, 1] = R bedefined by g(A) = f((1 — A)a+Ab),A € [0, 1]. Since T is a continuous
function, g is evidently continuuous on [0, 1]. Moreover, g(0) = f(a) and g(1) = f(b), so
g(0) < ¢ < g(1). By the Intermediate Value Theorem in R, there exists A e (0, 1) such that
g(/\) = c. Since g(/\) (1 - A)a + Ab) you are done with the proof. ]

An n-dimensional version of the Mean Value Theorem is similarly established:

Theorem 9.5.8 (The Mean Value Theorem in R") LetD € R" be open and convex, and let
f : S — R be a function that is differentiable everywhere on D. Then, for any a, b € D, there
isA € (0, 1) such that

f(b) — f(a) = DF((L — A)a+Ab) - (b — a).
Proof.  For notational ease, let z(A) = (1 — A)a + Ab. Define g : [0,1] = R by
g(A) = f(z(A)) for A € [0, 1]. Note that g(0) = f(a) and g(1) = f(b). Since T is every-
where differentiable by hypothesis, it follows that g is differentiable at all A € [0, 1], and in

fact, g‘'(A) = Df (z(A)) - (b — a). By the Mean Value Theorem for functions of one variable,
therefore, there is A' € (0, 1) such that

9(1) — 9(0) = g'(A)(L — 0) = g'(A).
Substituting for g in terms of T, this is precisely the statement that ¥
(b) — f(a) = DFf(z(A)) - (b — a).

You have proved the theorem. [ ]

Finally, is the Taylor’'s Theorem in R". A complete statement of this result requires some
new notation, and is also irrelevant for the remainder of this book. So you are confined to stating
two special casesthat are useful for your purposes.

Theorem 9.5.9 (Taylor’s Theorem in R") Let f : D — R, where D is an open setin R". If f
is Cton D, then it is the case that for any x,y € D, you have

f(y) = £(x) + DEF()(y — x) + Ru(x,y),
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where the remainder term R4(X, y) has the property that
(R \
I|m 1(X, y)
y=>x  X—Yy

=0.
If f is C?, this statement can be strengthened to

f(y) = f(x) + DEF(X)(y — x) + ;(y = xf DFI(Y — X) +Ra(x, y).

where the remainder term Ry (X, y) has the property that

\
o CRaey)

yox X —y ? 0
Proof. Fixany x € D, and define the function F(-) on D by
F(y) =f(x) + Df(x) - (y — x).
Let h(y) = f(y) — F(y). Since f and F are C!, so is h. Note that h(x) = Dh(x) = 0. The
first-part of the theorem will be proved if you show that

_hG) —SQ0asy—x,
y— X
or, equivalently, if you show that for any E > 0, there is § > 0 such that

y—x <0 implies |h(y)| <Ex—-vy.

So letE > 0 be given. By the continuity of h and Dh, there is 6 > 0 such that
ly — x| < 6 implies|h(y)| < Eand Dh(y) <E

Fix any y satisfying |y — x| < 8. Define afunction g on [0, 1] by

g(t) = h[(1 — t)x+ ty].
Then g(0) = h(x) = 0. Moreover, gis C* with gi(t) = Dh[(1 — t)x + ty](y — X).

Now note that [(1 — t)x +ty — x| = t|(y — x)| < dforall t € [0, 1], since [x — y| <
0. Therefore, Dh[(1 — t)x + ty] < Eforallt € [0, 1], and it follows that |gf(t)] < Ey — X
forall t € [0, 1].

By Taylor's Theoremin R, thereist* € (0, 1) suchthat
9(1) = g(0) + ¢'(t" )1 — 0) = g'(t"
).

Therefore, -
Ih(y)| = [g(1)| = [g'(t" )| < E|ly — x].

Since y was an arbitrary point satisfying |y — x| < 6, the first part of the theorem is proved.

You can establish the second part analogously. ]
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9.5.3 Thelnverse and Implicit Function Theorems

Here, you will state two results of much importance especially for “comparative statics” exer-
cises. The second of these results (The Implicit Function Theorem) also plays a central role in
proving Lagrange’s Theorem on the first-order conditions for equality-constrained optimization
problems. Some new terminology is, unfortunately, required first.

Given a function f : A — B, you will say that the function ¥ maps A onto B, if for every
b € B, thereis some a € A suchthat f(a) = b. You will say that  is a one-to-one function if
forany b € B, there is atmost onea € A suchthat f(a) = b.If f : A — B is both one-to-one
and onto, then it is easy to see that there is a (unique) function g : B — A such that f (g(b)) = b
forallb € B. (Note that you also have g(f(a)) = aforall a € A.) The function g is called the
inverse function of f.

Theorem 9.5.10 (Inverse Function Theorem) Let f : S — R" be a C! function, where S c
R" is open. Suppose there is a pointy € S such thatn X n matrix Df(y) is invertible. Let
x = f(y). Then:

1. There are open sets U and V in R" such thatx € U,y € V,f is one-to-one onV, and
f(v)=U.

2. The inverse function g : U — V of f isC! function on U, whose derivative at any point
X € U satisfies

Dg(X) = (Df(¥))"*, where f(7) = x

Proof. See Rudin (1976, Theorem 9.24, p.221). [ ]

Turning to the Implicit Function Theorem, the question this result addresses may be moti-
vated by a simple example. LetS = R?,, andletf : S — R be defined by f(x, y) = xy. Pick
any point(x,y) € S, and consider the “level set”

C(x,y)={(xy) € SIf(x,y) =f(X,y)}.
If you now define the function h : R.. — R by h(y) = (X, y)/y, you have
f(h(y).y) = f(X,y)m y € R...
Thus, the values of the x-variable on the level set C(x, y) can be represented explicitly in terms

of the values of the y-variable on this set, through the function h.

In general, an exact form for the original function f may not be specified-for instance, you
may only know that f is an increasing C ! function on R?-so you may not be able to solve for
h explicitly. The question arises whether at least an implicit representation of the function h
would exist in such a case.

The Implicit Function Theorem stuQies this problem in a general setting. That is it looks at
sets of functions f fromS ¢ R™ to R*, where m > k, and asks when the values of some of
the variable in the domain can be represented in terms of the others, on a given level set. Under
very general conditions, it proves that at least a local representatioin is possible.
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The statement of the theorem requires a little more notation. Given integersm > 1 and
n > 1, leta typical pointin R™" be denoted by (X, y), where x € R™ andy € R". Fora
C! function F mapping some subset of R™*" into R", let DF (X, y) denote that portion of the
derivative matrix DF (X, y) corresponding to the last n variables. Note that DF, (x, y) is an
n X n matrix. DF«(X, y) is defined similarly.

Theorem 9.5.11 Implicit Function Theorem LetF : S ¢ R™" — R" be a C? function,

where S is open. Let (x*, y*) be a point in S such that DF, (x*, y*) is invertible, and
let F (x*,y*) = c. Then, there is a neighbourhood U ¢ R™ of x* and a C?* function g : U

— R"such that (i) (x, g(x)) € Sforall x € U, (ii) g(x*) = y*, and (iii) F (x, g(x)) = cfor
all x € U. The derivative of g atany x € U may be obtained from the chain rule:

Dg(x) = (DFy (x, y))™* - DFx(x, )

Proof. See Rudin (1976, Theorem 9.28, p.224) [ ]

9.6 Conclusion

In this unit, you have considered some basic concepts as regards to function in R", namely,
continuity, differentiable and continuous differentiable functions, Partial derivatives and Differ-
entiability, Directional Derivative and Differentiability and Higher Order Derivatives. You also
considered Quadratic forms, definite and semidefinite matrices ans some useful results, namely
Separation Theorems, The intermediate and Mean value theorem and the inverse and implicit
function theorems. All these are great tools which you will use in optimization theory in R".

9.7 Summary

Having read through this unit, you are able to

(i) Define Continuous functions, differentiable and continuous differentiable functions, Par-
tial derivatives and Differentiability, Directional derivatives and Differentiability and Higher
Order Derivatives.

(i) Define Quadratic forms and definiteness.
(i) Identity Definiteness and Semidefiniteness.

(iv) State and Use the Separation Theorems, the Intermediate and Mean Value Theorems, and
the Inverse and Implicit Function theorems.

9.8 Tutor Marked Assignments
Exercise 9.8.1
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1. Letf : R" = R becontinuous ata pointp € R". Assume f(p) > 0. Which of the
following statements is correct?

(a) ForallopenballB c R" suchthat p € B, andforall x € B, you have f(x) > 0.

(b) There is anopen ball B ¢ R" such thatp € B, and for all x € B, you have

f(x) > 0.

(c) Forall open ball B ¢ R" such thatp € B, and there exists x € B, for which
f(x) <O.

(d) There is anopen ball B ¢ R" such thatp € B, and for all x € B, you have
f(x) <O.

2. Suppose f : R" — R is continuous function. Then the set
{x € R"|f(x) =0}
is
(a) aclosed set
(b) an open set

(c) both open and closed
(d) none of the above.

3. Letf : R = R be defined by

1 ifosx<1
f(x) =
0 otherwise.

Find an open set O such that f~1(O) is not open and find a closed set C such that £ ~1(C)
is not closed.

4. Give an example of afunction ¥ : R — R which is continuous at exactly two points (say,
at 0 and 1), or show that no such function can exists.

5. Show that it is possible for two function f : R = R and g : R — R to be continuous, but
for their product T - g to be continuous. What about their composition f © g?

6. Letf : R = R be afunction which satisfies
f(x +y) =Ff(x)f(y) forall x,y € R.

Show that if f is continuous at x = 0, then it is continuous at every point of R. Also show
that if T vanishes at a single point of R, then T vanishes at every point of R.

7. Letf : R, = R be defined by

L

-0, X
f(x) =
xsin(1/x), x/=0

Il
o

Show that f is continuous at O.
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8.

10.

11.

12.

Let D be the unitsquare [0, 1] X [0, 1] in R2. For (s, t) € D, let f(s,t) be defined by
f(s,0) =0, forall se [0,1],

and fort> 0,

[ ( |
2s t
(1 -
:T SE O,2
=
= ( |

fen= ,_ 2 (4
m 2
ErO s e (t 1]

(Drawing a picture of T for a fixed t will help). Show that f is a separately continuous
function, i.e., for each fixed value of t,  is continuous as a function of s, and for each
fixed value of s, T is continuous in t. Show also that f is not jointly continuous in s and
t, i.e., show that there exists a point (s,t) € D and a sequence (sn, t,) in D converging
to (s, t) such that lim,—, f(sy, t,) /= f(s,t).

. Letf : R = R be defined as

L

HX If x isirrational
F() =
1—- x if xisrational

At what point x € R is f continuous?

@x=0
(b) x =1
© x=3%

(d) x =X%p, X € R
Letf : R™ > Rand g : R = R be continuous functions. Define h : R" = R by

h(x) = g[f (x)]. Show that h is continuous. Is it possible for h to be continuous even if f
and g are not?

Show that if a function f : R = R satisfies
[f(x) — f(Y)| < M(x— y|)?

for some fixed M > O and a > 1, then T is a constant function, i.e., f(x) is identically
equal to some real number batall x € R.

Letf : R? = R be defined by (0, 0) = 0, and for (x, y) /= (0, 0),

Xy

f(x,y) = X—_Z_yz_

Show that the two-sided directional derivative of f evaluated at (x, y) = (0, 0) exists in
all directions h € R?, but that f is not differentiable at (0, 0).
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13.

14.

15.

16.

17.

18.

19.

Letf : R? = R be defined by (0, 0) = Oand for (x, y) /= (0, 0)

xy(x* — y?)

oY) =5y

Show that the cross-partials 92f (x, y)/dxay and 8%f(x, y)/dyox exist atall (x, y) € R?,

but that these partials are not continuous at (0, 0). Show also that

o*f (0,00 o°f
IXdYy /= dyox

(0, 0).

Show that an n X n symmetric matrix A is apositive definite matrix if and onlyif — A'is
anegative definite matrix. (— A referes to the matrix whose (i, j)-th entry is — &;;.)

Prove the following statements or provide a counterexample to show it is false: If A isa
positive definite matrix, then A~* is anegative definite matrix.

Give an example of matrices A and B which are each negative semidefinite but not nega-
tive definite, and which are such that A + B is negative definite.

Is it possible for a symmetric matrix A to be simultaneously negative semidefinite and
positive semidefinite? If yes, give an example. If not, provide a proof.

Examine the definiteness or semidefiniteness of the following quadratic forms:

U U U U
001 1 2 3
A=U010Y A=0U24 6l
100 360

U U ] U
101 -1 2 -1

A=10100 A=l 2 -4 2°C
101 -1 2 -1

Find the hessians D?f of each of the following functions. Evaluate the hessians at the
specified points, and examine if the hessian is positive definite, negative definite, positive
semidefinite, negative semidefinite, or indefinite.

(@ f:RZ2R, f(x) =x3+ «/72' atx = (1,1)

(b) f:RZ—=R, f(x) = (x1x2)?, at an arbitrary point x € R? ..

(c) f:RZ—>R, f(x) = (yxz)z, at an arbitrary point x € R2, .

d) f:RE >R, f(x) =" x; + “/x2 + " X3, atx = (2,2,2)

(e) f :RE—=R,f(X) = " X1XoX3, atx =(2,2,2).

() f i RE=R, F(X) = XyXo + XoX3 + X3Xq, atx = (1,1,1).

(@) f:R3 >R, f(x) = ax, +bx,+cx; for some constants a, b,c € R, atx = (2, 2, 2).
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OPTIMIZATION IN RN

10.1 Introduction

This unit constitutes the starting point of your investigation into optimization theory. You will
first be introduced to the notation that you will use to represent abstract optimization problems
and their solutions and afterwards, address the chief question of interest that will be examined

over the book.

10.2 Objectives

At the end of this unit, you should be able to;

(i) Define an optimization problem.

(i) Give the two types of optimization problems.

(iii) identify a set of conditions of f and D underwhich the existence of solutions of optimiza-
tion problems is guaranteed.

10.3 Main Content

10.3.1 Optimization problemsin R"

Definition 10.3.1 An optimization problem in R", or simply an optimization problem, is one
when the values of a given function ¥ : R" — R are to be maximized or minimized over a given

setD c R". The function f iscalled the objective function, and the set D the contraint set.
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Notationally, you will represent these problems by

Maximizef(x) subjectto x € D

and

Minimzef (x) subjectto x € D
respectively. Alternatively, and more compactly, you could also write

max{f(x)|x € D},

and

min{f(x)|x € D}.
Problems of the first sort are termed maximization problems and those of the second sort are
called minimization problems.

Definition 10.3.2 (Solution of an Optimization Problem) A solution to the problem max{f (x)|x €
D} isapoint x in D such that

f(x) > f(y) forall ye D

You will say that f attains a maximum on D at X, and also refer to x as a maximizer of f on D.
Similarly, a solution to the problem min{f (x)|x € D} is apoint z in D such that

f(z) < f(y) forall ye D.

You will say in this case that f attains a minimum on D at z, and also refer to z as a minimizer
of f on D.

Definition 10.3.3 (Set of Attainable Values) The set of attainable values of ¥ on D, denoted
(D), is defined by

f(D) = {w € R| thereis x € D suchthat f(x) =w}.

You will also refer to f (D) as the image of D under f. Observe that  attains a maximum on D
(at some x) if and only if the set of real numbers f (D) has a well defined maximum, while f
attains a minimum on D (at some z) if and only if f(D) has a well-defined minimum. (This is
simply a restatement of the definitions).

The following simple examples reveal two important points: first, that in a given maximiza-
tion problem, a solution may fail to exist (that is, the problem may have no solution at all),
and secondly, that even if a solution does exist, it need not necessarily be unique (that is, there
could exist more than one solution). Similar statements obviously also hold for minimization
problems.
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Example 10.3.1 LetD = R, and f(x) = x forx € D. Then, f(D) = R, and sup f(D) =
+00, so the problem max{f(x)|x € D} hasno solution.

Example 10.3.2 Let D = [0, 1] and let f(x) = x(1 — x) for x € D. Then, the problem of
maximizing T on D has exactly one solution, namely the point x = 1/2.

Example 10.3.3 LetD =[-1, 1] and f(x) = x? for x € D. The problem of maximizing f on
D now has two solutions: x = —1and x = 1.

Thus in the sequel, you will not talk of the solution of a given optimization problem, but
of a set of solutions of the problem, with the understanding that this set could, in general, be
empty. The set of all maximizers of f on D will be denoted arg max{f(x)|x € D} :

argmax{f(x)|x € D} ={x € D|f(x) = f(y) forall y €
D}.

The set, argmin{f(x)|x € D} of minimizers of f on D is defined analogously. This section
shall be closed with two elementary, but important, observations, which is stated in form of

theorems for ease of future reference. The first shows that every maximization problem may be
represented as a minimzation problem, and vice versa. The second identifies a transformation
of the optimization problem under which the solution set remains unaffected.

Theorem 10.3.1 Let — T denote the function whose value at any x is — f(x). Then x is a maxi-
mum of £ on D if and only if x is @ minimum of —f on D and z is a minimizer of f on D if and
only if z is maximum of — f on D.

Proof. The point x maximizes ¥ over D if and only if f(x) > f(y) forally € D, while
x minimizes — f over D if and only if —f(x) < —f(y) forally € D. Since f(x) > f(y)
is the same as —f(x) < — T (y), the first part of the theorem is proved. The second part of
the theorem follows fromthe first simply by noting that — (— ) = f. ™

Theorem 10.3.2 Let ¢ : R — R be a strictly increasing function, that is, a function such that

x >y implies ¢(x) > ¢(y).

Then x is a maximum of f on D if and only if x is also a maximum of the composition ¢ ° f on
D; and z is a minimum of f on D, if and only if z is also a minimum of ¢ « f on D.

Remark 10.3.1 As will be evident from the proof, it suffices that ¢ be a strictly increasing
function on just the set f(D), i.e., that ¢ only satisfy ¢(z;) > ¢(z,) for all z;, z, € F(D) with

Z1 > Z5.

Proof. You are dealing with the maximization problem here; the minimization problem is
easily deduced using Theorem 10.3.1. Suppose first that x maximizes f over D. Pick any

y € D. Then f(x) = f(y), and since ¢ is strictly increasing, ¢(f (x)) = @(f (y)). Sincey €
D was arbitrary, this inequality holds for all y € D, which states precisely that x is a maximum
of ¢ - fonD.

Now suppose that x maximizes ¢ ° f on D, so ¢(f(x)) = ¢(f(y)) forally € D. If x did
not also maximize ¥ on D, there would exist y* € D such that f(y*) > f(x). Since ¢ is
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strictly increasing function, it follows that ¢(f(y* )) > ¢(f(x)), so x does not maximize ¢ ¢« f
over D, a contradiction, completing the proof. ]

10.3.2 Types of Optimization problem

In general, There are two types of optimization problem, namely;

1. Unconstrained Optimization problem and

2. Constrained optimization problem.

Unconstrained Optimization problem.

An Optimization problem is called unconstrained if it is of the form

in f
i £
or
min(or max) f(x)
Subject to: x€ D
where X = (X1, ...,X,) € R", f:D c R" — R, and D is an open setin R"

Constrained Optimization Problem
An optimization problem is called constrained if it is of the form
min(or max) f(x)
Subject to: g(x)=20i1i=1...,m
hix)=0, i=1,...,1

xe D

where f : D ¢ R" — R s called the Objective function, g1,...,9m, hy,...,hy:D ¢ R" >R
are the constraint functions.

Letg = (91,...,9m) : R" = R™ andh = (h,...,h) : R" = R', then you can rewrite
the constrained problem asfollows
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min(or max) f(x)

Subject to: gx)= 0

h(x) =0
xe D

A detail study of each of the above problems is seen in the next two units.

10.3.3 The Objectives of Optimization Theory
Optimization theory has two main objectives.

1. Thefirst is to identify a set of conditions on f and D underwhich the existence of solutions
to optimization problemsis guaranteed.

2. Second objective lies in obtaining a characterization of the set of optimal points. Broad
categories of questions of interest here include the following:

(a) The identification of conditions that every solution to an optimization problem must
satisfy, that is, of conditions that are necessary for an optimum point.

(b) The identification of conditions such that any point that meets these conditions is a
solution, thatis, of conditions that are sufficient to identify a point as being optimal.

(c) The identification of conditions that ensure only a single solution exists to a given
optimization problem, that is, of condition that guarantee uniqueness of solutions.

10.4 Existence of Solutions: The Weierstrass Theorem

You will begin the study of optimization with the fundamental question of existence: under what
conditions on the objective function f and the constraint set D are you guaranteed that solutions

will always exist in optimization problems of the form max{f (x)|x € D} or min{f (X)|x €
D}? Equivalently, under what conditions on f and D is it the case that the set of attainable
values (D) contains it supremum and/or infimum?. The answer to these questions is given

in this section. You will be introduced to two main theorems that gaurantees the existence
of solution of an optimization problem. But before that, the following definitions are very
important.

Definition 10.4.1 Letf : D ¢ R" — R and let {x,} be a sequence of elements in D. {x,} is
called a minimizing sequence of f in D if

lim f(x,) = inf f(x)
n—>+oo xe D
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Similarly {x,} would be called a maximizing sequence of f in D if

rlﬂrpoof(xn) = sup (x).

xe D

Proposition 10.4.1If D is a non-empty subset of R", then there exists a minimizing (resp.
maximizing) sequence {x,} of f in D.

10.4.1 The Weierstrass Theorem

The following result, a powerful theorem credited to the mathematician Karl Weierstrass, is the
main result that answers the questions on existence.

Theorem 10.4.1 (The Weierstrass Theorem) Let D ¢ R" be compact (i.e., closed and bounded),
and let f : D — R be a continuous function on D. Then f attains a maximum and a minimum
on D, i.e., there exists points z; and z, on D such that

f(z)) =2 f(X) = f(z), xe D
Or you can write;
f(z,) = max f(x) and f(z,) = min f(x)
xe D xe D

~ Proof. The theorem is proved for minimization problem, analogous proof for the maxi-
mization problem is readily deduced using Theorem 10.3.1. To proceed, Let, {x,} be a mini-

mizing sequence of f in D. Since D is bounded, by Bolzano-Weierstrass theorem, {x,} has a
subsequence {xn, } which converges to some point z; € R". Since D is closed, you have that

z; € D. Using the continuity of f at zy, it follows that
kIim f(Xn) = f(z1) (10.1)
On the other hand, since {f(xn, )} is a subsequence of {f(xn)}, you have
kEToof(X”k) = )|(r€1fo(x) (10.2)
Using (10.1) and 10.2 and the uniqueness of limit, it follows that
f(zy) = X|£17Jf(x) = Xmelgf(x)
So z, isaglobal minimum of f in D. -

It is of the utmost importance to realize that the Weierstrass Theorem only provides sufficient
conditions for the existence of optima. The theorem has nothing to say about what happens if
these conditions are not met, and, indeed, in general, nothing can be said, as the following
examples illustrate.

Example 10.4.1 Let D = R, and f(x) = x® for all x € R. The f is continuous but D is
not compact (it is closed, but not bounded). Since (D) = R, f evidently attains neither a
maximum nor a minimum on D.
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Example 10.4.2 LetD = (0,1) and f(x) = x for all x € (0, 1). Then f is continuous, but D
again noncompact (this time it is bounded, but not closed). The set f (D) is the open interval
(0, 1), so, once again, f attains neither a maximum nor a minimum on D.

Example 10.4.3 LetD = [—1, 1], and let f be given by

(0 if x=-1 =1
f = if x= or X =

x, if —1l<x<1

Then D is compact but f fails to be continuous at just the two points -1 and 1. In this case, T (D)
is the open interval (— 1, 1); consequently, T fails to attain either a maximum or a minimum on
D.

Example 10.4.4LetD = R,., andletf : D — R be defined by
C

1, if xisrational
f(x) = .
0, otherwise

Then D is not compact (it is neither closed nor bounded), and f is discontinuous at every single
pointin R (it “chatters” back and forth between the values O and 1). Nonetheless, T attains a
maximum (at every rational number) and a minimum (at every irrational number).

To restate the point: if the conditions of the Weierstrass Theorem are met, a maximum and a
minimum are guaranteed to exist, On the other hand, if one or more of the theorem’s conditions
fails, maxima and minima may or may not exist, depending on the specific structure of the
problem in question.

Next is the second theorem of existence. But before that, here is an important definition and
some propostions that will help you to prove it.

Definition 10.4.2 Let f : R" — R be areal valued function. f is said to be coercive if

lim f(x) = +oo
I/xl/—>+oc0

Examples

(a) Letf(x,y) =x2+y?= x 2.Then

. . 2
lim f(x) = lim X "=
I/xl/—0 I/xl/—0

Thus f(x, y) is coercive
(b) Letf(x,y) = x*+ x* — 3xy. Note that

3xy

A
f(x, y) = (X" +y7) 1_)(4—+y4

If x islarge, then 3xy/(x* + y*) is very small. Hence

lim f(x,y)= lim ' +y)1-0)=+o
(xy)l/—00 Vx,y)l/—o0
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(c) Letf(x,y,z) = e + e +¢e?° — x100— y100_ 7100 then hecause exponential growth is
much faster than the growth of any polynomial, it follows that

lim f(x,y,z) =
(xy,z)l/— ( y )

Thus f(x, y, z) is coercive.
(d) Linear functions on R? ar never coercive. Such functions can be expressed as follows:
f(x,y) =ax+by+c

where either a /= 0 orb /= 0. To see that (X, y) is not coercive, simply observe f(x, y)

is constrantly equal to ¢ on the line
ax+hby =0.

Since this line is unbounded on this line, the function (X, y) is not coercive.

(e) If f(x,y,2) =x*+y*+2%— 3xyz — x2 — y? — 72, then as

x v,z = x2+y2+22—)oo
the higher degree terms dominate and force

lim f(x,vy,z) = .
(xy,z)l/— ( y )

Thus f(x, y, z) is coercive. The following example helps us avoid some misleadings.
(f) Letf(x,y) = x2 — 2xy + y2. Then

(i) for eachfixed yjo, you have |Iilm f(x, y) = .

—>00

(i) for eachfixed Xo, you have lim = °;

ly|—>o0

(i) but f(x, y) is not coercive.

Properties (i) and (ii) above are more or less clear because in each case the quadratic term
dominates. For example, in case (i), you have for a fixed yj.

(X, yo) = x* = xyo + yoz_
This function of x is a parabola that opens upward. Therefore

lim f(X, yp) = 0.

Ix|—>e0
To seethat (X, y) is not coercive, factor to learn
f(xy) =x* — 2xy +y? = (x — y)~.

Therefore if (X, y) goesto coontheline y = +x, you will seethat f(x, y) = (x— X)? =
0 and hence f(x, y) = 0on the unbounded liney = x. Therefore,

lim  f(x, = oo
Vxy)l/— ¥/

so f(X, y) is not coercive.
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The point of this last example is very important. For f(x) to be coercive, it is not sufficient
that f(x? — 00 as each coordinate tends to oo. Rather f(X) must become infinite along any

path for which x becomes infinite.

The reason why coercive functions are important in optimization theory is seen in the next
theorem stated shortly.

Proposition 10.4.2 Let D be anonempty close subsetof R". If f is coercive and continuous on
some open set containing D, then

1. the function f is bounded below (resp. bounded above) on D.

2. any minimizing (resp. maximizing) sequence of f in D is bounded.

Proof. The proof is given for minimization problem.

1. Suppose that T is not bounded below on D. Then for all n € N, there exists x, € D such
that f(x,) < — n. So you get a sequence {x,} in D satisfying:
f(x,) <—n, forall ne N. (10.3)

This sequence must be bounded because of the coercivity of f, otherwise it has a subse-
guence {Xn, } such that

lim x, = +oo.

k—o0

Since T is coercive, you have

lim F(Xn) = +0.

k—>+o00
But from (10.3), it follows that
Jim f(xy,) = — 00
and this is a contradiction by the uniqueness of limit. Therefore {x,} is bounded. So by
Bolzano-Weierstrass, there exists a subsequence {x,, } of {x,} that converges to some
point X € D. Using the continuity of f at x it follows that

lim F(xa,) = F(X).

From (10.3) you get
Jim, (0 = — o0

Therefore, by uniqueness of the limit, it follows that
f(x) = — o,

a contradiction, so f is bounded below on D and this ends the proof of 1.
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2. Let {x,} beaminimizing sequence of f in D, thatis
lim f(x,) = inf f(x). (10.4)
n—oo xe D

You have to showthat {x,} is bounded. By contradiction assume that {x,} is not
bounded, then there exists a subsequence {x,, } of {x,} such that

lim Xn, = +.

k—o0

Since T is coercive, you have
kIi%m f(Xn,) = +00.
Using (10.4), you have
i £06) = jnf £
and this leads to

i 00 =-+oo,

This is a contradiction because of the fact that f is bounded below on D.

Theorem 10.4.2 Let D be a nonempty closed subset of R" (not necessary bounded). Suppose
T is continuous on some open set containing D. Then f has a global minimum on D. That is
there exists at least one point X € D such that

f(x) = min f(x)

Proof. Let {x,} be a minimizing sequence of ¥ in D. By 10.4.2, {x,} is bounded, so by
Bolzano-Weierstrass theorem {x,} has a subsequence {Xn,} which converges to some point
x € R". Since D is closed you have x € D. Using the continuity of f atx, it follows that

RIS (3} (10.5)

On the other hand since {f(xn, )} is a subsequence of {f(x,)}, you have
kL'Toof(X”k) = )|(r€1fo(x). (10.6)
Using (10.5), (10.6) and the uniqueness of limit, it follows that
f(X) = inf £(X)
xe D

So x is aglobal minimum of fin D. [

10.5 Conclusion

In this unit you studied optimization in R". You looked at what a solution to an optimization
problem means and consider two main theorems that guaranteed existence of solution of an
optimization problem.
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10.6 Summary

Having gone through this unit, you now know

(i) A Typical Optimization Problem is
Minimize(or Maximize) f(x) Subjectto: x € D
where f : D ¢ R — Ris called the objective function and D is called the constraint set.

(i) Optimization problems are of two types, namely Constrained and Unconstrained Prob-
lems. It is constrained if the constraint set D is made up of a set of inequalities and/or
equations

(i) If for example in the problem

min( or max) f(x) subjectto x € D

that f is continuous and D is a bounded and closed subset of R", the there exist a solution
for the problem. This is the Weierstrass Existence theorem theorem.

(iv) A real valued function f : R" — R is coercive if you have

lim f(x) = +oo.

I/xl/—>+oc0

(v) If fiscontinuous and coercive on a closed set D c R then there exist x € D such that
f(x) < f(x) forall x € D.

(ii) the existence theorems for solution of an optimization problem.

10.7 Tutor Marked Assignments(TMAS)

Exercise 10.7.1

1. Prove the following statement or provide acounter example. If T is a continuous function
on a bounded (but not necessarily closed) set D, then sup (D) is finite.

2. Give an example of an optimization problem with aninfinite number of solutions.

3. Let D = [0, 1], Describe the set f(D) in each of the following cases, and identify

sup (D) and inf £(D). In which cases does f attain its supremum? What about its
infimum?

(@ f(x) =1+xforallx e D

(b) f(x) =1,if x < 1/2,and f(xX) = 2x otherwise.
(c) f(x) = x, if x <1land f(1) = 2.
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(d) f(0) =1, (1) = 0,and F(x) = 3xforx € (0,1).

. LetD = [0, 1]. Suppose f : D — Risincreasing on D, i.e., for x,y € D if x >y, then

f(x) > f(y). [Notethat f is assumed to be continuous on D.] If (D) a compact set?
Prove your answer, or provide a counterexample.

. Findafunction f : R — R and a collection setsS, ¢ R,k = 1,2,3,... such that f
i
attains a maximum on each Sy, but noton  S,.

n=1

. Give an example of a function f : [0, 1] = R such that ([0, 1]) is an open set.

. Give anexample of aset D ¢ R and a continuous function ¥ : D — R suchthat f attains
its maximum, but not a minimum, on D.

. LetD = [0,1], Let f : D — R be anincreasing function on D, andletg: D —> R be a
decreasing function on D. (That is, if X, y € D with x > y then f(x) > f(y) and g(x) <
g(y).) Then, f attains a minimum and a maximum on D (at 0 and 1, respectively), as

doe[sj g (at 1 and 0, respectively). Does T + g necessarily attain a maximum and minimum
on D?

. Identify the coercive function in the following list:

(a) On R3, let
f(x,y,z) =x3+y3+2z3— xy

(b) On R3, let

f(x,y,2) =x*+y*+2%— 3xy — z.
(c) OnR3, let

f(x,y,z) =x* +y*+ 22— Txyz*f
(d) On R3, let

(X, y,2) = x* +y* — 2xy>.

(e) OnR3, let

f(x,y,2) =In(x*y?z%) — x — y — z.
(f) OnR3, let

f(x,y,2) = x> +y*+ 7% — sin(xyz).
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UNCONSTRAINED OPTIMIZATION

11.1 Introduction

In the last unit, you defined an unconstrained optimization problem asfollows
min(or max)f(x) x e D

where f : D ¢ R" — R is called the objective function. In this unit, you shall be dwelling in
this kind of problem in detail.

11.2 Objectives

At the end of this unit, you should be able to

(i) Give the definition of the Local, Global and Strict Optima of an optimization problem.

(i) State and proof and apply the first order optimality condition for unconstrained optimiza-
tion problems.

(i) State, and prove the second order necessary and sufficient condition for an optimization
problem. And also use it to solve optimization problems.

(iv) Define Convex sets.
(v) Give the definitions of a Convex function and a Concave function.

(vi) Apply convexity to optimization problems.
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11.3 Main Content

The notions, definitions and results you will be seeing hence forth is on the minimization prob-
lem.
minf(x) xe D (11.2)

Obvious modifications can be made to yield similar results for maximization problem. But
for the sake of simplicity, you will always limit your discussion to minimizers while the minor
task of interpreting the results for maximization problems by replacing f(x) by — f(x)

11.3.1 Gradients and Hessians

Letf : D — R, where D ¢ R" is open, f is differentiable atx € D if there exists a vector
VT(x) (called the gradient of f at X) such that for eachx € D

f(x) =f(X) + VEX)'(x — X) + x— Xa(X,x — X) (11.2)
and Iin?) a(x,y) = 0. f is differentiable on D if T is differentiable for all x € D. The gradient
y%
vector is the vector of partial derivatives:

C

\t
_ of _
Vf(x) = 27
() . ), ...,

or X) (11.3)

0Xn

Example 11.3.1 Let f(x) = 3x5x3+ x%x% Then
VE(x) = (6x1x32, 9X3X5 + 2XoX3, 3x21x§)t

The directional derivative of f at x in the direction d € R" is given by

mf& ”OR ~ 0 _ vyt (11.4)

The function f is twice differentiable atx € D if there exists a vector Vf(x) and ann X n
symmetric matrix Hf(x) (called the Hessian of f at x) such that for each x € D

F(R) = () + VIR (X = 0+ (x — HI@(x - 9 + x— ‘A x =R, (1159)
X

and IimO a(x,y) = 0. f istwice differentiable on o if and only if f is twice differentiable for all
y%
X € D. The Hessian is a matrix of second partial derivatives:
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S L S
EJ X2 OX10%2 0X10X%, @
E o*f o*f o*f %
2
af :E 0X20X4 X5 O0X20Xn g (11.6)
L § o0*f o*f -
0Xn0X1  OXnOX2 0Xn0Xn

Example 11.3.2 Continuing Example 1, you have

U
63 18x; %2 0

(T O

Hf(x) = %18x1x22 18x2x, + 2X3  6XyX3

0 BX X3 6X5X3

11.3.2 Local, Global and Strict Optima

Definition 11.3.1 Supposethat f : D ¢ R" — R is areal-valued function defined on a subset
D of R". Apointx in D is:

(a) aglobal minimizer for f on D if f(x) < f(x) forall x € D;
(b) astrict global minimizer for f on D if f(x) < f(x) for all x € D suchthat x /=X;

(c) alocal minimizer for f on D if there is a positive number 6 such that f(x) < f(x) for
all x € D for which x € B(X, 0);

(d) astrictlocal minimizer for f if there is a positive number & such that f(x) < f(x) for
all x € D for which x € B(x, d) and x /= X;

(e) acritical point for f if f is differentiable at x and
VE(x) =0.

11.3.3 Optimality Conditions For Unconstrained Problems

Before stating the first order optimality condition for the unconstrained problem, the following
definition and theorem is needful.

Definition 11.3.2 (Descent Direction) The direction d is called a descent direction of f at
X =X if B
f(x + Ed) < f(x) for all E > 0 and sufficiently small
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A necessary condition for local optimality is a statement of the form: “If X is a local mini-
mum of (11.1), then X must satisfy...” Such a condition will help you to identify all candidates
for local optima.

Theorem 11.3.1 Suppose that f is differentiable at X. If there is a vector d suchthat Vf(x)'d <
0, thenfor all A > 0 and sufficiently small, f(x+Ad) < f(x), and hence d is a descent direction
of f atX.

Proof. Suppose there is avector d € R" suchthat Vf (X)'d < 0. Since f is differentiable
at X, you have
f(Xx +Ad) = f(X) + AVF(X)'d + A d a(x, Ad).
where a(x, Ad) = 0as A — 0. Rearranging, you have

FOXCHAD) = 109 _ 0t + d ax, Ad).

A
Since VF(X)'d < 0and a(x, Ad) = 0asA — 0, f(Xx+Ad) — f(x) < 0forall A > 0 sufficiently
small. Thus f(x + Ad) < f(x) for all A > 0 sufficiently small. ]

Corollary 11.3.1 (First Order necessary Optimality condition) Suppose T is differentiable at
X. If X is alocal minimum then Vf(x) = 0

Proof. Suppose for contradiction that Vf(x) /= 0,thend = — Vf(x) would be a descent
direction, whereby x would not be alocal minimum. Hence, you must have Vf(x) =0 n

The above corollary is a first order neccessary optimality condition for an unconstrained
problem. The following theorem is second order necessary optimality condition.

Theorem 11.3.2 (Second Order necessary Optimality Condition) Suppose that f is twice con-
tinuously differentiable at x € D. Ifx is a local minimum, then Vf(x) = 0 and Hf(X) is
positive semidefinite.

Proof. From the first order necessary condition, Vf(x) = 0. Suppose Hf(x) is not positive
semidefinite. Then there exists d such that d*Hf(x)d < 0 you have:

fX +Ad) = F(X) +AVF(R)'d + 2% HF(X)d + A° d Za(x, Ad)
= f(X) + 2A%d'HFX)d + A% d 2a(X, Ad).

where a(x, Ad) — 0as A — 0. Rearranging, gives you

f(X +Ad) — f(X) _ 1dtHf(z)d+ d 2a(X, Ad).

A2 T2
Since d'Hf(X)d < Oand a(x,Ad) > 0asA — 0, f(x + Ad) — f(x) < OforallA >0
sufficiently small, yielding the desired condtradition. [

Example 11.3.3 Let
_ 1
f(x) = Exi + X1 Xp 4+ 2X5 — 4xy — 4%, — X°.
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Then 0 0
X1 +X, — 4
Vi(x) =L 0
X, +4X, — 4 — 3&2
and O 0
1 1
Hf(x) = U N
1 4- 6X2
VT (x) = 0hasexactly two solutions: x = (4,0) and X = (3, 1). But
[] [
1 1
Hf(x) = U N
1 -2

is indefinite, therefore, the only possible candidate for alocal minimum is x = (4, 0).

A sufficient condition for local optimality is a statement of the form: “If x satisfies..., then
X is a local minimum of 11.1.” Such a condition allows you to automatically declare that X is
indeed alocal minimum.

Theorem 11.3.3 (Second Order Sufficient Conditon) Suppose that T is twice differentiable at
x. If VF(x) = 0and Hf(x) is positive definite, then X is a strict local minimum.

Proof. 1
f(x) = f(x) + E(X - X)HFX)(X — X)+ x— X 2

Suppose that X is not a strict local minimum. Then there exists a sequence {x,} which x, — X

as k — oo such that x, /= X and f(x.) < F(x) for all k. Define d, % then
i =
C \

f(x) = FK) + % — X 2 %dtka(i)dk + (X, X — X)

and so _
) - ) _

1 _ _ _
Edf(Hf(x)dk +a(X, Xk — X) = —x? S

Since d, = 1for every Kk, there exists a subsequence of {d, } converging to some point d such
that d = 1. Assume without loss of generality that d, — d, then

_ _ .1
0= kIim %df(Hf(x)dk +a(x,xx — X) = EdtHf(i)d,
which is a contradiction of the positive definiteness of Hf (x). ]

Remark 11.3.1 Note that

 If VF(Xx) = 0and Hf(X) is negative definite, then X is a local maximum.
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o If VF(x) = 0 and Hf(x) is positive semidefinite, you cannot be sure if X is a local
minimum.

Example 11.3.4 Continuing Example 11.3.3, by computing you have

[ [
11

Hf(X) = 0
1 4

is positive definite. To see this, note that for any d = (d4, d5), you have
d*Hf(X)d = df + 2d,d, + 4d3= (d, + d,)>+3d2>0 forall d /=0

Therefore, X satifies the sufficient conditions to be a local minimum, and so X is a local mini-
mum.

Example 11.3.5 Let
f(x) = x3 + x5

Then
3xz
VE(x) =1 0
2X2
and O 0
6X1 0
Hf(x) = U [
0 2
At x = (0,0), you have Vf(x) = 0and
[] [
00
Hf(x) = U [
0 2
is positive semi-definite, but X is not a local minimum, since f(—E,0) = —E < 0= £(0,0) =

f(x) forallE> 0.

Example 11.3.6 Let
f(x) = x4+ x5

Then
4x3
Vf(x) = U N
2X5
and N []
122 0
Hf(x) = U il
0O 2
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At x = (0,0), you have Vf(x) = 0and

O O
00

Hf(X) = 0
0 2

is positive semidefinite. Futhermore, X is alocal minimum, since for all x you have f(x) > 0 =
f(0,0) = f(X).

FURTHER EXAMPLES

The following examples applies what to problems on global minimization whose results are
stated in the following theorem.

Theorem 11.3.4 Suppose that x is a critical point of £ (i.e., Vf(x) = 0) is a critical point of

a function f with continuous first and second partial derivatives on R" and that H f (x) is the
Hessian matrix of f. Then X is:

(a) global minimizer for f if Hf(x) is positive semidefinite on R"; (b)
a strict global minimizer of f if Hf(X) is positive definite on R"; (c) a
global maximizer for f if Hf(x) is negative semidefinite on R"; (d) a
strict global maximizer for f if Hf(X) is negative definite on R".

Here are four examples that summarizes the above result you now know.

Example 11.3.7
(a) Minimize the function f : R® = R defined by

F(X) =3 +X5+ X5 — XXz — XoXg — XaXa, forall x = (x, Xz, Xs) € R®

= Solution. The critical points of T are the solutions of the system

N
2X1 — Xo — X3

N
VT(x) :%—x1+2x2+x3 %:%O%
L] L] L] L

—X1+X2+2X3 0

The one and only solution to the systemisx; = 0, X, = 0, X3 = 0 The Hessian of f(x) is
a constant marix

U
2 -1 -1
121%

U
1

2

HF(x) =

Crr 1 O

-1
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(b)

Note that A; = 2, A, = 3, Az = 4 s0 Hf (X) is positive definite everywhere on every-
where on R2. It follows for Theorem 11.3.4 that the critical point (0, 0, 0) is a strict global
minimizer for f.

Since f is defined and has continuous first partial derivatives everywhere on R® and since
(O, 0, 0) is the only critical point of f, it follows for Corollary 11.3.1 that ¥ has no other
minimizers or maximizers.
Find the global minimizer of

f(x,y,2) =Y+ X+ + 72,

= Solution. Tothis end, compute

XY — X + 2xe

o s Y

VE(X,y,2) = —eY+eVX
U
2z

and

Y + eV + 4x%e¢ + 2 —eX V- @/7X 0
H
L
Hf(x, y,z):H —eXY — ¥ X XY + VX OH

0 0 2

Clearly, A; > Ofor all x, y, z because all the terms of it are positive. Also
Ay = (7Y +e )2+ (XY + N (4xPeX +2e%°) — (XY + eV X)2
= (XY + e ) (4x%e + 2e°°) > 0.

because both factors are always positive. Finally, Az = 2A, > 0. Hence HT (X, y, z) is
positive definite at all points. Therefore by Theorem 11.3.4 T is strictly globally mini-
mized by any critical point (X, Y, z). Tofind (X, Y, Z), solve

XY — /X + 2xeX

L o

0= Vf(f,y,f):jj — XY 4 gy X
L]
2z

This leads to Z = 0, eX~¥ = eY~%, hence 2xe¥" = 0. Accordingly, X — y =y X; that is,

X =y and x = 0. Therefore (X, y, z) = (0, 0, 0) is the strict global minimizer of f. &

(c) Find the global minimizers of

f(x,y) =Y+~
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= Solution. Tothis end, compute

eX—y —_ ey—X

Vf(x, y) = [ (]
— eX_y + ey_x

and
ex—y+ey—x _ex—y_ ey—x

Hf(x,y) =1 O
— XY — @V X XY 4 @V X

Since 7Y +eY™* > Oforall x,yanddet Hf (X, y) = 0, then, by the Hessian Hf(x, y) is
positive semidefinite for all x, y. Therefore, by 11.3.4, (X, y) is minimized at any critical
point (X, y) of f(x, y). Tofind (X, y), solve

b _ _ _ 0
eX Y — ey X
0=Vf(X,y)="1 O
—_ ei_y + ey_ X
This gives
X~V = oV X
or o
X=y=y-X
that is,
2X = 2y.
This shows that all points of the line y = x are global minimizers of f(X, y). &

(d) Find the global minimizers of
f(x,y) =Y + "
< Solution. In this case,

ey + e
VE(x,y) =" 0
—eX Y + eX"'y

eX—y + eX+y — eX—y + eX+y
Hf(x,y) = O,
— XY 4 XY XY 4 XY

Since e*7Y + " > O for all x,y and det Hf(x,y) > 0, then Hf(x, y) is positive
definite for all x, y. Therefore, by Theorem 11.3.4, f(X, y) is minimized at any critical
point (X, y). Tofind (X, y), write

ei—y+ e>_(+)7
0= Vf(f,)?) =0 U

ei—y + ei+37
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Thus o
e Y+ =0

and o

- Y+ =0
ButeX~Y > 0and e<*Y > 0 for all X,y. Therefore the equality e*~Y + e*Y = Qisim-
possible. Thus f(x, y) hasno critical points and hence (X, y) hasno global minimizers.
&

11.3.4 Coercive functions and Global Minimizers

You could remember that in the preceeding unit, you said that a function f : R" — R is coercive
if
lim f(x) =+

I/xl/—>+oc0

and you also stated a very important result on existence of global minimizers for coercive func-
tions in Theorem 10.4.2 which saysthat if D is aclosed setand f : D ¢ R" — R s continuous

and coercive on some open set containing D, then there exists a global minimizer of f in D.

In addition to this theorem, is that if the first partial derivatives of f exist on all of R", then
these global minimizers can be found among the critical points of f. Here is an example to
illustrate this notion.

Example 11.3.8 Minimize
f(x, y) =x* = axy +y*

on R?.

= Solution. Tothis end, compute

]
4x3 — 4y

Vf(x, y) = [ (]
— 4x + 4y3

and N []
12x2 -4

Hf(x, y) =[] (]
—4 12y?

Note that 0 n
C L 1\ 3 -4

Hf —2, E = = D
-4 3

(G )
:

which is certainly not positive definite since det H > = 9— 16 < 0. Therefore the tests
fromthe last section are not applicable. Butall is not lost because f is coercive!

To seethat T is coercive, note that

\
4xy

Cuh 4
f(x,y) =x"+y 1_x4Ty4
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As (X,y) = x2+y2— +00o,theterm 4xy/(x* +y*) — 0.Hence
lim f(xy)= lim ' +y)( - 0)=+co
V(xy)l/—0 V(xy)l/—0

Thus T is coercive. Accordin 8 to Theorem 10 421 has a %Iobal minimizer_ at one ogthe critical
points. Setting Vf(x,y) = 0,you gety = x3, and x = Hence x = x° and x(x®* — 1) = 0.

This produces three critical points

0,0),(1,1),(—1,—-1)

Now
f(0,0)=0, f(L,1)=-2 f(—-1,-1)=—
2
Therefore ( — 1, — 1) and (1, 1) are both global minimizers of f.
&

11.4 Convex Sets and Convex Functions

It is necessary at this point that you study convexity briefly because of some of its important
considerations in optimization theory. Which include First, Convex functions occur frequently
and naturally in many optimization problems that arise in statistical, economical, or industrial
applications. Second, convexity often make it unnecessary to test the Hessians of functions for
positive definiteness, a test which can be difficult in practice as you have seen in the preceeding
section.

You will be introduce to a very basic concept of Convexity and then state some important
result which will help you minimize afunction.

11.4.1 Convex Sets

Definition 11.4.1 A set C in R" is convex if for every x,y € C, the line segment joining x and
y remains inside C.

The line segment [x, y] joining x and y is defined by
X, y]={Ax+(1—-Ay:0< A<
1}

Therefore, a subset C in R" is convex if and only if for every x and y in C and every A with

0< A< 1,thevector AXx + (1 — A)yisalsoin
C.

Examples of Convex Sets
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(a) Letx and v be vectors in R". The line L through x in the direction of v
L={x+Av,A € R}

is convex setin R".
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(b) Any linear subspace M of R" is a convex set since linear subspaces are closed under
addition and scalar multiplication.

(c) If x € R"and a € R, then the closed half-spaces
Ffr={yeR":x:y2a}F ={ye R":x:y< a}

determined by x and a are all convex sets.

(d) If x € R™ and r > 0then the ball centered at x with radius r
Bix,N={xeR": x—X < r}
isaconvex setin R".

Theorem 11.4.1 Let C be a convex subset in R". Let X4, ...,Xn bepoints in C. If Ay, ..., An
are non-negative numbers whose sumis 1 then the conves combination

AX]_ +"'+Ame

isalsoinC.

Proof. Assume that the nonempty set C is convex, you have to show that C contains all
its convex combinations. You can proceed by induction as follows. Define the property P, as
follows;

n n
P,: Aix; € Cforall xq,...,x, € C, A 2 A=1

i=1 O, i=1

1. The property obviously hold forn = 1,i.e., (P,) isfulfilled.

v
o
>
=]

2. Assume that properties (P,), ..., (Pn) holds. Let X4, ..., Xn, Xp+1 € C, A1 2, A5
0, Ah+1 = Owith

Of course, if Ap+1 = 1,then

n+1
Aixi = Xn+1 € C,

i=1
because A; = -+ = A, = 0in this case. And so

n+1
Aix; € C.

i=1
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Assume that An+1 /= 1. This allows you to write

n+1 n
Aixi = AiXi + Anv1Xns1
i=1 i=1
\ (11.7)
n A
= (11— Ans1) 1—Ixi + An+1Xn+1.
=1 17 A
You have
n n n+1
Ai 1 1 )
= A=——+——(1—- A:1) =1, since A=1
i=1 1- Ans1 1- An+1 i=1 I 1- An+1( Aﬁl 1) i=1 I

and

Ai
= >0and Xq, ..., X, € C,

hence by induction assumption,

A
xt = — 1 x;eC
izg 17 Ana I

Since y! := Xn+1 € C by assumptionyou get that
(1= Ane))X + Ansayt e C (11.8)
because An+1 € [0, 1]. Combining (11.7) and (11.8) you can conclude that

n+1
Aix; € C

i=1

This completes the proof. ]
The preceeding argument demonstrates that if C contains any convex combination of two of
its points, then it must also contain any convex combination of three of its points.

11.4.2 Convex Functions

Definition 11.4.2 Let C be a convex nonempty subset of R" and f areal-valued function from
CtoR. Then

(a) the function f is aconvex function if
f(AX + (1 — A)y) < Af(X) + (1 = ADF(y)

forallx,y € C,andallAwith0< A < 1.
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(b) the function f is astrictly convex function if
T(AX + (1 — Ay) < Af(X) + (1 — AF(y)
forallx,y € Cwithx /=yandallAwith0< A < 1.

(c) thefunction f is concave function if
f(AX + (1 = Ay) = Af(X) + (1 — AF(y)
forallx,y € Cand forall Awith0< A < 1.

(d) the function f is a strictly concave function if
fT(AX + (1 — Ay) = Af(X) + (1 — A)F(y)

forallx,y € Cwithx /=yandallAwith0<A<1

Remark 11.4.1 Note that f is convex (resp. strictly convex) on a convex set C if and only if
— f isaconcave (resp. strictly concave) on C. Because of this close connection, all results are
formulated in terms of convex functions only. Corresponding results for concave functions will
be clear.

Example 11.4.1

1. Any linear function of n variables is both convex and concave on R".

2. The function f(x) = (a - x)?> where ais afixed vector in R" is convex on R".

Theorem 11.4.2 Suppose that f is a convex function defined on a convex subset C of R". If
A1, ..., An are non-negative numbers with sum 1 and if x4, ..., X, are points of C, then
\

m m
fo oA < AF(x) (11.9)
k=1 k=1

If  is strictly convex on C and if all the A¢’s are positive then equality holds in (11.9) if and
only if all the x’s are equal.

11.4.3 Convexity and Optimization

The results proved in this section link convexity to optimization.

Theorem 11.4.3 Suppose C is a convex subset of R", ¥ : C = R is a convex function and X is
a local minimum of f. Then x is also a global minimum of f in C. In addition, if f is a strictly
convex function, then X is a unique global minimum of f in C.
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Proof. Suppose that X is alocal minimizer of f in C. Then there exists a positive number r
such that
f(x) < f(x), for all xe Cn B(x,r)

Given x € C, you have to show that f(x) < f(x). Tothis end, selectA, with0 < A < 1land so
small that
X+AX — X) =Ax + (1 = A)x € Cn B(X,

Then r)
£ < FR+AX = X)) = FAX + (1 — AX) < AF(X) + (1 — A)F
(X)

because T is convex. Now subtractf(if) from both sides of the pre_ceedinrg inequality and divide
the result by A to obtain 0 < f(x) — f(x). This establishes that x is a global minimum.

Now suppose f is strictly convex. Let x; and x, be two different minimizers of f and let A
with 0 < A < 1. Because of the strict convexity of f and the fact that

F(x1) = f(x2) = minf(x)

you have
f(x1) < (A1 + (1 = A)x) < Af(x1) +(1 = AF(x2) = F(x1)

which is a contradiction, therefore, x; = X». [
Remark 11.4.2
« If f is a concave function, then a local maximum is a global maximum.

* If f isastrictly concave function, then a local maximum is a unique global maximum.

Theorem 11.4.4 (Gradient Inequality) Suppose that T has continuous first partial derivatives
on some open set containing the convex setC. Then

1. The function T is convex if and only if

fly) = f(x) + VF(X)'(y — x) forall x,ye C (11.10)

2. Thefunction f is strictly convexif and only if

f(y) > f(x) + VF(X)'(y — x) forall x,ye C (11.11)

Proof. The proof of no. 1is given here. Supposethat f is convex on C.Letx,y € Cand A
with0O< A < 1.Then
fF(X+Ay — X)) =F(Ay + (1 — A)x) < Af(y) + (1 — AF
)

so that
f(x +Aly — x)) — f(x)

A

< f(y) - ().

If you letA — 0, you obtain
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VEX) - (y = x) < f(y) -
£(x)
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Therefore
f(y) = f(x) + VF(X)'(y — x)

forall x,y € C.
Conversely, supposethat inequality (11.10) holds for all x,y € C. Letw and z be any two
points in C. LetA € [0, 1], and setx = Aw + (1 — A)z. Then
f(w) = f(x) + VF(X)'(w— x) and f(2) = f(x) + VF(X)'(z —
X)

Taking a convex combination of the above inequalities, you obtain
Af(w) + (1= A)f(z) = f(X) + VEX)' AW = x) +(1— A)(z —
X))
= f(x) + VFf(x)'0

= fiw + (1 — A)2),

which shows that f is convex. ]

The following striking result is an immediate consequence of Theorem 11.4.4. It is the most
important and useful result in this chapter.

Corollary 11.4.11f T is a convex function with continuous first partial derivatives on some
open set containing the convex set C, then any critical point of f in C is a global minimizer of

f.

Proof. Supposethat x € Cisacritical point of f. Letx € C. Then Vf(x) = 0and (11.10)

imply that
fxX) =f(X) + VE(X)'(x — X) < f(X).

Consequently, X is aglobal minimizer of f on C. [ ]

Although the definitions of convex and strictly convex functions and the gradient inequal-
ities provide useful tools for deriving important information concerning their properties, they
are not very useful for recognizing convex and strictly convex functions in concrete examples.
For instance, the function f (x) = x2 is certainly convex (even strictly convex) function on R",
yet it is cumbersome to verify this fact by using definition or the gradient inequality of con-
vex function. The next two theorems will provide you with an effective means for recognizing
convex functions in specific examples.

Theorem 11.4.5 Suppose that ¥ has continuous second partial derivatives on some open con-

vex set C in R". Let H f (x) be the Hessian matrix of f. then f is convex on C if and only if
Hf(X) is positive semidefinite for all x € C.

Proof. Suppose T is convex. Letx € C and d be any direction. Then for A > 0 sufficiently
small, x + Ad € C. You have:

f(x +Ad) = f(x) + VF(X)'(Ad) + %(Ad)tHf(x)(Ad) + Ad 2a(x, Ad),
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where a(x, y) = 0as'y — 0. Using the gradient inequality, you obtain
C 1 \
A2 EdtHf(Y)d + d 2a(x,Ad) = 0.

Dividing by A> > 0 and lettingA — 0, you obtain d'Hf(X)d > 0, i.e., Hf(X) is positive
semidefinite. This completes the proof of this direction.

Conversely, suppose that Hf(z) is postive semidefinite for all z € C. Letx,y € C be
arbitrary. Invoking the second-order version of Taylor’s theorem, you have:

f(y) = F(x) + VE()'(y — X) +:—2L(y — HF@Y - X)

for some z whichis a convex combination of x and y (and hence z € C). Since Hf(z) is
positive semidefinite, this means that

fly) = f(x) + VF(X)'(y — X).
Therefore the gradient inequality holds, and hence f is convex. [ ]
The following example illustrates how Theorem 11.4.5 can be applied to test convexity.
Example 11.4.2 Consider the function f defined on R® by
T(X1, X2, X3) = 2X2 + X3 + X5 + 2XoX3.
The Hessian of f is 0
N

U
0

Hf(X) = 2 [0,
2

NN o

4
0
0

The principal minors of H f (x) are A; = 4, A, = 8, Az = 0, Which implies that H T (x)
is positive semidefinite, and so f is convex by Theorem 11.4.5. Since H f (X) is not positive
definite, it is not possible to conclude from Theorem 11.4.5 that f is strictly convex on R3. As
a matter of fact, since
(X1, X2, X3) = 2X2 + (X2 + X3)?,

you see that f(x) = O for all x onthe line where x; = 0and X3 = — X», so f is not strictly
convex.

The discussion above shows that many of the results of the preceeding section, are subsumed

under the general heading of convex functions. But you must note that verifying that the Hessian
is postive semidefinite is sometimes difficult. For instance, the function

f(x,y,z) = eV —In(x +y) + 3%

is convex on R® but its Hessian is a mess. Fortunately, there are ways other then checking the
Hessian to show that a function is convex. The next group of results points in this direction.
The following theorem shows that convex functions can be combined in a variety of ways to
produce new convex functions.
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Theorem 11.4.6
(@) If f1,..., f,, are convexfunctions on a convex set C in R", then

F(x) = 1.0+ + T (X)

is convex. Moreover, if at least one ;(x) is strictly convex on C, then the sum f is strictly

Convex.
(b) If ¥ is convex (resp. strictly convex) on a convex set C in R" and if a is a positive number,
then af is convex (resp. strictly convex)on C.

(c) If ¥ is convex (resp. strictly convex) function defined on a convex set C in R", and if ¢ is
an increasing (resp. strictly increasing) convex function defined on the range of f in R,
then the composite function ¢ © T is convex (resp. strictly convex).

Proof.

(a) To show that any finite sum of convex function on C is convex on C, it suffices to show
that the sum (f; + f,) of two convex functions f; and f, on C is again convex on C. If,

y,zbelongtoCand 0 < A < 1,then
(fi+HR)Ay +(1 - ANz) = fi(dy +(1 = A)z) + H,(Ay + (1 - A)z)

< Af(y) + (1= Afu(2) + Afz(y) + (1 = AF2(2)

= AL+ 1))+ (1 - AL+ 1) (2).

Hence, (f; + T5) is convex on C. Moreover, it is clear from this computation that if either

T, or T, is strictly convex, then (f; + T,) is strictly convex because strict convexity of
either function introduces a strict inequality at the right place.

(b) This resultfollows by an argument similar to that usedin (a).
(c) If y,zbelongtoCand 0 < A < 1,then
f(Ay + (1 — A)z) < Af(y) + (1 — A)F(2)
since f is convex on C. Consequently, since ¢ is an increasing, convex function on the
range of T, it follows that
P(f(Ay +(1 - A)z)) < GAf(y) + (1 - NHf(2))
< Ag(f(y)) + (1 = Ae(F(2)).

Thus, the composite function ¢ ° f is convex on C. If f is strictly convex and ¢ is strictly
increasing, the first inequality in the preceding computation is strict fory /= zand 0 <

A <1,s0¢ ° fisstrictly convexonC.
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Examples

(a) The function f defined on R3 by
f(Xl, X2, X3) = eX%+X%+X§
is strictly convex.

At first glance, it might semm that the most direct path to verify that f is strictly convex
on R3would be to show that the Hessian H f (x) of f is positive definite on R®. However,
the Hessian turns out to be

U
(2-|-4X2)ex2 2 AXx X e1r 2 3 Ax X e1 2 3
1% X2 +x2+x? X2 +%2+x2
0 1 2 1 3
Hf(x) = % 4X1X€%1 17X (2+ 4X2)ex12+x2+x§ AX x ¢ 2 x2Hx2 %
. d
4X1X3eX]_l|‘X22+X32 4X2X3eX]2-+X22+X§ (2 + 4X%)eX12-|—X22|—)(3

Obviously, proving that the Hessianis positive definite for all x € R" will involve quite
tedious algebra. No matter there is much simpler way to handle the problem.

First note that
h(X1, X2, X3) = X5 + X5 + X3

is strictly convex since its Hessian

D
Hh(Xl, X2, X3) % 2 0 %
L

00

O

is obviously positive definite. Also, ¢(t) = e is strlctly increasing (since ¢i(t) = et > 0
for all t € R) and strictly convex (since ¢%(t) = e' > 0 for all t € R). Therefore by

Theorem 11.4.6(c), f =¢ ¢ h s strictly convex on R3.

(b) Suppose a¥, ..., a™ are fixed vectors in R" and that ¢4, ..., ¢, are positive real num-
bers. Then the function f defined on R" by
m -
fx) = e

IS convex.
To prove this statement, first observe that the functions g; on R" defined by

g(x)=a®-x, i=1....m

are linear and therefore convex on R". Since h(t) = e' isincreasing and convex on R, it
follows fromtheorem 11.4.6(c) that the functions

h(@(x) =€ i=1...,m
261



UNIT 11. UNCONSTRAINED OPTIMIZATION

are all convex on R". Since ¢y, ..., Cy, are positive real numbers, you can apply Theorem
11.4.6(a) and (b) to conclude that

f(x) =  ¢ed®x

is convex on R".
(c) The function f defined on R? by
f(X1, X2) = X4 — 4X1%p + 5% — InX1X,
is strictly convex onC = {x € R?:x; > 0,%x, > 0}.
In fact f(x) = g(x) + h(x) where

g(X1, X2) = X5 — 4X1% + 5%,  h(X1, X2) = — In(X1Xy)

so Theorem 11.4.6(a) will imply that T is strictly convex once you are able to show that
g and h are convex and at least one of these functions is strictly convex on C. But the
Hessian of g is 0 m

[ [
-4 10

principal minors of this matrix are A; = 2, A, = 4, g is strictly convex on R2. Conse-
guently, all that you need to do now is to show that h is convex on C. But

h(Xl, X2) =—1In X1 — In X2

and the function ¢(t) = — Int (t > 0) is strictly convex since ¢%(t) = 1/t?, so h is
convex on C by Theorem 11.4.6(c).

11.5 Conclusion

In this section, you looked at Unconstrained optimization problem. You learnt the first order
necessary optimality condition and the second order necessary and sufficient optimality con-
dition. You were also introduced to the notion of convex sets and convex functions. And you
proved some results in optimization problems defined on a convex set.

11.6 Summary

Having gone through this unit, you now know the following

(i) X isalocalminimizer of f in D if there exists r > 0 such that
f(x) < f(x) forall xe Dn B(X,r)
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(i) x isaglobal minimizer of fin D if

f(X) < f(x) foral xe D

Reversing the inequalities in (i) and (ii) gives you the the definitions of local maximizer
and global maximizer respectively of . You also have the definition of strict optimas’ if
the inequalities are made to be strict.

(iii) If X is alocal minimizer, then X is acritical point, (i.e., VF(x) = 0). This is the first order
necessary optimality condition.

(iv) X is a local minimizer if and only if the hessian of f atx i.e., Hf(x) is semipositive
definite. This the second order necessary and sufficient optimality condition.

(v) If is a convex function, then every local minimizeris also a global minimizer. In
addition if f isastrictly convex function, then x is a unique global minimizer

11.7 Tutor Marked Assignments (TMAS)

Exercise 11.7.1

1. Find the local and global minimizers and maximizers of the following functions
(a) F(X) = x® + 2x.
(b) F(x) = x?e™*".
(c) F(X) = x* + 4x3 + 6x2 + 4x.
(d) f(x) = x +sinx.
2. Classify the following matrices according to whether they are positive or negative definite
or semidefinite or indefinite.

[ [
100

@0 30U
0 05
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O O
-4 0 1
e 0 -3 20U

1 2 -5
[]
2 -4 0
-4 8 0F
0O 0 -3
3. Write the quadratic form Qa(x) associated with each of the following matrices A :
\
A= ( -1 2
@ A= ¢ 2%
_ 2 -3
(b) A= -3 0
[
1 -10
Y -1-200
0O 23

T3 1 2
@- 1 2 —10
2 -1 4

4. Write the following quadratic forms in the form x - Ax where A is an appropriate sym-
metric matrix.

(@) 3XZ — XyXg + 2%
(b) X3 + 2X3 — 3% + 2X1X2 — 4X1X3 + 6X2X3.

(C) 2X2 — 4X2 + X1X2 — XoXs.
5. Suppose f is defined on R2 by
f(X) = C1X21 + C2X22 + C3X23+ C4gX1X2 + C5X1X3 + CgX2X3.

Show that T is the quadratic form associated with lef. Discuss generalizations to higher
dimensions.

6. Show that the principal minors of the matrix

are positive, but that there are x /= 0in R? such that x” Ax < 0. What conclusion canyou
draw fromthis?

7. Use the principal minor criteria to determine (if possible) the nature of the critical points
of the following functions:

(@) f(x1, X2) = x5 +x3 — 3x, — 12x,+ 20.

(b) (X1, X2, X3) = 3X2 + 2X5 + 2X5 + 2X1 X2 + 2X2X3 + 2X1X3.
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8.

10.

11.

12.

13.

(€) F(X1, X2, X3) = X5 + X5 + X3 — 4X1Xo.
(d) F(xa, x2) =x]+x3— x& — %2+ 1.
(e) F(xa, x2) = 12x3 — 36x1X2 — 2%3 + 9%% — 72x; + 60x, + 5.
Show that the functions
f(xq, X2) = X5 + %3,
and
g(X1, X2) = X3 + X3.

both have a critical point at (0, 0), both have positive semidefinite Hessians at (0, 0), but
(0,0) is alocal minimizer for g(x1, X2) but not for f(xy, X,).

. Find the global maximizers and minimizers, if they exist, for the following functions:

(@) F(X1, X2) = X2 — 4x, +2x> + 7.
1 2

(b) F(xy, Xp) = e~ (42,
(©) F(X1, Xo) = X§ — 2X1 %2 + 3% — 4Xo.
(d) F(Xq, X2, X3) = (2%X1 — x2)2 + (X, — X3)2 + (X3 — 1)2.

(e) (X1, X2) = X} + 16x1x2 + X5.

Show that although (0, 0) is a critical point of (X, Xo) = x>, — X;X5, it is neither a local
maximizer nor alocal minimizer of f(xq, X,).

Define f(x, y) on R? by
f(x, y) =x* +y*— 32y

(a) Find a point in R? at which Hf is indefinite.
(b) Show that f(x, y) is coercive.
(c) Minimize f(x, y) on R2.

Define (X, y, z) on R® by
f(x,y,z) =e*+e +e?+2e7 V77

(a) Show that Hf(x, y, z) is positive definite at all points of R3.
(b) Show that (In 2/4,1n 2/4,1n 2/4) is the strict global minimizer of f(x, y, z) on R3.

(a) Show that no matter what values of a is chosen, the function
T(Xg, X2) = X5 — 3axy X + %

has no global maximizers.
(b) Determine the nature of the critical points of this function for all values of a.
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UNIT 12

CONSTRAINED OPTIMIZATION

12.1 Introduction

It is not often that optimization problems have unconstrained solutions. Typically, some or all
of the constraints will matter. Through out this unit, you will be concerned with examining
necessary conditions for optima in such a context.

12.2 Objectives

At the end of this unit, you should be able to

(i) Give the definition of a constrained optimization problem.

(i) Solve Equality constained problems.
(i) Apply the Lagrange’s theorem.

(iv) State and apply the first order necessary conditions.

(v) State and apply the second order necessary and sufficient conditions.

(vi) Solve Inequality constrained problems

12.3 Constrained Optimization Problem

Just as defined in unit 10, An optimization problem is called constrained if it is of the form
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min(or max) f(x)

Subject to: hi(x) = i
- éxgz 0,i=1,...,1 (12.1)

x e U.
Where f : U = R, U is an open setof R" is called the Objective function, gi,...,0«, h1,...,hy:
U ¢ R" — arethe constraint functions.

If you define g = (g1,...,0¢) : R" > Rkandh = (hy,...,h) : R" > R!, thenyou can
rewrite the constrained problem asfollows

min(or max) f(x)

Subject to: h(x) =0
) g(g()) > 0 (12.2)

X € U.

If you define in the sequel that the constraint set D as

D=Un{x e R":h(x) =0, g(x) = 0}, (12.3)
Then, Problem (12.2) reducesto

min(or) max) f(x)

Subject to: xe D (12.4)

Many problems in economic theory can be written in this form. For example you can readily
see that if ¥, g and h are linear functions, then the problem (12.2) becomes a linear programming
problem, to which, if solution exist, you can use the simplex method, discussed in previous
units, to solve. Nonnegativity constraints are easily handled: if aproblem requires that x € R",,
this may be accomplished by defining the function h; : R" = R

gj(X):Xj, j:].,...,n,
and using the n inequality constraints

gj(x) =0

More generally, requirements of the form a(x) = a, B(X) < b, or w(x) = c (where a,band ¢
are constants), can all be expressed in the desired form by simply writing them asa(x) — a = 0,
b— B(x) = 0,orc— w(x) =0.

Your study in this unit, is divided into two parts namely;

1. Equality-Constrained optimization problems.

2. Inequality-constrained optimization problems.

You will now take it one after the other and study them.
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12.4 Equality-Constraint

Coming back to the study of minimization with constraints. More specifically, you will tackle,
in this section, the following problem

Minimize f(x)

subjectto hy(x) =0
ha(x) =0 (12.5)
hn(X) =0

where x € D c R, and the function f, hy, h,, ..., h, are continuous, and usually assumed to
be in C?2 (i.e., with continuous second partial derivatives).

Observe that when T and h;’s are linear, the problem is a linear programming one and can

be solved using the simplex algorithm. Hence you would like to focus on the case that these
functions are nonlinear.

In order to gain some intuition, you can consider the case where n = 2 and m = 1. The
problem becomes
minimize f(X,y)

subjectto h(x,y) =0, (x,y) € R

The constraint h(x, y) = 0 defines a curve as shown below. Differentiate the equation with

respect to X :
dh  odhodh
+ 0

X dyox

The tangent of the curve is T(X, y) = (1, %). And the gradient of the curve is Vh = (£, %y .
So the above equation states that

T:-Vh=0;

namely, the tangent of the curve must be normal to the gradient at all the time. Suppose you are
at a point on the curve. To stay on the curve, any motion must be along the tangent T.

Figure 12.1:
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In order to increase or decrease f(x, y), motion along the constraint curve must have a
component along the gradient of f, that is,

vf-T/=0.

Figure 12.2:

At an extremum of f, a differential motion should notyield a component of motion along
VT. Thus T is orthogonal to VT; in other words, the condition

VF-T =0

must hold. Now T is orthogonal to bot gradients VT and Vh atan extrema. This means that
VT and Vh must be parallel. Phrased differently, there exists someA € R such that

Vf +AVh = 0. (12.6)

f=c ¢ Lot Le 1 Lo, tLe,

Figure 12.3:
the figure above explains condition (12.6) by superposing the curve h(x, y) = 0 onto the

family of level curves of f(X, y), that is, the collection of curves f(x,y) = c, where c is any
real number in the range of f. In the figure, cs > ¢4 > ¢c3 > ¢* > c;. The tangent of a level
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curve is always orthogonal to the gradient V. Otherwise moving along the curve would result
in an increase or decrease of the value of f. Imagine a point moving on the curve h(x,y) = 0

from (X1, y1) to (X2, y2). Initially, the motion has a component along the negative gradient
direction — VT, resulting in the decrease of the value of f. This component becomes smaller

and smaller. When the moving point reaches (x* , y* ), the motion is orthogonal to the
gradient.

From that point on, the motion starts having a component along the gradient VT so the value

of f increases. Thus at (x*, y* ), ¥ achieves its local minimum. The motion is in the
tangential direction of the curve h(x, y) = 0, which is orthogonal to the gradient Vh. Therefore

at the point (x*, y*) the two gradients Vf and Vh must be collinear. This is what equation
(12.6) says. Let ¢* be the local minimum achieved at (x* , y* ). It is clear that the two curves
f(x,y) = c¢* and h(x, y) = Oare tangent at (x* ,y*).

Suppose you find the set S of points satisfying the equations

h(x,y) =0
VF+AVh =0 forsome A

Then S contains the external points of f to the constraints h(x, y) = 0. The above two equa-
tions constitute a nonlinear system in the variables x, y, A. It can be solved using numerical
techniques, for example, Newton’s method.

12.4.1 Lagrangian

It is convenient to introduce the Lagrangian associated with the constrained problem, defined
as
F(x,y,A) =f(x,y) +Ah(x, y)

Note
et g T

24
VE =1 %+A§h = (VF +Ah, h).

Thus setting VF = 0yields the same system of nonlinear equations you derived earlier.

The value of A is known as the Lagrange multiplier. The approach of constructing the
Lagrangians and setting its gradient to zero is know as the method of Lagrange multipliers.

Example 12.4.1 Find the extremal values of f(x, y) = xy subject to the constraint

X2 2 _
h(x’y):_8+y__ 1=0

2
= Solution. First construct the Lagrangian and find its gradient:
( 2 2 \
X y
F(X,y,A) =xy + A — +—2 -1,
y + A
VEXy,A) = x+Ay LO=0
l; + 122 -1
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The above leads to three equations

y + ATX =0, (12.7)
X+ Ay =0, (12.8)
X% + 4y? = 8. (12.9)

combining (12.7) and (12.8) yields
A2=4 and A= %2
Thus x = £2y. Substituting this equation into (12.9) gives you
y==1 and x = £2.

So there are four extremal points of T subject to the constraint h : (2,1),(— 2, —1),(2,— 1), and

(=2,—1). The maximum value 2 is achieved at the first two points while the minimum value
— 2 is achieved at the last two points.

=2

Figure 12.4:

Graphically, the constraint h defines an ellipse. The constraint contours of T are the hyper-
bolas xy = ¢, with |c| increasing asthe curves move out fromthe origin.
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12.4.2 General Formulation

Now you would generalize to the cawe with multiple constraints. Leth = (hy,...,hy,)" be a
function fromR" to R™. Consider the constrained optimization problem below.

minimize f(x)
subjectto h(x) =0

Each constraint equation h; éx) =0 defineis a constraint hypersurface S in the space R". And
e

this surface is smooth provided h;(x) € C-.
A curve on S is a family of points x(t) € Switha < t < b. The curve is
if 9x® [vin

differentiable

—— exists, and twice differentiable if ,, exists. Thecurve passesthrough a point x* if
X* =x*(t) forsomet*,a< t* < b

The tangent space at x* is the subspace of R" spanned by the tangents d‘i—x (t*) of all curves

x(t) on S such that x(t*) = x* . In other words, the tangent space is the set of the derivatives at
x* of all surface curves through x* . Denote this subspaceasT .

A point x satisfying h(x) = 0 is a regular point of the constraint if the gradient vectors
Vhi(x),..., Vhy,(x) arelinearly independent.

From your previous intuition, you would expect that Vf -v = Oforallv € T atan
extremum. This implies that Vf lies in the orthogonal complement T+ of T. Claim that Vf
can be composed from a linear combination of the Vh;’s. This is only valid provided that these
gradients span T+, which is true when the extremal point is regular.

Theorem 12.4.1 At a regular point x of the surface S defined by h(x) = 0, the tangent space
is the same as

{y = |Vh(x)y =0}

where the matrix 0 []
Vh;
v h= % , H
Vhm
The rows of the matrix Vh(x) are the gradient vectors Vh;(x),j = 1,..., m. The theo-

rem says that the tangent space at x is equal to the nullspace of Vh(x). Thus its orthogonal
complement 7+ must equal the row space of V h(x). Hence the vectors Vh;(x) span T +.

Example 12.4.2 Suppose h(x1, x2) = x1. Then h(x) = 0 yields the x, axis. And Vh = (1, 0) at
all points. So every x € R?is regular. The tangent space is also the x, axis and has dimension 1. If
instead h(xz, x2) = le, then h(x) = O still defines the x; axis. On this Vh = (2x1, 0) = (0, 0). Thus
no point is regular. The dimension of T, which is the x» axis, is still one, but the dimension of the space
{y|Vh -y =0} istwo.

Lemma 12.4.1 Let X" be a local extremum of ¥ subject to the constraints h(x) = 0. Then for
all y in the tangent space of the constraint surface at x* ,

VE(x" )y =0.
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The next theorem states that the Lagrange multiplier method as a necessary condition on an
extremum point.

Theorem 12.4.2 (First-Order Necessary Conditions) Let x* be a local extremum point of f
subject to the constraints h(x) = 0. Assume further that x* is a regular point of these con-
straints. ThenthereisaA € R" such that

VF(x*) + AT Vh(x*) = 0.

The first order necessary conditions together with the constraints
h(x*) =0
give atotal of n + m equations in n + m variables x* and A. Thus a unique solution can be

determined at least locally.

Example 12.4.3 You can construct a cardboard box of maximum volume, given a fixed area of card-

board.
Denoting the dimension of the box by X, y, z, the problem can be expressed a

maximize Xxyz
H — C
subjectto Xy +yz+xz =3,

where ¢ > 0 is the given areaof cardboard. Consider the Lagrangian xyz + A(xy +yz + xz — i)' The
first-order necessary conditions are easily found to be

yz+ Ay +2z) =0, (12.10)
Xz +A(x +z) =0, (12.11)
Xy +A(x +y) =0. (12.12)

together with the original constraint. Before solving the equation above, note that their sumis
Xy +yz+xz) +2A(x +y +2z) =0,
which, given the constraint, becomes
Cl2 +2A(x +y +2z) =0.

Hence it is clear that A /= 0. Neither of x, y, z can be zero since if either is zero, all must be so according

to (12.10)-(12.12).
To solve the equations (12.10)-(12.12), multiply (12.10) by x and (12.11) by y, and then subtract the two
to obtain

AX —y)z=0
Operate similarly on the second and third to obtain
Ay — z)x =0.

Since no variables can be zero, it follows that
X=y=z7=
y 6

is the unique solution to the necessary conditions. The box must be a cube.
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You can derive the second-order conditions for constrained problems, assuming f and h are
twice continuously differentiable.

Theorem 12.4.3 (Second-Order Necessary Conditions) Suppose that x* is a local minimum
of f subject to h(x) = 0 and that x* is a regular point of these constraints. Then there is a
A € R™ such that

VF(x*) + AT Vh(x*) =0.

The matrix
m

L(x*) = Hf(x") AiHh;(x) (12.13)
+ i=1

is positive semidefinite on the tangent space {y|Vh(x* )y = 0}.

Theorem 12.4.4 (Second-Order Sufficient Conditions) Suppose there is a point x* satisfying

h(x*) = 0,and aA such that
VE(X*) + ATh(x*) =0.

Suppose also that the matrix L(x* ) defined in (12.13) is positive definite on the tangent space
{y|Vh(x* )y = 0}. Then x* is a strict local minimum of f subject to h(x) = 0.

Example 12.4.4 Consider the problem

minimize X;X, + XoX3 + X X3
subjectto Xx; + X, + X3 =3

The first order necessary conditions become

X2+X3+A =0
X1+X3+A =0
X1+X2+A = 0.

You can solve these equations together with the one constraint equation and obtain
X1 =X =X3=1 and A=-2

Thus x* =(1,1,1)".
Now you need to resort to the second-order sufficient conditions to determine if the problem
achieves alocal maximum and minimum at Xx; = X, = X3 = 1. You will find the matrix

L(x*) = HF(X") +AHh(X*

[ ) [

= U [

e
P OoR
[ QIR

is neither positive nor negative definite. On the tangent space M = {yly; + y, +y3 = 0},
however, you note that

YILY = yi(Ya+Y3) + Ya(ys + Va) + Ya(y1 + V2)
=~ +Y)
< 0, forall y/=0.

Thus L is negative definite on M and the solution 3 you found is atleas a local maximum.
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12.5 Inequality Constraints

Finally, you will address the problems of the general form

Minimize  f(x)
subjectto h(x) =0
gx) = 0
where h = (hy,...,hy)" and g = (g,...,9p)"-

A fundamental concept that provides a great deal of insight as well as simplifies the required
theoretical development is that of an active constraint. An inequality constraint g;(x) < 0is
said to be active at a feasible point x if gi(x) = 0 and inactive at x if gj(x) = 0. By convention
you refer to any equality constraint h;(x) = 0 as active at any feasible point. The constraints
active at a feasible point x restrict the domain of feasibility in neighbourhood of x. Therefore,
in studying the properties of a local minimum point, it is clear that attention can be restricted to
the active constraints. This is illustrated in the figure below where local properties satisfied by
the solution x* obviously do not depend on the inactive constraints g, and gs.

Assume that the function f,h = (hy,...,hm)",9 = (91, ...,9p)" are twice continuously
differentiable. Letx* be a point satisfying the constraint.
h(x*) =0 and g(x*) <
01
and let J = {Jlg; (x*) = 0}. Then x* is said to be a regular point of the above constraints if
the gradient vectors Vh;(x*), Vg;(x*), 1 < i < m, j € J arelinearly independent. Now

suppose this regular point x* is also a relative minimum point for the original problem (12.6).
Then it is shown that there exists avector A € R™ and a vector p € RP with g > 0 such that

VE(X*) + AT Vh(x*) + ' Vg(x*) =
0
ug(x') = 0
Since p = 0 and g(x*) < 0, the second constraint above is equivalent to the statement that

a component of p may be nonzero only if the corresponding constraint in active. To find a
solu- tion, you can enumerate various combinations of active constraints, that is, constraints
where

equalities are attained at x* , and check the signs of the resulting Lagrangian multipliers.

There are a number of distinct theories concerning this problem, based on various regular-
ity conditions or constraint qualifications, which are directed toward obtaining definite general
statements of necessary and sufficient conditions. One can by no means pretend that all such re-
sults can be obtained as minor extensions of the theory for problems having equality constraints
only. To date, however, their use has been limited to small-scale programming problems of two
or three variables.

12.6 Conclusion
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In this unit, you were introduced to constrained optimization problems, which could be equality,
inequality, or mixed constraints. You looked at the theorem of Lagrange for local optimum of a
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constrained problem.

12.7 Summary

Having gone through this unit, you now

(i) define equality andinequality constrained optimization problem.
(ii) state and use the lagrange theorem.
(iif) State and apply the First-Order Necessary Conditions.

(iv) State and apply the second-order necessary and sufficient conditions.

12.8 Tutor Marked Assignments(TMAS)
Exercise 12.8.1

1. Find the minimum and maximum of f(x, y) = x? — y? onthe unit circlex? + y2 = 1
using the Lagrange multipliers method. Using the substitution y?> = 1 — x?, solve the
same problem as a single variable unconstrained proble. Do you get the same results?
Why or Why not?

2. Show that the problem of maximizing f(x,y) = x3 + y3 on the constraint set D =

{(x,y)|x +y = 1} has no solution. Show also that if the Lagrangian method were used
on this problem, the critical points of the Lagrangian have a unique solution. Is the point
identified by this solution either alocal maximum or a(local or global) minimum?

3. Find the maxima and minima of the following functions subject to the specified con-
straints:

(a) f(x,y) =xy subjectto x?+y?=2a2.

(b) f(x,y) = 1/x+1ly subjectto (1/x)?+ (1/ly)? = (1/a)>.

(c) f(x,y,z) =x+y+z subjectto (1/x)+ (1ly) +(1/z) =1.

(d) f(x,y,z) = xyz subjectto x+y+z=5andxy +xz+yz=_8.
(e) f(x,y,z) =x+y for xy =16

(f) f(x,y,z) =x2+ 2y — z2 subjectto 2x—y =0 andx + z = 6.

4. Maximize and minimize f(x, y) = x +y on the lemniscate (x? — y?)? = x% +y2.
5. Consider the problem
min x? +y? subjectto (x — 1)3 — y>=0.

(a) Solve the problem geometrically.
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(b) Show that the method of Lagrange multipliers does not work in this case. Can you
explain why?

. Consider the following problem where the objective function is quadratic and the con-
straints are linear

1 .
max ¢’ x + ExT Dx subjectto Ax =b
X

where cis agiven n-vector. D isagiven n X n symmetric, negative definite matrix, and
Aisagiven m X n matrix.

(a) Setup the Lagrangean and obtain the first-order condtions.
(b) Solve for the optimal vector x* asa function of A, b,cand D.

. Solve the problem
max f(x) = x' Ax subjectto x-x =1

where A is agiven symmetric matrix.

. Solve the following maximization problem:

Maximize Inx +Iny
Subjectto x? +y?=1
X,y = 0.
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